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SUMMARY. In this paper we present a Bayesian analysis of 2 × 2 contingency tables,
corresponding to matched pairs designs. We provide Bayes and empirical Bayes estimates
for the cell probabilities of these tables as well as the Bayes factor for testing the equality
of correlated proportions. The approximate highest posterior density (HPD) region for
the difference of the correlated proportions is also obtained. Finally, a Bayesian variable
selection approach is applied to a hierarchical logistic regression model and posterior model
probabilities for the equality of the correlated proportions are estimated. This latter
approach has the feature that the posterior model probabilities depend on the maindiagonal cells.

1.

Introduction

Correlated proportions are usually expressed in the form of a 2×2 contingency table and their standard treatment consists of testing the null hypothesis of equality of proportions and evaluating confidence intervals for their
difference. In the frequentists’ approach these aspects have been treated
by a number of authors (cf. Agresti 1990, Lloyd 1990) beginning with the
well-known test of McNemar (1947). An issue of interest is the fact that
McNemar’s test is based only on the discordant pairs of the table. The
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concordant pairs play no role as one would expect since the off-diagonal cell
counts alone are sufficient for the difference of the two marginal proportions.
This lack of contribution of concordant counts, however, runs against the
intuition of many data analysts and has been a point of discussion since
Cochran (1950). Attempts to derive inference for matched pairs taking into
consideration concordant and discordant pairs have been made by May and
Johnson (1997) and Liang and Zeger (1988), to mention the most recent
relevant references.
Although Bayesian analysis of two independent proportions has been in
the center of attention several times (Nurminen and Mutanen 1987, Walters
1986, Kass and Vaidyanathan 1992), as far as we know, correlated proportions have not been examined as yet from the Bayesian point of view with
the exception of Altham (1971). Altham mainly focused on the comparison of different available models for correlated proportions (logistic model,
random effects model, etc.) and their Bayesian analogues. She also further
extended these methods to the case where the order of application of the two
treatments (corresponding to the two classification variables) may matter.
However, for the basic simple problem in its standard formulation, she only
dealt with hypothesis testing and developed the corresponding Bayes test.
This paper is an attempt to provide an extensive Bayes and empirical
Bayes analysis of matched pairs with particular emphasis on the comparison
of the two proportions assuming either no pair effect or a random pair effect.
In Section 2 we provide Bayes estimates of the cell probabilities based on
the symmetry hypothesis and we compute the corresponding Bayes factor
(BF) for testing the equality of correlated proportions. An alternative approach based on empirical Bayes estimation of prior parameters is described
in Section 3. The Highest Posterior Density (HPD) region for the difference
of correlated proportions is developed in Section 4 noting that the classical confidence interval is derived for a particular choice of a Dirichlet prior.
In Section 5 we investigate a hierarchical logistic regression model which
provides, through a Markov Chain Monte Carlo variable selection methodology, a way to determine the symmetry hypothesis taking into account the
main-diagonal cells. The issues which arise are illustrated with the help of
two simulated data sets in Section 6 while final conclusions are provided in
Section 7.
2.

Bayesian Analysis

2.1 Estimation. Let (nij )2×2 be the contingency table of observed frequencies corresponding to a matched pairs design of two correlated propor-
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tions π1. and π.1. We assume that the sampling scheme is multinomial, so
that
n = (n11 , n12 , n21 , n22 ) ∼ Mult(N, π11 , π12 , π21 , π22 ), Σij πij = 1.

(2.1)

In standard contingency tables analysis the cell probabilities πij (i, j =
1, 2) are estimated by the corresponding sample proportions pij . Under
the symmetry hypothesis, the off-diagonal probabilities are estimated by
(p12 +p21 )/2 and the correlated proportions π1. and π.1 by p11 +(p12 +p21 )/2.
Bayesian conjugate analysis proceeds by imposing a Dirichlet prior on the
vector of probability parameters
(π11 , π12 , π21 ) ∼ Di(α11 , α12 , α21 , α22 ), α11 , α12 , α21 , α22 > 0,

(2.2)

resulting to a posterior probability of
(π11 , π12 , π21 )|n ∼ Di(n11 + α11 , n12 + α12 , n21 + α21 , n22 + α22 ),
with the posterior mean of πij equal to
π̃ij = E(πij |n) = w · pij + (1 − w) · kij ,

i, j = 1, 2,

(2.3)

where w = N/(α0 + N ), kij = αij /α0 and α0 = Σi,j αij . Equation (2.3)
indicates that the πij ’s are estimated as weighted averages of the sampling
proportion and the prior mean. The weights depend on the sample size N
and on α0 , which expresses the degree of uncertainty associated with the
prior mean. If αij tends to zero then π̃ij → pij while if α0 → ∞ then
π̃ij → kij . The Bayes estimators (with square error loss function) of the
correlated proportions are π̃i. = w·pi. +(1−w).ki. , and π̃.j = w·p.j +(1−w).k.j
2.2 Hypothesis testing. The hypothesis of equality of two correlated proportions (π1. = π.1 ) can equivalently be expressed as
Hs : π12 = π21

versus

HA : π12 6= π21 ,

(2.4)

where n is distributed as defined by (2.1). Hypothesis (2.4) can be tested
using the Bayes Factor BF (Hs , HA ) which is defined as the ratio of the
marginal likelihood under model Hs to the marginal likelihood
under model HA
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M LD(Hs )
M LD(HA )

RR

=
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RRR

pr(x|π12 ,π11 ,Hs ).pr(π12 ,π11 |Hs )dπ12 dπ11

pr(x|π12 ,π21 ,π11 ,HA ).pr(π12 ,π21 ,π11 |HA )dπ12 dπ21 dπ11

(2.5)
(see, for example, Bernardo and Smith 1993). Kass and Raftery (1995)
provided a table, based on one suggested by Jeffreys in 1961, to be used as
a guide in interpreting the BF value.
Assuming that the prior distribution of (π11 , π12 , π21 ) under HA is provided by the Dirichlet distribution given in (2.2), under HA , the marginal
likelihood is given by
M LD(HA ) = C ·

Γ(α0 ) · Γ(n11 + α11 ) · Γ(n12 + α12 ) · Γ(n21 + α21 ) · Γ(n22 + α22 )
, (2.6)
Γ(α11 ) · Γ(α12 ) · Γ(α21 ) · Γ(α22 ) · Γ(N + α0 )

where
C=

N!
.
n11 !n12 !n21 !n22 !

s denote the common value of π
s
Under Hs let π12
12 and π21 (i.e., π12 =
π12 = π21 ). From (2.2) it follows that (π11 , π12 + π21 ) is distributed as a
Dirichlet variable with parameters α11 , α12 + α21 and α22 . In other words
s
(π11 , 2π12
) − Di(α11 , α12 + α21 , α22 ),

which leads to

M LD(Hs ) = C ·

Γ(α0 ) · Γ(n11 + α11 ) · Γ(n + α12 + α21 ) · Γ(n22 + α22 )
,
2n Γ(α11 ) · Γ(α12 + α21 ) · Γ(α22 ) · Γ(N + α0 )
(2.7)

where n = n12 + n21 . Finally, substituting (2.6) and (2.7) in (2.5) we
obtain

BF (Hs , HA ) =

Γ(α12 ) · Γ(α21 ) · Γ(n + α12 + α21 )
,
12 + α21 ) · Γ(n12 + α12 ) · Γ(n21 + α21 )

2n Γ(α

(2.8)
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which is not affected by main-diagonal cells or the corresponding parameters
α11 and α22 . This is in agreement with the classical McNemar test, where
the total sample size and the main-diagonal cells do not contribute to the
inference about the difference πi. − π.i. Consequently, in testing (2.4) is irrelevant whether we use n = (n11 , n12 , n21 , n22 ) or n∗ = (n12 , n21 , n11 + n22 )
following a trinomial distribution with the Dirichlet prior on the vector of
cell probabilities having parameters α12 , α21 and α1 = α11 +α22 respectively.
For reasons of simplicity from now on we shall use the n∗ vector for the data
representation.
Adopting a conditional approach, hypothesis (2.4) is equivalent to testing
the hypothesis
∗
H0 : π12
=

1
1
∗
towards H1 : π12
6= ,
2
2

∗ = π /(π + π ) is the conditional probability of an observation
where π12
12
12
21
falling in cell (1,2) given that it will fall in the off-diagonal cells. A wellknown test, conditional on the sum of the off-diagonal frequencies n, is based
∗ ). It is
on the fact that n12 is distributed as binomial with parameters (n, π12
∗
straightforward to see that when (2.2) holds then the prior on π12 under H1
is a Beta distribution with parameters α12 and α21 , denoted Be(α12 , α21 ).
In this context, the Bayes Factor BF (H0 , H1 ) is equal to the Bayes Factor
BF (Hs , HA ), which will be shortly denoted as BF01 . This is an anticipated
result due, for example, to the results of Günel and Dickey (1974) on factorized likelihoods. Also it coincides with the standard frequentist result, that
for large samples the conditional on n and the unconditional approaches lead
to the same test.
∗ ), BF
For α12 = α21 = 1 (uniform prior on π12
01 reduces to

BF01 =

2n

Γ(n + 2)
· Γ(n12 + 1) · Γ(n21 + 1)

(2.11)

which is the usual Bayes Factor for testing the null hypothesis that a binomial
parameter equals to 12 ; see, for example, Bernardo and Smith (1993, p.414).
2.3 Prior choice. We now discuss the choice of parameter values for the
Dirichlet prior. Strong prior belief that π1. > π.1 is expressed by α12 >> α21
while great prior uncertainty by α12 = α21 = q, q ∈ [0, 1]. The consideration
of α12 = α21 corresponds to strong prior preference for π1. = π.1 , i.e., to
prior belief for the symmetry model.
A rather more interesting issue is the quantification of prior parameters.
If there exists prior information for the mean (µ0 ) and the variance (σ02 )
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∗ i.e., for π
∗
of π12
12 conditional on the off-diagonal cells, then since π12 ∼
Be(α12 , α21 ), α12 and α21 can be computed from the beta mean and variance
as follows

α12 = µ0 [µ0 (1 − µ0 ) − σ02 ]/σ02 ,

(2.12a)

α21 = (1 − µ0 )[µ0 (1 − µ0 ) − σ02 ]/σ02 .

(2.12b)

and

Since the initial problem is the comparison of the marginal proportions
π1. and π.1 , it is realistic to assume that prior knowledge, if available, refers
to these marginals rather than the off-diagonal proportions π12 and π21 . In
order to incorporate information of this kind we need to transform it to
information for the cells of the corresponding 2 × 2 table. From (2.2) we
have that
π1. ∼ Be(α1. , α2. ), and π.1 ∼ Be(α.1 , α.2 ).
Thus, if the means and standard deviations of π1. and π.1 are available,
we can assign values to the beta parameters α1. , α2. , α.1 and α.2 as before,
i.e., by (2.12). Now we need to express the αij ’s, i,j=1,2 in terms of their
marginals. In order to do this, besides the means and standard deviations of
the correlated proportions π1. and π.1 , we also need their covariance, since
α1. , α2. , α.1 and α.2 are linearly dependent. Let c be the value of cov(π1. , π.1 )
known in advance. We have
cov(π1. , π.1 ) = cov(π11 , π12 ) + cov(π11 , π21 ) + cov(π12 , π21 ) + var(π11 ).
Expressing the covariances in the second term of the above equation in
terms of the αij ’s (from the Dirichlet density) and after some algebra we
obtain
α11 = α0 (α0 + 1)c + (α1. α.1 )/α0 ,

(2.16)

where α0 = α1. + α2. = α.1 + α.2 . The remaining αij ’s are computed
easily from their corresponding marginals. This implementation of prior
knowledge on marginal proportions has some drawbacks. For example, if
the two marginals have the same prior mean, then the beta parameters
(α1. , α2. ) and (α.1 , α.2 ) are proportional, i.e. α1. /α2. = α.1 /α.2 = k and
this imposed a limitation on the relationship between the variances, namely
var(π1. )/var(π.1 ) = (α0 + k −1 )/(α0 + 1).
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3.

Empirical Bayes Analysis

In the case that no prior information is available, a different approach to
the use of non-informative priors is to adopt an empirical Bayes analysis. For
example, we may assume that the prior cell means kij in (2.3) follow a specific
model and estimate them from the data. One approach
n is to specify α0 by
o
minimizing the total mean square error M SE = E Σi,j=1,2 (π̃ij − πij )2
(Fienberg and Holland, 1973, referred to this approach as pseudo-Bayes).
In the framework of R×C contingency tables, Agresti and Chuang (1989)
estimated the kij ’s by the uniform association model. In our context we could
estimate them under the symmetry model. Thus we have
k̂ij =

pij + pji
,
2

i, j = 1, 2,

(3.1)

and minimization of the MSE given above, leads to
α0 =

2 − π2
1 − π12
21
(π12 − k12 )2 + (π21 − k21 )2

(3.2)

which is estimated by
α̂0 =

2(1 − p212 − p221 )
,
(p12 − p21 )2

p12 6= p21

(3.3)

[for π̂ij = pij and k̂ij given by (3.1)], i.e., provided that the symmetry model
does not fit the data perfectly. From (3.1) and (3.3), the parameters of the
Dirichlet distribution are estimated by
α̂12 = α̂21 =

(p12 + p21 )(1 − p212 − p221 )
,
(p12 − p21 )2

p12 6= p21

(3.4a)

and
α̂ii = pii

2(1 − p212 − p221 )
,
(p12 − p21 )2

i = 1, 2,

p12 6= p21 .

(3.4b)

If the symmetry model fits the data perfectly, (i.e. p12 = p21 ), then k̂ij = pij
and
α̂ij = pij ,

i, j = 1, 2.

(3.5)

Finally, the empirical Bayes estimates of the cell probabilities are given by
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ˆ ij =
π̃

1
· [(α̂0 + 2N )pij + α̂0 pji ].
2(α̂0 + N )
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(3.6)

Of course, it is possible to model the diagonal cells as well, e.g. π11 = 2π22 ,
etc. In this case (3.1) through (3.5) would change accordingly. Note that
the empirical Bayes approach takes into account the total sample size and
therefore the size of the main-diagonal cells.

4.

Approximate Highest Posterior Density Regions for the
Difference of Two Correlated Proportions

Since the difference of the two correlated proportions π1. − π.1 is equal
to π12 − π21 , we shall work on the latter difference. The construction of the
approximate Highest Posterior Density (HPD) region is based on approximating the posterior density of (π12 , π21 ) by a bivariate normal distribution.
This approximation will be good if (a12 +n12 ), (a21 +n21 ) and (a1 +N −n) are
sufficiently large. For other approximations see Lindley (1964) and Blotch
and Watson (1967). For small sample sizes a Monte Carlo approach is preferable, since the it is easy to simulate from the Dirichlet distribution.
The fitted normal density will be centered at the mode of the posterior
and its variance-covariance matrix will be the inverse of the curvature of
the log-posterior density at the mode (cf. Gelman et al. 1998, p.100-101,
274). Hence, we need to evaluate the strict local maximum m2 = (θ12 , θ21 )T
and the variance-covariance matrix Σ at m2 of the log-posterior density of
(π12 , π21 ). Alternatively, we could approximate the Dirichlet posterior by
a multivariate normal distribution having the same first and second order
moments. This approximation is straightforward and is close to the one
proposed here. But it does not lead to the classical Confidence Interval
(CI) for the uniform choice on priors, as it will be shown to be true for the
approximation adopted.
Expressing the data in the form n∗ = (n12 , n21 , n11 + n22 ) and assuming
that the prior of (π12 , π21 ) is
(π12 , π21 ) ∼ Di(α12 , α21 , α1 ),

α12 , α21 , α1 > 0,

derived from (2.2) for α1 = α11 + α22 , the posterior density of (π12 , π21 ) is
(π12 , π21 )|n∗ ∼ Di(α12 + n12 , α21 + n21 , α1 + N − n).
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Setting the first partial derivatives of the log-posterior density L(π12 , π21 )
with respect to π12 and π21 equal to zero, we obtain m2 = (θ12 , θ21 )T . The
matrix of second order derivatives of L(π12 , π21 ) with respect to π12 and π21
is Σ−1 and by matrix inversion we end up to the variance-covariance matrix
Ã

Σ = Σ(θ12 , θ21 ) = d2 ·

B12 (1+cB21 )
1+c(B12 +B21 )
cB12 B21
− 1+c(B
12 +B21 )

cB12 B21
− 1+c(B
12 +B21 )

!

,

B21 (1+cB12 )
1+c(B12 +B21 )

where
θij

= d · Bij

Bij

= αij + nij − 1

, i, j = 1, 2; i 6= j

Aij

= α1 + αij + N − nji − 2
(α1 + N − n − 1)3
c =
[A12 A21 − B12 B21 − (α1 + N − n − 1)(B12 + B21 )]2
α1 + N − n − 1
d =
.
A12 A21 − B12 B21

Hence, the normal approximation of the posterior distribution of (π12 , π21 )
given n∗ , based on its mode, is given by N (m2 , Σ).
¿From this approximation it follows that (π12 − π21 )|n∗ ∼ N (θ12 −
2
21 +4cB12 B21 )d
θ21 , σ 2 ), where σ 2 = (B12 +B
. Consequently, the approximate
1+c(B12 +B21 )
HPD region for the difference π12 − π21 is
s

(

d · (B12 − B21 ) ± za/2

B12 + B21 + 4cB12 B21
1 + c(B12 + B21 )

)

.

In the case of α12 = α21 = α1 = 1 (uniform prior) the strict local maximum is simplified to m02 = (n12 /N, n21 /N )T and the variance-covariance
matrix equals
Σ

(0)

(θ12 , θ21 ) = N
¡

−2

Ã n (N −n )
12
12

·
¢

N
− n12Nn21

− n12Nn21

n21 (N −n21 )
N

h

!

.
2

i

−n21
21 )
Thus (π12 − π21 ) ∼ N n12N
, σ02 with σ02 = N12 · n − (n12 −n
, which is
N
the standard approximation of the frequentists’ approach and leads to the
classical (1−α)% CI for the difference of correlated proportions [cf. Snedecor
and Cochran 1971, Llyod 1990].
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A Logistic Regression Approach

The Bayesian approach for the models described in the previous sections
has been used to smooth the estimates of the cell probabilities. It is evident
that this shrinking of the observed probabilities towards some prespecified
model does not affect the symmetry hypothesis testing. In this section we
propose the use of logistic regression to model correlated proportions assuming a subject (pair) effect as well. We are driven by the desire to propose a
Bayesian model uncertainty methodology which investigates the existence of
a symmetry structure without ignoring the main-diagonal cell counts. From
a classical perspective, this has been achieved in the work of Lesperance and
Kalbfleisch (1994) and Tibshirani and Redelmeier (1997). The idea is that
instead of using the usual logistic regression model for modeling correlated
proportions (see, for example, Cox and Snell 1989), we use a mixture model,
similar to one of the models suggested by Altham (1971), as follows.
Assume that we have N binary pairs of observations, Yi1 , Yi2 , i = 1, . . . , N,
and that
pij = P (Yij = 1|βi , θ) = [1 + exp (−βi − (j − 1)θ]−1 , j = 1, 2,
or equivalently
logit (pij ) = βi + (j − 1)θ,

j = 1, 2.

(5.1)

By testing the hypothesis θ = 0 the above model formulation leads to the
McNemar test. A Bayesian hierarchical model that incorporates a random
effect component is
logit (pij ) = µ + (j − 1)θ + ²i ,
·

¸

µ
∼N
θ

µµ ¶ µ

²i ∼ N (0, σ 2 ),

0
0

,

σ12
σ21

σ12
σ22

j = 1, 2,

(5.2a)

¶¶

σ 2 ∼ IG(λ1 , λ2 ),

(5.2b)
(5.2c)

where IG denotes the Inverse Gamma density.
Note that (5.2) differs from (5.1) in that in (5.2) the estimates of pij
borrow strength from all observations through the random effect expressed
in (5.2c).
Implementation of model (5.2) is only feasible by using numerical approximation techniques. In particular, Markov Chain Monte Carlo (MCMC)
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algorithms can converge very rapidly by using Gibbs sampling steps and exploiting the log-concavity of the resulting full conditional posterior densities;
see Dellaportas and Smith (1993). Moreover, it is clear that (5.2) allows us
to determine our uncertainty about the symmetry model via the posterior
model probabilities derived from the MCMC output; see, for example, Dellaportas et al. (2000, 2001). In particular, as pointed out by these authors, a
simple way to produce posterior model probabilities based on a Gibbs sampling Markov chain is to formulate, when possible, the model choice as a
variable selection problem. Thus, (5.2) can be written as
logit (pij ) = µ + γ(j − 1)θ + ²i ,
·

¸

µ
|γ ∼N
θ

²i ∼ N (0, σ 2 ),

µµ ¶ µ

0
0

,

σ 2 ∼ IG(λ1 , λ2 ),

σ12
σ21

j = 1, 2.
σ12

(5.3a)

¶¶

k (1−γ) σ22
γ ∼ Bernoulli(0.5)

(5.3b)

(5.3c)

for some constant k. We have replaced (j − 1) in (5.2a) with γ(j − 1) in
(5.3a). The idea is that the posterior distribution of γ represents the posterior probability that θ 6= 0. Note that Gibbs variable selection is a special
case of reversible jump MCMC (Green, 1995). For details, see Appendix
and Ntzoufras (1999).
In (5.3), the prior for θ consists of a mixture of two densities. The first
(γ = 0) is a pseudoprior, which does not affect the posterior density. Its role
is simply to facilitate the convergence of the MCMC algorithm. A choice
of k that has found to be rather good in practice is k = 10. For related
ideas for the use of pseudopriors in MCMC see Carlin and Chib (1995). The
hierarchical setup (5.3) allows us to obtain the relevant information about
our uncertainty for the symmetry model through the marginal posterior
density of γ. Essentially, this posterior marginal updates our prior belief
(P r[γ = 1] = 1/2)) through the data.
We shall assume that no strong prior information is available so a diffuse
prior distribution for µ and θ is needed. This choice may have a considerable
impact on the posterior model probabilities so we proceed to discuss it in
some detail. Clearly, for the models of interest in this section, the key
element is the variance of θ, but it is more convenient to specify the joint
prior of µ and θ given that γ = 1. We adopt ideas from Kass and Wasserman
(1995) who suggest the use of prior variances which correspond to unit prior
information for a ‘reference’ Bayesian comparison of nested models.
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In model (5.3) the information matrix for (µ, θ) is
I(µ, θ) = X T W X

(5.4)

where X is a design matrix of dimension 2N × 2 and W = diag(pij (1 − pij )).
If we represent our data in the usual form of a 2×2 table presented in Section
2.1, then the second column of X contains n12 + n11 ones and 2N − n12 − n11
zeroes. The unit information matrix is given by I(µ, θ)/N , and hence a
maximum unit information of the experiment can be estimated by
I(µ, θ)
1 T
1
≤
X X=
N
4N
4N

·

2N
n11 + n12

¸

·

1 2 1
n11 + n12
≤
n11 + n12
4 1 1

¸

so that we propose to use in (5.2)
·

σ12
σ21

¸

·

¸

σ12
1 −1
=4
.
σ22
−1 2

We also use a vague prior for σ 2 with λ1 = λ2 = 10−4 and k = 10 which
turned out to be satisfactory for our models.
6.

Examples

To test our logistic regression model we applied it in two sets of simulated
data appearing in Table 1. We chose two different total sample sizes N=20
and N=100, keeping the main-diagonal cells equal and the off-diagonal cells
constant.
Table 1. Simulated data
Example 1
2
13

3
2

Example 2
42
13

3
42

Gibbs sampler had a rapid convergence in both examples. The results, presented in Table 2, are based on ergodic averages of a sample of 20,000 iterations after discarding the first 10,000 iterations as a burn-in. The program
ran with BUGS software and it took 4 and 19 seconds per 1000 iterations in
a Pentium II PC for Examples 1 and 2 respectively.
Table 2 indicates that the posterior probability of θ =
6 0 is 0.99 and 0.87
for Examples 1 and 2 respectively. The posterior probability of γ decreased
in Example 2 because there is more support for the symmetry model due to
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the increased sample size. We also calculated the Bayes Factor (2.8) using
the data above. For representative choices for the Dirichlet prior parameters (α12 , α21 , α1 ) = (1, 1, 1), (0.5, 0.5, 0.5) and (0.25, 0.25, 0.25), the resulting values of BF01 , which are equal for both data sets, are 0.15, 0.18 and
0.26 respectively and indicate rejection of θ = 0 based on the Kass and
Raftery table. Note that for N = 20 the estimated correlated proportions
are π1· = 0.25 and π·1 = 0.75, having a difference of -.50, while for N = 100
they change to π1· = 0.45 and π·1 = 0.55, with difference -.10, whereas the
BF remains unaltered. The estimated difference π1. − π.1 would reduce further if we further increased the main-diagonal cell counts. This (possibly
undesirable) feature does not appear in the hierarchical logistic regression
model.
Table 2. Estimates of posterior mean, standard deviation,
2.5% and 97.5% quantiles
Example 1

θ
γ

Example 2

Mean

SD

2.5%

97.5%

Mean

SD

2.5%

97.5%

- 2.19
0.99

0.75
0.07

-3.70
–

-0.79
–

-1.35
0.87

0.84
0.34

-0.78
–

2.33
–

7.

Conclusions

We have presented a thorough investigation of the analysis of correlated proportions under a Bayesian perspective. Our investigation contained
conjugate Bayesian analysis, empirical Bayes analysis and determination of
model uncertainty through Bayes factors, evaluation of asymptotic posterior
intervals, and numerical evaluation of posterior model probabilities through
a hierarchical logistic setup. For testing the equality of correlated proportions, the latter approach as well as the empirical Bayes approach take into
account the total sample size and, therefore, the main-diagonal cell counts
and could be considered preferable to the classical McNemar test or the
Dirichlet based Bayes Factors.
Appendix
We show here that the Gibbs variable selection algorithm (Dellaportas
et al., 2001) is a special case of the reversible jump algorithm suggested by
Green (1995). First, note that Gibbs variable selection consists of two Gibbs
steps that update (µ, θ) and γ. If we denote all data by Y , the required
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conditional densities of (µ, θ) given γ are:
f (µ, θ|Y, γ = 1) ∝ f (Y |µ, θ, γ = 1) · f (µ, θ|Y, γ = 1)
f (µ, θ|Y, γ = 0) ∝ f (Y |µ, γ = 0) · f (µ, θ|γ = 0)
and γ is updated through
f (γ = 1|µ, θ, Y )
f (Y γ|µ, θ, γ = 1) f (µ, θ|γ = 1) f (γ = 1)
=
·
·
.
f (γ = 0|µ, θ, Y )
f (Y |µ, γ = 0)
f (µ, θ|γ = 0) f (γ = 0)

(A1)

Assume now that we wish to use a reversible jump algorithm to obtain
posterior model probabilities between models m0 (corresponding to γ = 0)
and m1 (corresponding to γ = 1). If we are, for example, in model m0 with
current parameter value µ, the required steps are:
1. Propose model m1 with probability j(m0 , m1 ).
2. Generate u (of dimension 1) from a proposal density q(u|µ, m0 , m1 ).
3. Set (µ0 , θ0 ) = (µ, u).
4. Accept the move with probability
½

α = min

1,

f (Y |µ0 , θ0 , m1 ) f (µ0 , θ0 |m1 ) f (m1 ) j(m1 , m0 )
·
·
·
·
f (Y |µ, m0 )
f (µ|m0 )
f (m0 ) j(m0 , m1 )
¾

1
.
q(u|µ, m0 , m1 )
Now first note that by setting q(u|µ, m0 , m1 ) = f (θ|µ, γ = 0) we obtain
½

α = min

1,

f (Y |µ0 , θ0 , m1 ) f (µ0 , θ0 |m1 ) f (m1 ) j(m1 , m0 )
·
·
·
f (Y |µ, m0 )
f (µ, θ|m0 ) f (m0 ) j(m0 , m1 )

¾

with (µ0 , θ0 ) being generated by f (µ, θ|Y, γ = 0). This is clearly just a
Metropolis step on the discrete random variable γ, of which a special case
(by setting j(m1 , m0 ) and j(m0 , m1 ) equal to the full conditional densities)
is the Gibbs sampler specified in (A1). Thus, the Gibbs variable selection
is obtained from the reversible jump algorithm by choosing an appropriate
proposal q(u|µ, m0 , m1 ) and by performing a Gibbs sampling rather than a
Metropolis Hasting step for the model indicator. The proof for the reverse
move is similar.
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