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SUMMARY. We consider the variance components model y = Xβ +
∑r

i=1 Ziui + ε
where the random effects ui are normally distributed asN (0, σ2

i Iki
), i = 1, ...r and the common

random error ε is normally distributed as N (0,σ2
0In). The parameters {β,σ2

0 , ..., σ2
r} are

constrained to satisfy the conditions σ2
0 > 0, σ2

i ≥ 0, i = 1, ..., r. The main results in this

paper are Theorem 3.1 and Theorem 3.4 giving, respectively, necessary and sufficient conditions

for the existence of the maximum likelihood estimate and the restricted maximum likelihood

estimate of the parameters.

1. Introduction

The variance components model has a long history and has been considered
by a number of authors. The book by Searle, Casella and McCulloch (1992) is
one of the recent publications on the subject and covers most of what is currently
known. Rao and Kleffe (1988) give an extensive coverage of variance components
estimation and examine the problem of the existence of the estimates for a
certain form of the variance component model. Criteria for the existence of the
maximum likelihood estimate in general nonlinear regression models are given
in Demidenko (1996).

One can also find in the literature several numerical algorithms for the max-
imum likelihood estimation of variance components. Two of the first papers on
the subject are Hartley and Rao (1967) and Hemmerle and Hartley (1973). In
Harville and Callanan (1990) and Callanan and Harville (1991) one can find a
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comparative study of the different algorithms. The reader is also referred to
Searle et al. (1992), Chapter 8, for a survey of algorithms to compute the
estimates of variance components. For the actual implementation of the calcu-
lations, a variety of procedures are available, in S-plus or SAS for example (see
Littel et al. (1996) or Verbeke and Molenberghs (1997)).

In this paper, we are concerned with the existence of the maximum likelihood
and restricted maximum likelihood estimates of the variance components in a
variance components model. The model is written in matrix form as y = Xβ +∑

Ziui + ε where y is an n× 1 random vector, X is the n×m design matrix of
fixed effects, β is an m × 1 parameter vector, Zi is the n × ki design matrix of
the random effects, ui ∼ N (0, σ2

i Iki
) are independent random effects, i = 1, ..., r

and ε ∼ N (0, σ2
0In) is the random error associated with the common effect.

The variance components (σ2
0 , σ2

1 , . . . , σ2
r) are such that σ2

0 > 0, σ2
i ≥ 0 and

the parameter space Θ = {θ = (β, σ2
0 , σ2

1 , . . . , σ2
r) ∈ Rm × (0,∞) × [0,+∞)r}

is not compact. Therefore, the maximum of the likelihood function might not
be achieved on the parameter space Θ. Our main purpose, here, is to give a
necessary and sufficient condition for the existence of the maximum likelihood
estimate (henceforth abbreviated as MLE) of θ and this is done in Section 3.
Indeed, Theorem 3.1 , states that the MLE exists if and only if the data vector y
does not belong to the subspace of Rn spanned by the columns of X and Zi, i =
1, ..., r. If the random effects are removed from the model, i.e. if we consider
the simple linear regression problem, this necessary and sufficient condition for
the existence of the MLE says that the MLE exists if and only if the data
vector does not belong to the mean space, which seems to be intuitively obvious.
Thus, it is natural to wonder whether this necessary and sufficient condition is
a common condition for the existence of other types of estimates of the variance
components. We will see in Section 3.2 that this is not so, by considering the
conditions of existence of one of the well known variance component estimate,
the MINQUE.

In many practical instances, one prefers the maximum likelihood estimate of
variance components based on a linear transformation K′y of the data where
K′ is an (n − m) × n matrix of full rank such that K′X = 0. This estimate
is called the restricted maximum likelihood estimate (henceforth abbreviated
as RMLE). In Section 3.3, we give necessary and sufficient conditions for the
existence of the RMLE. These results are parallel to those given for the MLE,
of course. In Section 3.4 we compare our existence results for the MLE and
RMLE to the existence results given in Rao and Kleffe (1988). As we shall
see, our problem is somewhat different from the problem considered by Rao
and Kleffe, in that we do not allow the variance components to be negative
and σ2

0 must be positive. We should also emphasize here that our necessary
and sufficient conditions of existence of the MLE and RMLE are very easy
to verify. The condition of existence of the MLE and RMLE derived in this
paper should be integrated in all commercial software on variance components
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estimation. Indeed, if the existence conditions are not verified, the user may
encounter unexpected computer program overflow and failure to estimate.

2. The Model

In this section the variance components model is introduced and the log-
likelihood function is given with two different parametrizations.

2.1. Specification of the model. The variance components model is written
in the form

y = Xβ+
r∑

i=1

Ziui + ε . . . (1)

where y is a n× 1 random vector, X is a n×m matrix of full rank m < n, β is
the m× 1 parameter vector, Zi is a fixed n× ki design matrix, ui ∼ N (0, σ2

i Iki
)

are independent random effects and ε ∼ N (0, σ2
0In) is an n×1 vector of random

common effect. We assume that all random terms are independent. Denoting
σ2= (σ2

0 , σ2
1 , . . . , σ2

r) the parameter space is

Θ = {θ = (β, σ2
0 , σ2

1 , . . . , σ2
r) = (β,σ2) ∈ Rm × (0,+∞)× [0,∞)r}.

Letting η=
∑

Ziui+ε, (1) can be rewritten as a general linear regression model,

y = Xβ + η . . . (2)

where

V = V(σ2) = σ2
0I +

r∑
i=1

σ2
i ZiZ′i . . . (3)

is the covariance matrix of η. We denote Z= [Z1, . . . ,Zr], the combined n× k
matrix where k =

∑
ki.We assume that k < n.

2.2. The log-likelihood function. Since y is normally distributed, minus twice
the log-likelihood function is given as

l(θ) = log |V(σ2)|+ (y −Xβ)′V−1(σ2)(y −Xβ). . . . (4)

To compute the MLE of the vector of variances σ2, we have to minimize this
function over Θ. Since Θ is not compact, the MLE need not exist and in Section
3, we give a necessary and sufficient condition for the existence of the MLE.

It is convenient to introduce a slightly different parametrization. We define
κ0 = σ2

0 and κi = σ2
i /σ2

0 , i = 1, . . . , r. Then, for κ = (κ1, ..., κr),

V(σ2) = κ0(I +
∑

κiZiZ′i) = κ0Ṽ(κ) . . . (5)
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where Ṽ(κ) = I +
∑

κiZiZ′i. Denote

Θ̃ = {θ̃ = (β, κ0, κ1, . . . , κr) ∈ Rm × (0,+∞)× [0,+∞)r}.

Then minus twice the log-likelihood function becomes

l(θ̃) = n log κ0 + log |Ṽ(κ)|+ κ−1
0 (y −Xβ)′Ṽ−1(κ)(y −Xβ). . . . (6)

Allowing some ambiguity, we use the same notation l(θ) and l(θ̃) for minus twice
the log likelihood function in terms of θ or θ̃.

To compute the RMLE of σ2 we consider the log-likelihood function based
on the linear transformation y∗ = K′y of the original data y, where K is an
n × (n − m) matrix of full rank such that K′X = 0, e.g. Searle et al. (1992).
The key-point of this transformation is that now minus twice the log-likelihood
function is no longer a function of β, but a function of σ2 only, namely,

lK(σ2) = log |K′V(σ2)K|+ y′K
(
K′V(σ2)K

)−1

K′y. . . . (7)

Using the same parametrization κi, i = 1, ...., r as above, we can express lK(σ2)
as a function of κ0 and the vector κ = (κ1, ..., κr) in the following way

lK(κ0,κ) = (n−m) log κ0 + log |K′Ṽ(κ)K|+ κ−1
0 y′K

(
K′Ṽ(κ)K

)−1

K′y,

. . . (8)
since K′Ṽ(κ)K is an (n−m)× (n−m) nonsingular matrix.

Again, allowing some ambiguity, we use the same notation lK(σ2) and lK(κ0,κ)
for minus twice the log-likelihood function in terms of σ2 and (κ0,κ).

3. Existence of the MLE and RMLE

We are now going to derive necessary and sufficient conditions for the exis-
tence of the maximum likelihood and restricted maximum likelihood estimates.
As mentioned in the introduction, we will, also, briefly consider the necessary
and sufficient conditions of existence of the MINQUE of the variance compo-
nents to see that the conditions of existence for the MLE are not equivalent to
the conditions of existence for MINQUE. Finally, we will compare our conditions
to the conditions given by Rao and Kleffe (1988).

3.1. The maximum likelihood estimate. The log-likelihood function l(θ) is a
continuous function on the noncompact parameter set Θ. The following theorem
gives a necessary and sufficient condition for the existence of the MLE of θ.
Before stating the theorem, we introduce some notation. Let M = 〈X〉 and
H = 〈Z〉 denote the subspace generated by the columns of X and the subspace
generated by the columns of Z = [Z1, . . . ,Zr] respectively, so that 〈X,Z〉 =
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M + H. We denote by PH⊥ the orthogonal projection from Rn to H⊥, the
subspace orthogonal to H, and by P(H+M)⊥ the orthogonal projection from Rn

to (H + M)⊥. We will also need the quantity

sX,Z = y′P(H+M)⊥y.

Theorem 3.1. (MLE existence criterion). The MLE in the variance
components model exists if and only if

y /∈ 〈X,Z〉. . . . (9)

More precisely:
1. If y /∈ 〈X,Z〉, then l(θ) ≥ n log sX,Z − n log n − n, and l(θ) reaches its

minimum in Θ.
2. If y ∈ 〈X,Z〉, the infimum of l(θ) in Θ is −∞.
We note that if (9) holds, then sX,Z > 0 and log sX,Z is well defined.
To prove Theorem 3.1 we need the following proposition, the proof of which

is provided in the Appendix.
Proposition 3.2. Let Zi, i = 1, . . . , r be n×ki matrices such that

∑
ki < n.

Let H be the subspace generated by the columns of all the Zi’s , let q be the
dimension of H and let M be the subspace generated by the columns of an n×m
matrix X of rank m. Let Ṽ(κ) be defined as in (5). Then:

(1) There exists an n × n orthogonal matrix U, r positive definite q × q
matrices A1, ...,Ar such that

Ṽ(κ) = U
[

Iq +
∑r

i=1 κiAi 0
0 In−q

]
U′. . . . (10)

Moreover, when κ1 = ... = κr = t , there exists an n × n orthogonal matrix U
and a q × q diagonal matrix D with positive diagonal elements such that

Ṽ(t, ..., t) = U
[

Iq + tD 0
0 In−q

]
U′. . . . (11)

(2) The matrix Ṽ−1(κ)−PH⊥ is a positive definite symmetric matrix.
(3) For any given y in Rn and m in M , we have

(y −m)′Ṽ−1(κ)(y −m) ≥ (y −m)′PH⊥(y −m)
≥ (y −m)′P(H+M)⊥(y −m),

. . . (12)

which is equal to y′P(H+M)⊥y since m ∈ M .

Proof of theorem 3.1. Sufficient condition. Let us assume y /∈ 〈X,Z〉 =
H + M . We consider expression (6) . By Proposition 3.2,

l(θ̃) = n log(κ0) + log |Ṽ(κ)|+ κ−1
0 (y −Xβ)′Ṽ−1(κ)(y −Xβ)

≥ n log(κ0) + log |Ṽ(κ)|+ κ−1
0 (y −Xβ)′P(H+M)⊥(y −Xβ).
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We note that (y −Xβ)′P(H+M)⊥(y −Xβ) = y′P(H+M)⊥y since Xβ ∈ M .
Moreover Ṽ(κ) > I and therefore log |Ṽ(κ)| > log 1 = 0, and we have

l(θ̃) ≥ n log κ0 + κ−1
0 y′P(H+M)⊥y.

Since y /∈ H+M, we have y′P(H+M)⊥y = sX,Z > 0 and therefore

l(θ̃) ≥ n log κ0 + κ−1
0 sX,Z . . . . (13)

To find the minimum of the right hand side of (13) with respect to κ0, we take
its derivative. The minimum is reached at κ0 = sX,Z/n, and it follows that the
function l is bounded below as follows

l(θ̃) ≥ n log sX,Z − n log n + n. . . . (14)

To show that l(θ̃) achieves its minimum on Θ̃, we need only show that it can
become arbitrarily large outside a compact set of Θ̃, that is, we have to show
that given A > n log sX,Z − n log n + n, there exists a compact set CA ⊂ Θ̃ such
that l(θ̃) ≥ A,∀θ̃ /∈ CA. For this purpose:

• choose ε in the interval (0, 1) such that

for κ0 ∈ (0, ε), n log κ0 + κ−1
0 sX,Z ≥ A; . . . (15)

for κ0 > ε−1, n log κ0 ≥ A; . . . (16)

for ε ≤ κ0 ≤ ε−1, sX,Z ≥ (A− n log ε)ε−1; . . . (17)

• choose any bounded set B ⊂ M ;

• choose b > 0 such that

for max
1≤i≤r

κi ≥ b, log |Ṽ(κ)| ≥ A− n log ε. . . . (18)

Now suppose that (β, κ0, κ1, . . . , κr) /∈ CA = {β : Xβ ∈B}×
(
ε, ε−1

)
×[0, b)r.

Then we have several mutually exclusive possibilities:
1. κ0 ≤ ε or κ0 ≥ ε−1 : if κ0 ≤ ε, since l(θ̃) ≥ n log κ0 + κ−1

0 sX,Z , from (15)
we have l(θ̃) ≥ A ; if κ0 ≥ ε−1, since l(θ̃) ≥ n log κ0, from (16) we have l(θ̃) ≥ A.

2. ε ≤ κ0 ≤ ε−1: by (13) and (17), l(θ̃) ≥ A.
3. ε ≤ κ0 ≤ ε−1 and max1≤i≤r κi ≥ b : by (18) l(θ̃) ≥ A.

We have therefore proved that if θ̃ /∈ CA then l ≥ A. Thus, l(θ̃) is a
continuous function bounded from below and becomes arbitrarily large outside
a compact set. Therefore, it attains a minimum on Θ̃.
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Necessary condition. Let us now assume that y ∈ 〈X,Z〉 = M + H. Then
y = m0 + h0 for some m0 = Xβ0 in M and h0 in H and therefore

inf
θ̃

l(θ̃) ≤ l(β0,κ) = n log κ0 + log |Ṽ (κ)|+ κ−1
0 h′0Ṽ

−1(κ)h0. . . . (19)

If h′0Ṽ
−1(κ)h0 = 0, i.e. if h0 = 0, for fixed κ1, . . . , κr, let us take the minimum

of the right hand side of (19): as κ0 → 0, n log κ0 → −∞ and inf l(θ̃) = −∞. If
h0 6= 0, taking κ0 = n−1h′0Ṽ

−1(κ)h0, (19) becomes

inf
θ̃

l(θ̃) ≤ log |Ṽ(κ)|+ n log(h′0V
−1(κ)h0)− n log n + n. . . . (20)

Since h0 ∈ H, for U as defined in Proposition 3.2, h′0U = (h01, . . . , h0q, 0, . . . , 0).
Let us be more specific and choose U such that in the basis (U1, . . . ,Uq),∑r

i=1 ZiZ′i is equal to a diagonal matrix D. By Proposition 3.2, we know that the
matrix D is positive definite with eigenvalues λj > 0, j = 1, . . . , q. Let us take
κ1 = κ2 = · · · = κr = t > 0. Then, in the chosen basis (U1, . . . ,Uq,Uq+1, . . . ,Un),
(20) becomes

inf
θ̃

l(θ̃) ≤
q∑

j=1

log(1 + tλj) + n log
q∑

j=1

h2
0j

1 + tλj
− n log n + n. . . . (21)

Doing a series expansion of the logarithms, we see that, if q < n, the right hand
side of (21) tends to −∞ when t → +∞, and therefore inf

θ̃
l(θ̃) = −∞. We

note that q, the dimension of H, is less than k and we assumed that k < n.
Therefore, the condition q < n is satisfied and the theorem is proved.

Remarks. (1) If condition (9) takes place, then 〈X,Z〉 does not span the
entire space Rn. Therefore (9) implies that the MLE exists with probability 1
if σ2

0 > 0.

(2) We have proved that under condition (9), l(θ) → +∞ outside a compact
set. Therefore the level sets S0 = {θ ∈ Θ : l(θ) ≤ l(θ0)} for a given θ0

are compact and the sequence of parameters generated by any minimization
procedure will have at least one limit point.

(3) The existence criterion (9) can easily be verified by regressing y on 〈X,Z〉.
Clearly y ∈ 〈X,Z〉 if and only if the residuals of the regression are zero.

(4) When (9) is satisfied, the estimate of σ2
0 has to be positive but the

estimates of the individual variance components σ2
i , i = 1, . . . , r might be zero.

In the next theorem, we consider the special case r = 1 and give a sufficient
condition for the estimate of σ2

1 to be positive. We pay special attention to this
case in the example given in Section 6.

(5) Condition (9) provides a condition for the existence of the MLE but does
not address the problems of uniqueness and identifiability. Rao and Kleffe (1988)
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give the following conditions for identifiability of β and σ2 respectively: the rank
of X is equal to m and the matrices I,ZiZ′i, . . . ,ZrZ′r are linearly independent,
i.e. V(σ2

1) = V(σ2
2) implies σ2

1 = σ2
2.

Theorem 3.3. Assume the existence condition (9) holds and r = 1. We de-
note β̂OLS = (X′X)−1X′y and σ2

X = y′(I−X(X′X)−1X′)y/n = ‖PM⊥y‖2/n.
Then if

σ2
X <

‖Z′1(y −Xβ̂OLS)‖2

trZ′1Z1
. . . (22)

the MLE of σ2
1 is positive.

Proof. When σ2
1 = 0, the variance components model (1) is the ordinary

regression model with variance V(σ2) = σ2
0I and the MLE of β and σ2

0 are
respectively β̂OLS and σ2

X . If

∂l(β̂OLS , σ2
X , σ2

1)
∂σ2

1

∣∣∣∣∣
σ2
1=0

< 0,

then there exists a value of σ2
1 > 0 which makes the value of l(θ), as defined in

(4), smaller than l(β̂OLS , σ2
X , 0). Let us differentiate the log-likelihood function

(4) with respect to σ2
1 . Then we have

∂l

∂σ2
1

= tr(V−1Z1Z′1)− (y −Xβ)′V−1Z1Z′1V
−1(y −Xβ).

At β = β̂OLS and σ2
1 = 0, when r = 1, we have V(σ2) = σ2

0I and

∂l

∂σ2
1

=
1
σ2

0

tr(Z1Z′1)−
1
σ4

0

‖Z′1(y −Xβ̂OLS)‖2.

Therefore, ∂l/∂σ2
1 < 0 is equivalent to (22) and the MLE of σ2

1 must be positive.

We illustrate the last theorem with the following particular one-way unbal-
anced variance component model:

yij = β′xi + ui + εij , i = 1, . . . , p, j = 1, . . . , ni . . . (23)

where β is the m × 1 vector of unknown parameters, xi is the m × 1 vector of
explanatory variables at level i, ui ∼ N (0, σ2

1) and εij ∼ N (0, σ2
0) assuming the

εij mutually independent and independent of ui, we denote eij = yij − β̂
′
OLSxi

and condition (22) becomes

∑
i

∑
j

e2
ij <

∑
i

∑
j

eij

2

. . . (24)
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Indeed Z1 is the n × k1 matrix whose ith column vectors is made up of zeros
except for the ni elements corresponding to that level, Z′1Z1 = diag(n1, . . . , nr)
and trZ1Z′1 =

∑p
i=1 ni. Then σ2

X =
∑

i

∑
j e2

ij/Σni, ‖Z′1(y − Xβ̂OLS)‖2 =∑r
i=1

(∑ni

j=1 eij

)2

and clearly (22) is equivalent to (24).

3.2. Existence conditions for MINQUE. The necessary and sufficient condi-
tion of existence given in Theorem 3.1, for the MLE of the variance components
states that the estimate exists when the data does not belong to the subspace
spanned by the design matrix for the mean, X, and by the design matrix for
the variance components, Z. When applied to the simple linear regression prob-
lems, this condition says that for the MLE of the variance to exist, the data
must not belong to the mean space. This seems to be intuitively obvious and
it is tempting to think that condition (9) would be a common condition for the
existence of other variance components estimators. To show that this is not so,
we consider the most popular variance components estimator, the MINQUE.
The quadratic form y′Ay is said to be a quadratic unbiased estimator (abbre-
viated MINQUE) of a given linear combination f ′σ of the variance components
if it is unbiased, if A is a nonnegative symmetric matrix and if the norm of
A is minimum. The existence conditions and the expressions of the estimates
have been studied by many authors, see Pukelsheim (1977), Matthew (1984),
Peddada (1984), Massam (1985), and Rao and Kleffe (1988), for example.

Let us denote Vi = ZiZ′i. Finding the MINQUE reduces to solving a convex
optimization problem over the cone of n× n nonnegative definite matrices. An
estimate will exist if and only if the feasible set of this optimization problem
is nonempty. The conditions of existence involve the linear combination vector
f and the r nonnegative matrices NViN where N is the orthogonal projection
operator on the subspace orthogonal to the subspace spanned by the column
vectors of X and Z. For the MINQUE, the existence conditions are independent
of the data y. Since the existence conditions are independent of y one might
wonder if a MINQUE estimate equal to 0 would be equivalent to some condition
on the data.

When the MINQUE estimate σ̂2
i exists, its expression is of the form a−1

i y′Aiy
where ai is the rank of Ai and Ai is a nonnegative definite matrix equal to
((I−G(i))Vi(I−G(i)))+ where G(i) denotes the orthogonal projection of Rn

onto the subspace generated by X,V1, ...,V(i−1),V(i+1), ...,Vr, and for any ma-
trix Q , Q+ denotes the generalized inverse of Q (see Theorem 5.6.6 of Rao
(1988)). Let us see whether σ̂2

i = 0 corresponds to a condition on y. Since G(i)

and Vi are symmetric matrices, this is equivalent to y′((I−G(i))Vi(I−G(i)))y
= 0, and when the MINQUE estimate exists, this implies that the projection
of y on the orthogonal complement of the subspace spanned by the columns
of X,V1, ...,V(i−1),V(i+1), ...,Vr is orthogonal to the subspace generated by
the columns of Zi, which is the same, when Zi is of full column rank, as the
subspace spanned by the columns of Vi. We cannot, however, conclude that y
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belongs to the subspace spanned by the columns of X,Z1, ...,Zr, i.e., we cannot
conclude that condition (9) does not hold. Therefore, the existence condition
for the MINQUE is quite different from the condition given by (9).

3.3. The restricted maximum likelihood estimate. It is known that the MLE
of variances σ2

i can be heavily biased especially for small n, because it does not
take into account the degrees of freedom involved in estimating the fixed effects.
Hence, it might be preferable to use an estimate of the variance components
based on the linear transformation K′y of the data where K′ is an (n − m) ×
n matrix of rank n − m such that K′X = 0, (see, for example, Searle et al.
(1992)). Then K′y follows a N (0,K′V(σ2)K) distribution and does not carry
any information on the fixed effects. Minus twice the log-likelihood function
is lK(σ2) as given in Section 2.2. The parameter space Θ is now Θ = {σ2 =
(σ2

0 , σ2
1 , ..., σ2

r), σ2
0 > 0, σ2

i ≥ 0}. The function lK(σ2) is a continuous function
on a non-compact set Θ and therefore, as in the unrestricted case, its minimum
needs not exist. The following theorem gives a necessary and sufficient condition
for the existence of the RMLE of σ2 based on the given linear transformation
K′y of the original data. K′H denotes the image of the linear transformation
K′ of subspace H.

Theorem 3.4. (RMLE existence criterion). Let y be a random variable
defined as in variance component model (1). Let Z and H = 〈Z〉 be as in
Section 3.1. Let K′ be an (n−m)×n matrix of rank n−m such that K′X = 0,

and N = I−X(X′X)−1X′ denote the projection on the subspace orthogonal to
the range of X. Then the RMLE of σ2 based on K′y exists if and only if Ny /∈H.

More precisely,

1. if Ny /∈H then

lK(κ) = (n−m) log(κ0) + log | K′Ṽ(κ)K | +κ−1
0 y′K(K′Ṽ(κ)K)−1K′y

≥ (n−m) ‖ P(K′H)⊥(Ny) ‖2 −(n−m) log(n−m)− (n−m)

and lK(·) reaches its minimum in Θ.

2. if Ny ∈H then the infimum of lK(κ) on Θ is −∞.

The proof of the theorem follows along the same lines as the proof of Theorem
3.1. The only difference is that now the data is in the image of the transformation
K′ rather than in all of Rn as in Section 3.1. The proof of Theorem 3.1 uses the
following Proposition 3.5, which is the parallel of Proposition 3.2. The proofs of
Theorem 3.4 and Proposition 3.5 are omitted.

Proposition 3.5. Let Zi, H, M and Ṽ(κ) be as in Proposition 3.2. Then
(K′Ṽ(κ)K)−1−P(K′H)⊥ is a symmetric positive definite matrix where (K′H)⊥

denotes the orthogonal complement of K′H.

It is interesting to note that the existence condition for the MLE is stronger
than the existence condition for the RMLE. Indeed, if Ny ∈H = 〈Z〉, then there
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exists a vector γ such that

Ny = Zγ,

which implies that y = X(X′X)−1X′y + Zγ = Xτ + Zγ. So, y ∈ 〈X,Z〉. We
conclude from this that, if the RMLE does not exist, the MLE does not exist
either. However, we are going to show that there are cases where the MLE
might not exist while the RMLE exists. Consider the model with one fixed
effect and one variance component (r = 1, k1 = 1), y = βx + zu + ε where x
and z are non-zero vectors in Rn. Theorem 3.1 tells us that if y belongs to the
subspace spanned by x and z, then the MLE does not exist. If this is the case,
the RMLE might still exist unless Ny ∈ 〈Z〉. Since Ny is the projection of y
on the subspace orthogonal to x, this latter condition can only be then satisfied
in two cases: either x and z are orthogonal, or x and z are not orthogonal and
y is collinear to x. So, if x and z are not orthogonal, and y is not collinear to
x, then the RMLE exists while the MLE does not.

3.4. Some remarks on previous work. The question of existence of the MLE
and RMLE is of course very important but has rarely been considered in a sys-
tematic way. The book by Rao and Kleffe (1988) is probably the only work where
the issues of existence of the MLE and the RMLE are studied. However, the
sufficient conditions for existence given there, are for a problem slightly different
from the one considered in this paper. Indeed, in Chapter 9 of their book, Rao
and Kleffe consider the linear regression model y = Xβ + η where η ∼N (0,Vθ)
with linear covariance structure, namely Vθ = θ1V1+...+θrVr where V1, ...,Vr

are linearly independent matrices and θ = (θ1, ..., θr) ∈ J = {θ : V θ is positive
definite}. This model is different from ours, where V(θ) =σ2

0I+
∑

σ2
i ZiZ′i, in

two respects. First, in Rao and Kleffe’s formulation, the θi ’s are allowed to be
negative. Secondly , the matrices Vi in our model have the special structure
Vi = ZiZ′i. We argue that a negative value for variance component is not desir-
able from a statistical point of view. The MLE and RMLE that we consider in
the present paper are such that σ̂2

0 is positive and σ̂2
i are nonnegative. For the

problem they consider, Rao and Kleffe give necessary and sufficient conditions
in the special cases listed below:

1. If y ∈< X >=M, they prove that when the parameters are (β,αθ0) for
arbitrary β and arbitrary θ0 ∈ J , then l(θ) → −∞ as α → 0.

2. For n = 2 and y = (y1, y2)′,Z1 = (1, 0)′,Z2 = (0, 1)′ and σ2
0 = 0, they

prove that l(θ) is unbounded.

3. On page 231, they assume that Vθ = θI + UΣθU′ for some known matrix
U and Σθ depending on an unknown parameter θ. This form of Vθ is similar to
our V(θ). In that case, they say that a sufficient condition for the existence of the
MLE is that there exists a β such that (y −Xβ)′(I−UU+)(y −Xβ) > 0. For
our problem, this condition becomes (y −Xβ)′(I− ZZ+)(y −Xβ) > 0 for some
β. It is not difficult to show that this is equivalent to our condition y /∈ 〈X,Z〉.
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Clearly, the results in cases 1 and 2 are special cases of our result: ”If y /∈
〈X,Z〉 then l(θ) → −∞ in some direction”. And the sufficient condition in case
3 is the same as condition (9). Finally, on pages 233 and 236, Rao and Kleffe
give conditions under which the MLE and RMLE do not admit a solution in
the admissible region J , but those conditions are difficult to verify. On the
contrary, the necessary and sufficient condition for the existence of the MLE
and the existence of the RMLE, given in this paper, are easy to verify.

4. Appendix

4.1. Proof of proposition 3.2. Let (U1, . . . ,Un) be an orthonormal basis of
Rn such that (U1, . . . ,Uq) is a basis of H and (Uq+1, . . . ,Un) is a basis of H⊥.
Let U be the orthogonal matrix with column vectors U1, . . . ,Un. Then, since
the range of ZiZ′i is included in H, by the classical change of basis formula, for
each i = 1, ..., r, there exists a positive q× q matrix Ai and an (n− q)× q matrix
Bi such that

ZiZ′i = U
[

Ai 0
Bi 0

]
U′

with obvious notation for the 0-block matrices. Moreover, the matrix ZiZ′i is
symmetric and therefore

ZiZ′i = U
[

Ai 0
0 0

]
U′

and (10) follows. Since in the basis (U1, . . . ,Un) we can write

PH⊥ = U
[

0 0
0 In−q

]
U′, Ṽ(κ)−PH⊥ = U

[
Iq +

∑r
i=1 κiAi 0

0 0

]
U′

where Ai are positive definite and κi ≥ 0. This proves that matrix Ṽ(κ)−PH⊥

is a nonnegative symmetric matrix and it implies immediately the first inequality
in (12). Since PH⊥ − P(H+M)⊥ is positive definite, the second inequality also
follows immediately. When κ1 = .... = κr = t, since

∑
Ai is positive definite,

we can find a U such that in the basis (U1, ...,Uq), D is diagonal with positive
diagonal elements and this proves (11).
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