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SUMMARY. Consider the situation in which subjects arrive sequentially in a clinical trial.
There are K possibly unrelated treatments. Suppose balls in an urn are labeled with treatments.
When a subject arrives, a ball is drawn randomly from the urn, the subject receives the treatment
indicated on the ball and the ball is returned to the urn. If the treatment is successful, one ball
of the same type is added to the urn. Otherwise, one ball of the same type is taken out from
the urn. Under certain assumptions, the urn process can be embedded in a continuous time birth
and death process, and associated distributional results can thereby be obtained. Since certain
treatments can “die out,” we introduce a Poisson immigration process to replenish the urn. We
derive the maximum likelihood estimators of the success probabilities, prove their consistency and
obtain their limiting distributions using martingale theory. We then derive inference procedures
for the comparison of the K treatments.

1.

Introduction

In comparing K treatments in a clinical trial, subjects arrive sequentially to
be randomized to a treatment. Suppose that the response of the nth subject to
treatment is known before the (n + 1)th subject enters the trial. The major goal of
the trial is to gather data from subjects to derive information about the effectiveness
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of the K treatments. There is, however, an ethical constraint: to provide the best
possible medical care for the individual subject. The ethical imperative may be
compromised if an equal allocation scheme is used, as accruing evidence begins to
favor some therapies over others. Adaptive designs have been proposed to remedy
this situation. A response-adaptive design seeks to skew assignment probabilities
to favor the treatments performing better thus far in the study, according to the
magnitude of the treatment effect. In an adaptive urn design, balls are given labels
that correspond to different treatments. When a ball is drawn, the next subject is
given the corresponding treatment. Urn designs differ according to the rule that
governs putting balls back into the urn. In this paper, we discuss a new adaptive
urn design, called a birth and death urn. This design extends a previous model
described by Durham, Flournoy and Li (1998) by allowing balls to be taken out of
the urn.
Zelen (1969) originated the idea of using an urn model for clinical trials. A birth
and death urn differs from other urn models suggested for randomized clinical trials
in the way that it treats failures. Wei and Durham (1978) proposed the randomized
play-the-winner rule which Wei (1979) generalized to accommodate more than two
treatments. This design adds one ball of each opposing treatment type to the urn if
there is a treatment failure. Anderson, Faries, and Tamura (1994) proposed an urn
model which adds fractional balls to opposing treatments in the same proportions
as the current urn composition. Durham and Yu (1990) proposed a two arm model
which ignores failures entirely; the urn composition only changes when there is a
success. Li (1995), and Durham, Flournoy and Li (1998) developed a randomized
Pòlya urn model as an extension of Durham and Yu (1990) for more then two
treatments.
In this paper we derive the asymptotic properties of the new birth and death
urn. In Section 2, we define a birth and death urn design and then an extension of
the above design, a birth and death urn with immigration. In Section 3, we derive
the generating functions for the number of births and splits and obtain limiting
results for the birth and death urn with immigration. Likelihood-based estimation is derived in Section 4. In Section 5, we derive the asymptotic distribution
for a likelihood-ratio test and use this to explore power. Finally, we make some
concluding remarks in Section 6.
2.

A Birth and Death Urn

2.1 Definition of a birth and death urn. We define a birth and death urn as
follows:
An urn contains balls of K types, representing K possibly unrelated treatments.
Subjects arrive sequentially to be assigned to a treatment in a clinical trial. A ball is
drawn at random and replaced. If it is a type i ball, the subject receives treatment
i. Assume that response is dichotomous and immediate. If a success is observed,
a type i ball is added to the urn; if a failure is observed, a type i ball is removed.
The process continues sequentially with the arrival of the next subject.
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If we start the trial having Z0i balls of type i, then Z0 = {Z01 , ..., Z0K } is
the initial urn composition. We assume that the vector Z0 is fixed. Let pi =
P r{success | treatment i}. Let Zn = {Zn1 , ..., ZnK } denote the composition of the
urn after n consecutive draws, where Zni is the number of type i balls. Then
{Zn , n = 0, 1, 2, ...} is a stochastic process defined on K dimensional integer lattice.
As will be shown later, if the probability of success for some treatments does
not exceed 0.5, there will be a point when the type of balls corresponding to this
treatment will become extinct and no subjects will be assigned to this ineffective
treatment.
2.2 Embedding the urn scheme into a continuous time birth and death process.
To assist in the characterization of Zn we employ the technique of embedding Zn
into a continuous-time K-type Markov process, which in the present case is a collection of K independent linear birth and death processes (given by Theorem 2.1).
Conventionally, continuous-time birth and death processes describe the behavior of
particles which split (produce or die) at certain time points. In our context, “particles” correspond to balls in the urn, and “splitting” of a type i particle corresponds
to drawing a type i ball from the urn followed by random replacement (i.e., a birth
or a death). We impose upon these independent processes the condition that, for
each i, i = 1, ..., K, the growth rate is equal to the probability of success on the ith
treatment, pi , and a death rate equal to qi = 1 − pi .
Hence, define {Z(t) = (Z1 (t), ..., ZK (t)) | t ≥ 0}, where Zi (t), i = 1, ..., K, is a
collection of independent linear birth and death processes described above. Consider
the split times, τω , ω = 0, 1, 2, ...., of Z(t), and the discrete process {Z(τω ), ω =
0, 1, 2, ....}. We have the following theorem.
Theorem 2.1. Given that Z(0) = Z0 , the stochastic processes
Zn = {Zn1 , ..., ZnK } and {Z(τω ), ω = 0, 1, 2, ....} are equivalent.
Proof. The proof is similar to that of Athreya and Ney (1972), page 221.
The distribution and other characteristics of the number of particles in a single
linear birth and death process at time t are known (see, for example, Anderson,
1991). In terms of our urn process, time is a construct that has no meaning.
However, asymptotic results are the same for both the continuous time and the
urn processes. Using the embedding theorem (Theorem 2.1), we obtain asymptotic
results for the urn. But first, we extend our design to include immigration.
2.3 A birth and death urn with immigration. If a treatment is particularly
harmful, the type of balls corresponding to the treatment will eventually become
extinct. From the embedding theorem and theory of the continuous time birth and
death processes, it follows that, without immigration, the probability of eventual
extinction of type i balls (Anderson, 1991, page 109) is equal to
1,
qi
( )Z0i ,
pi

if pi ≤ 0.5
if pi > 0.5.

However, sometimes the natural extinction of balls of certain types is not desirable.
For instance, there is a positive probability that a type can become extinct even if
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its probability of success is high. Thus we also consider the following supplemented
birth and death urn, which we call a birth and death urn with immigration:
An urn contains balls of K types representing K treatments, and aK immigration
balls. When a subject arrives a ball is drawn at random and replaced. If it is an
immigration ball, one ball is added to the urn with each ball type having probability
1/K of being the one added, and the next ball is drawn. The procedure is repeated
until the ball representing an actual treatment is drawn (i.e., not an immigration ball).
If it is a type i ball, the subject receives treatment i. If a success is observed, a type i
ball is added to the urn; if a failure is observed, a type i ball is removed. The process
continues sequentially with the arrival of the next subject.
The parameter a is called the rate of immigration. If a = 0, we have the birth
and death design considered earlier. As in Section 2.2, the birth and death urn
with immigration can be embedded into a continuous-time K-type Markov process,
which in this case is a collection of K independent linear birth and death processes
with immigration. The birth rate is pi , the death rate is qi = 1 − pi , and the
immigration rate is a.
3.

Limiting Sample Sizes for the Urn with Immigration

In this section we provide limiting results for the birth and death urn. In Section
3.1, we derive the generating functions for the number of births and splits in the
birth and death process with immigration. In Section 3.2, we link them to the urn
using Theorem 2.1 and then derive corresponding asymptotic results.
3.1 Generating functions for the number of births and splits. Consider the process Zi (t), the number of particles at time t for the ith continuous-time process.
Consider also the processes Ni (t) and Xi (t), the number of splits (i.e., trials on
treatment i) and the number of births (i.e., successes on treatment i) by or at time
t, respectively.
The probability generating function for the process Zi (t) can be found, for example, in Anderson (1991). To obtain the probability generating function for Xi (t)
we use an idea of Cox and Miller (1965) and consider a two-dimensional process
(Xi (t), Zi (t)), with state space as the set of integer pairs (x, z). The probability
generating function for the number of births, Gi (w, t | Z0i ), is the solution of the
following partial differential equation [see Ivanova (1998) for details]:
∂Gi (w, s, t | Z0i )
∂Gi (w, s, t | Z0i )
= (pi ws2 − s + qi )
− a(s − 1)Gi (w, s, t | Z0i ).
∂t
∂s
We assume Z0i = 0 throughout the remainder of the paper. If Z0i 6= 0 the process
is the sum of two processes: the first process initiated by the balls which were in
the urn from the beginning and the second process initiated by the balls constantly
immigrating into the urn. The first process is a birth and death process without
immigration. The limiting results for this process separately can be found in Ivanova
(1998). Limiting results for the case Z0i 6= 0 may be of interest for future research.
The probability generating function for the number of births for pi 6= 0 is
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·

¸ p aw
i
2ρ
− ta (2p w−1+ρ)
Gi (w, t | 0) = −ρt
e 2pi w i
, (1)
e (2pi w − 1 + ρ) − (2pi w − 1 − ρ)
√
where ρ = 1 − 4pi qi w, |w| ≤ 1. The probability generating function, Fi (w, t | 0),
for the total number of splits, Ni (t), can be obtained similarly and is
·

¸ p aw
i
2σ
− ta (2p w−1+σ)
Fi (w, t | 0) = −σt
, (2)
e 2pi w i
e (2pi w − 1 + σ) − (2pi w − 1 − σ)
p
where σ = 1 − 4pi qi w2 , |w| ≤ 1.
The expected number of splits by time t, E(Ni (t)) = E(Ni (t) | 0), can be
obtained from the generating function and is
½
a(e(pi −qi )t − (pi − qi )t − 1)/(pi − qi )2 when pi 6= 0.5
E(Ni (t)) =
(3)
at2 /2
when pi = 0.5.
3.2 Limiting distribution of the number of subjects assigned to the ith treatment.
Suppose we have split times τ1 , ..., τn . Now we define the sample sizes on each
treatment after n subjects to be Ni (n), where, in terms of the continuous-time
birth and death process, Ni (n) = Ni (τn ). Note that, by construction, N (τn ) = n.
Consider the proportion of subjects assigned to the ith treatment for each i, i =
1, ..., K, after n subjects, Ni (n)/n. We are interested in the limit of the proportion
in probability when n → ∞. It follows from Theorem 2.1 that
lim

n→∞

Ni (n)
Ni (t)
= lim K
,
t→∞ P
n
Nj (t)

(4)

j=1

where Ni (t) is the number of type i particles at time t. Consider E ∗ (Ni (t)), the
dominant term of E(Ni (t)) in the sense E(Ni (t)) = E ∗ (Ni (t)) + o(E ∗ (Ni (t))):

 ae(pi −qi )t /(pi − qi )2 when pi > 0.5
∗
E (Ni (t)) =
at2 /2
when pi = 0.5

at/(qi − pi )
when pi < 0.5.
The following theorem gives the rates of divergence for the various subsample sizes
as a function of t.
Theorem 3.1.
P
Ni (t)/E ∗ (Ni (t)) → Wi (pi ),
(5)
where


 Gamma(a/pi , pi /a)
√
Wi (pi ) =
has characteristic function [cosh(τ −1/a)1/2 ]−2a

1

when pi > 0.5
when pi = 0.5
when pi < 0.5
(6)
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Proof. Characteristic functions of the random variable lim Ni (t)/E ∗ (Ni (t))
t→∞
√
can be obtained by substituting w = exp( −1τ /E ∗ (Ni (t))) in Gi (w, s, t | 0) and
calculating
the limit when t goes to infinity. When pi > 0.5, the limit is [1 −
√
function of the Gamma distribution.
pi /a −1τ ]a/pi , which is the characteristic
√
1/2 −2a
When
p
=
0.5,
the
limit
is
[cosh(τ
−1/a)
]
. When pi < 0.5, the limit is
i
√
exp( −1τ ) and the limiting distribution is degenerate. Limits exist if pi ≥ 0.5
when the limiting random variables are not degenerate since we have the following
convergence uniformly in δ > 0:
lim E[Ni (t + δ)/E ∗ (Ni (t + δ)) − Ni (t)/E ∗ (Ni (t))]2 = 0.

t→∞

We assume without loss of generality that
p1 ≥ p2 ≥ ... ≥ pK .
Theorem 3.2.
Case 1. p1 ≥ 0.5 and p = p1 = p2 = ... = ph > ph+1 ≥ ... ≥ pK .

Wi (p)

Ni (n) P
if i ≤ h
→ Di =
W1 (p) + ... + Wh (p)

n n→∞
0
if i > h,
where Wi (p), i = 1, ..., h, are random variables as in (6).
Case 2. p1 < 0.5
Ni (n) P
→ Di =
n n→∞

1
qi −pi
1
q1 −p1

+ ... +

1
qK −pK

.

Note. In Case 1 the joint distribution of (D1 , ..., Dh ) is a (h−1)-variate Dirichlet
distribution with all parameters equal to a/p.
Proof. For the first case, dividing the numerator and denominator of (4) by
E ∗ (N1 (t)), we have
Ni (t)
ci Wi (p)
lim K
= K
,
t→∞ P
P
Nj (t)
Wj cj
j=1

j=1

∗

where Wi (p) = lim Ni (t)/E (Ni (t)) is the random variable which depends on p
t→∞

according to (6), and
½
∗

∗

ci = lim E (Ni (t))/E (N1 (t)) =
t→∞

Then

1 if i ≤ h
0 if i > h.


Wi (p)

Ni (t)
P
→
W
(p)
+
... + Wh (p)
1
K
t→∞ 
P
0
Nj (t)

j=1

if i ≤ h
if i > h.
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The result of the theorem for p1 ≥ 0.5 now follows from (4). When p1 < 0.5 dividing
the numerator and the denominator by at/(qi − pi ) and using Theorem 3.1 and (4),
we get the result.
Note that if h = 1, and the maximum success probability is equal to or greater
than 0.5, the limiting proportion of subjects receiving the (unique) best treatment
is one and the limiting proportion of subjects on all other treatments is zero. More
precise rates of divergence for the treatments subsamples are given in the following
corollary.
Corollary 3.1 (a) If p1 > pj > 0.5, Nj (n)n−(pj −qj )/(p1 −q1 )
random variable in probability.
(b) If p1 > pj = 0.5, Nj (n)log −2 (n) converges to a random variable
(c) If p1 > 0.5 > pj , Nj (n)log −1 (n) converges to a random variable
(d) If p1 = 0.5 > pj , Nj (n)n−1/2 converges to a random variable in

converges to a
in probability.
in probability.
probability.

4. Estimation
4.1 Consistency of the maximum likelihood estimator. Consider a birth and
death urn design with immigration. Suppose there are n subjects, each of which
will be randomly assigned to one of K treatments during the course of the study.
Let Dn denote all the treatment assignments and their associated outcomes
as well as the history of additions to the urn, including immigration, up to and
including the nth subject. The likelihood function can be derived as in Rosenberger,
Flournoy and Durham (1997). The likelihood Ln reduces to
K

Xi (n) Ni (n)−Xi (n)
qi
,

Ln ∝ Π pi
i=1

where Ni (n), the number of type i balls drawn from the urn after n draws, and
Xi (n), the number of successes on treatment i after n draws.
Consider
n
n
X
∂ log Ln (p) X ∂
∂Lj (p)
=
{log Lj (p) − log Lj−1 (p)} =
,
∂pi
∂pi
∂pi
j=1
j=1

where L0 (p) = 1, and Lj (p) = log Lj (p) − log Lj−1 (p). The first derivative of the
loglikelihood is given by
n

∂ log Ln (p) X ∂Lj (p)
Xi (n) Ni (n) − Xi (n)
=
=
−
.
∂pi
∂p
pi
(1 − pi )
i
j=1

(7)

Hence, the maximum likelihood estimator of pi is
p̂i =

Xi (n)
,
Ni (n)

the proportion of observed successes at treatment i.

(8)
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For each i, i = 1, ..., K, consider the following quantity:
Ini (p) =

n
X
j=1

µ
Ej−1

∂Lj (p)
∂pi

¶2
=

Ni (n)
,
pi (1 − pi )

(9)

where Ej−1 denote an expectation conditional on data accrued through the (j −1)st
trial. The quantity Ini (p) reduces to the standard Fisher information when random
variables are independent. Consider also
Jni (p) =

µ
¶
n
X
Xi (n) Ni (n) − Xi (n)
∂ 2 Lj (p)
=
−
+
.
∂p2i
p2i
(1 − pi )2
j=1

(10)

It can be shown that the following two conditions are satisfied by the loglikelihood:
(A1) ∫ Ln (p)dDn can be partially differentiated twice (with respect to each pi ,
i = 1, ..., K) under the integral sign and the first partials have finite moments of
order two.
a.s.
(A2) Ini (p) → ∞ as n → ∞, i = 1, ..., K.
Theorem 4.1. There exists a sequence of maximum likelihood estimators (8),
{p̂n = (p̂1n , ..., p̂Kn )} such that the K− dimensional vector (p̂n − p) converges
almost surely to 0 as n → ∞.
Proof. Since (A1) and (A2) hold, the proof is similar to that of Theorem 6.4
in Hall and Heyde (1980, page 175).
2
4.2 Limiting distribution related to the maximum likelihood estimator. Without
loss of generality, we assume that the pi occur in nonincreasing order. The following
theorem is a first step toward characterizing the asymptotic distribution of p̂n .
Theorem 4.2.
Case 1. p ≥ 0.5 Assume p1 = p2 = ... = ph = p > ph+1
p. Consider the set A,
A = {1, 2, ..., h} of treatments. The vector with components Ni (n)(p̂in −p), i ∈ A,
is asymptotically multivariate normal with mean zero, variances with components
p(1 − p), and all covariances zero.
p
Case 2. p < 0.5 The vector with components Ni (n)(p̂in − pi ), i = 1, ..., K,
is asymptotically multivariate normal with mean zero, variances with components
pi (1 − pi ), and all covariances zero.
Proof. Case 1. p ≥ 0.5
First we show that the following conditions are satisfied:
(A3) For all ² > 0,
" µ
¯¶#
¶2 µ¯
n
X
¯
¯ 1 ∂Lj (p)
1 ∂Lj (p)
P
Ej−1
I ¯¯ √
> ²¯¯
→0
n
∂p
∂p
n
i
i
j=1
n → ∞, i = 1, ..., K;
P
(A4) n−1 Ini (p) → η 2 > 0, i = 1, ..., K, where η 2 is a.s. a positive random
variable.
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(A5) Jni (p)/Ini (p) → −1 as n → ∞, i = 1, ..., K.
Condition (A3) can be proven by using the Cauchy-Schwartz inequality. According to Theorem 3.2 condition (A4) is satisfied on the set A. Condition (A5)
follows from (8), (9), (10), and the consistency of the estimator (8).
n
P
Consider the Taylor series expansion of the function
∂Lj (p)/∂pi , i ∈ A,
j=1

around p, where p is the vector of true parameters:
n
n
n
X
∂Lj (p0 ) X ∂Lj (p) X X 0
∂ 2 Lj (p∗ )
=
+
,
(pk − pk )
∂pi
∂pi
∂pi ∂pk
j=1
j=1
j=1

(11)

k∈A

where p∗ is a point on a line segment connecting p0 and p. From (7), it is clear that
∂ 2 Lj (p)
= 0 if i 6= k,
∂pi ∂pk
and thus, (11) can be written as
n
n
n
X
∂Lj (p0 ) X ∂Lj (p) X 0
∂ 2 Lj (p∗ )
.
=
+
(pi − pi )
∂pi
∂pi
∂p2i
j=1
j=1
j=1

(12)

When we replace p0 with p̂, the left hand side of equation (12) vanishes, and we
obtain
n
n
X
X
X
∂Lj (p)
∂ 2 Lj (p∗ )
.
=−
(p̂k − pk )
∂pi
∂p2i
j=1
j=1
k∈A

For each i ∈ A, consider the equation
n
1
1
1 X ∂Lj (p) √
√
= n(p̂i − pi ) In (p) − √ (p̂i − pi )(Jn (p∗ ) + In (p)).
n
n j=1 ∂pi
n

Then according to Corollary 3.1 (Hall and Heyde, 1980, page 58)
n
X
∂Lj (p) D
→ ηN (0, 1), i ∈ A,
∂pi
j=1

where η is a random variable from (A4). Furthermore, from (A4) and (A5), it
follows that
p
D
Ini (p)(p̂i − p) → N (0, 1), i ∈ A,
or equivalently,

p

D

Ni (n)(p̂i − p) → N (0, p(1 − p)), i ∈ A.

Consider
1

p

Ni (n)

n X
X
j=1 i∈A

ci

∂Lj (p)
,
∂pi
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where {ci }, i ∈ A, are arbitrary nonzero constants. Then
1

p

Ni (n)

n X
K
X

ci

j=1 i=1

K
X
∂Lj (p) D
c2i pi (1 − pi ))
→ N (0,
∂pi
i=1

for any nonzero vector c. Employing the Cramér-Wold device gives us the desired
result.
Case 2. p < 0.5
The proof is similar to that of Case 1.
Now we can combine Theorem 3.2 and Theorem 4.2 to get the main result first for
the case p ≥ 0.5. Introduce the following notation: d = (d1√, ..., dh ) is a realization
of (D1 , ..., Dh ), and v = (z1 , ..., zh ) is a realization of Vn = n(p̂1n − p, ..., p̂hn − p).
Theorem 4.3. If p ≥ 0.5, the joint density for Vn and D = (D1 , ..., Dh ) is the
product of two densities:
fn (v, d) = fn (v|d)f (d).
The conditional density for Vn given D = d, fn (v|d), converges to a multivariate
normal density with mean 0, variances p(1 − p)/di , i = 1, ..., h, and all crosscovariances equal to zero. The marginal density, f (d), for D is a (h − 1)-variate
Dirichlet density with all parameters equal to a/p if p > 0.5, and f (d) is the density
from Case 1 of Theorem 3.2 if p = 0.5.
Proof. The proof follows directly from Theorem 4.2 and Theorem 3.2.
Theorem 4.4 states that for p1 < 0.5 the Di are nonrandom, and therefore the
joint density is essentially the same as the conditional, but now over all treatments,
i = 1, .., K.
√
Theorem 4.4. If p1 < 0.5, the vector with components n(p̂in − pi ), i =
1, ..., K, is asymptotically a multivariate normal with mean zero, variances with
components pi (1 − pi )/Di , and all cross-covariances equal to zero. The constants,
Di , are given in Case 2, Theorem 3.2, and are equal to
Di =

1
qi −pi
1
q1 −p1

5.

+ ... +

1
qK −pK

.

Inference

The problem of testing the hypothesis of equal treatment effects is a central
problem in a clinical trial. Consider testing the following hypothesis
H0
H1

: p1 = p2 = ... = pK = p
: not all pi are equal,
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where p is used for the common probability of success under H0 . We first construct
the likelihood ratio test statistic:
λn =

Ln (p∗n )
,
Ln (p̂n )

where p∗n is the maximum likelihood estimator over the null hypothesis and p̂n is
K
P
the maximum likelihood estimator over the whole parameter space. Let S =
Xi .
Then the logarithm of the likelihood ratio can be written as
log λn

=
=

i=1

log Ln (p∗n ) − log Ln (p̂n )
n ((S/n) log(S/n) + (1 − S/n) log(1 − S/n))
−

K
X

Ni [(Xi /Ni ) log(Xi /Ni ) + (1 − Xi /Ni ) log(1 − Xi /Ni )] .

i=1

The test rejects H0 when the likelihood ratio test statistic, or its logarithm, is too
small.
Theorem 5.1 states that the limiting results for −2 log λn are similar to the case
of independent random variables. Surprisingly, the null distribution is the same,
regardless of the value of p. The theorem is an extension of Wilks’ Theorem to
dependent random variables. Ferguson (1996, pp. 145-147) proves Wilks’ Theorem
for independent random variables. The proof is very similar to Ferguson’s for p <
0.5, except that we must employ martingale techniques (using Theorems 4.2 and
4.4). For p ≥ 0.5, an additional conditioning argument can be used to achieve the
same result.
Theorem 5.1. Under H0 ,
D

−2logλn → χ2K−1 .
Proof. Let us restate the null hypothesis as follows:
H0 : θ1 = θ2 = ... = θK−1 = 0, 0 ≤ θK ≤ 1,
where θK = p, and θ1 = p1 − p, ..., θK−1 = pK−1 − p. We proceed as in Ferguson
∗
(1996). We have −2logλn = 2[log Li (θ̂n ) − log Li (θn
)], where θ̂n is the unrestricted
∗
maximum likelihood estimator, and θn is maximum likelihood estimator restricted
to H0 . Expand log Ln (θ ∗n ) about θ̂n :
log Ln (θ ∗n )
1
1
∗
∗
+
∗
= log Ln (θ̂n ) + (log Ln (θ̂n ))0 (θn
− θ̂n ) − n(θn
− θ̂n )T Jn (θn
)(θn
− θ̂n ),
2
n
+
∗
+
where θn
is a point on a segment connecting θn
and θ̂n , and Jn (θn
) is a matrix
of the second derivatives of the loglikelihood. Because θ 0 is the true value under
+
+
H0 , θ n
converges to θ 0 by the Theorem 4.1 and the definition of θn
.
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Case 1. p < 0.5
From conditions (A4), and (A5), it follows that, when p < 0.5,
1
+ P
− Jn (θn
) → G.
n
0
0
0
0
, ..., θK−1
+ θK
, θK
), and (D1 , ..., DK ) are constants from Case 2
If θ 00 = (θ10 + θK
00
of Theorem 3.2, with θ as a vector of success probabilities, then G is given by


D1
D1
0
.
.
.
0
 p1 (1 − p1 )
p1 (1 − p1 ) 


D2
D2




0
...
0

p2 (1 − p2 )
p2 (1 − p2 ) 
G=
.


..


.


K


P
DK−1
D1
D2
Di
...
p1 (1 − p1 ) p2 (1 − p2 )
pK−1 (1 − pK−1 ) i=1 pi (1 − pi )
(13)
K
P
Also define the diagonal K × K matrix H = diag(0, 0, ..., 0, [
Di /(pi (1 − pi ))]−1 ).
i=1

For sufficiently large n, (log Ln (θ̂n ))0 = 0, so that
∗
∗
−2logλn ∼ n(θn
− θ̂n )T G(θn
− θ̂n ).
∗ 0
∗ 0
As in Ferguson, we expand (logLn (θn
)) about θ̂n and (log Ln (θn
)) about θ 0 in
Taylor series. Then from the proof of Theorem 4.2,

√ 1
1
D
√ (log Ln (θ 0 ))0 = n (log Ln (θ 0 ))0 → N (0, G).
n
n
Hence,

(14)

1
∗ 0 D
√ (log Ln (θn
)) → [I − HG]Y,
n

where Y is distributed as N (0, G), so that
£
¤
D
−2logλn → YT G−1 − H Y ∼χ2K−1 .
Case 2. p ≥ 0.5
The proof in this case is similar to Case 1. If p ≥ 0.5, according to Theorem 3.2 the matrix G = G(D) in (13) has random entries depending on D. In
any case G(D) is invertible with probability one. Let us condition on the values
Di = di , where di are realizations of Di , and assume without loss of generality
that the nonrandom matrix G(d) is invertible. Replacing G in the previous argument
√ by G(d) we will obtain similar conclusions. The asymptotic normality of
1/( n)(log Ln (θ 0 ))0 is implied by Theorem 4.3 and
£
¤
D
−2logλn → Y(d)T G(d)−1 − H Y(d),
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where Y(d) is distributed N (0, G(d)). The limit is independent of d, and has a
χ2K−1 distribution.
We are also interested in the distribution of the
√ test statistic when the true value
of parameter θ does not satisfy H0 . Define δ = n(θ − θ 0 ), where θ 0 is the closest
value in H0 to the true √
value θ. In terms of the components of the vector p from
the initial problem δ = n(p1 − pK , ..., pK−1 − pK , 0).
Corollary 5.1. For p < 0.5,
D

−2logλn → χ2K−1 (ϕ),
where the noncentrality parameter ϕ is
ϕ=

K−1
X
i=1

Di δi2
−
pi (1 − pi )

ÃK
X
i=1

Di
pi (1 − pi )

!−1 ÃK−1
X
i=1

Di δi
pi (1 − pi )

!2
,

√
where δ = n(p1 − pK , ..., pK−1 − pK , 0).
Proof. The proof is as in Theorem 5.1 but the limiting distribution of
1
( √ (log Ln (p0 ))0 is different and can be found by the expansion,
n
1
√ (log Ln (p0 ))0
n

=
∼

√
1
1
0
√ (log Ln (p))0 + Jn (p+
n ) n(p − p)
n
n
N (0, G) + Gδ = N (Gδ, G)

The rest of the proof is as in Ferguson (1996, page 148).
6.

2

Discussion

Our purpose in introducing the birth and death urn has been to deal with the
ethical issue of assigning more patients to better treatments. We have focused on
asymptotic properties of the birth and death urn design with immigration. We show
how this is done in Section 2 and, in particular, there is a threshold phenomenon
which occurs according to whether the best treatment has success probability less
than 0.5, equal to 0.5 or greater than 0.5. If the highest success probability, p1 ,
is less than 0.5, the allocation proportions approach fixed positive values favoring
the better treatments proportionately to 1/(qi − pi ). This is similar to the behavior
of play-the-winner rules. If p1 > 0.5, then the proportions of allocation to any of
the inferior treatments are driven to zero at a rate which is either proportional to
a power of n if the inferior treatment also has pi > 0.5 or to the log(n) if pi < 0.5.
The first case exhibits behavior similar to that of a pure birth urn [see Durham,
Flournoy and Li (1998)].
The question of the feasibility of inference under such a plan is then undertaken.
Asymptotic distributions for the maximum likelihood estimators are given and the
likelihood ratio test for the equality of the pi ’s is constructed. The expected normality and chi-square asymptotics are obtained, except that, in the supercritical case
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pi > 0.5, they must be conditional, since the asymptotic allocation proportions are
still random variables. Interestingly, the basic Wilks’ chi-square is the same in all
cases; but the power under the alternative is not. Standard methods such as used by
Basawa, Billard and Srinivasan (1984) for time series models are applicable to the
subcritical case, directly and, with a conditioning argument, to the null distribution
in the supercritical and critical cases. But the fundamental rates of convergence
conditions are violated in the alternative. The existence of useful asymptotics for
power in the supercritical case is still an open question. More refined alternatives
corresponding to selecting the best treatment or discarding the worst treatment are
also open research areas.
It is widely thought that equal allocation is always preferred in clinical trials.
We find that this is not so. Suppose we have three treatments and the vector
of success
probabilities is p = (0.4, 0.1, 0.1). If the sample size is n = 100, then
√
δ = 100(0.3, 0, 0). When equal allocation is used the noncentrality parameter
is ϕ0 = 0.1053, and the approximate power is 0.83. Under the birth and death
urn design with immigration the noncentrality parameter is ϕ = 0.1429, and the
approximate power is 0.93. Being a subcritical case, there will be a still more
powerful fixed allocation. But the supercritical case presents a more intriguing
possibility. Preliminary simulations suggest that when p1 > p2 = p3 , for example,
the urn design appears to be more powerful than any fixed design.
Exact properties can be derived by incorporating stopping rules in the urn design, using techniques found in Durham, Flournoy, and Li (1998). The interested
reader is referred to Ivanova (1998), who describes these methods and applies them
with the birth and death urn.
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