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ON A NONPARAMETRIC RECURSIVE ESTIMATOR OF THE
MIXING DISTRIBUTION

By MICHAEL A. NEWTON
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SUMMARY. Routinely in statistical applications hierarchical models arise in which
unobserved random effects contribute to heterogeneity amongst sampling units. An easily
computable, smooth nonparametric estimate of the underlying mixing distribution can be
derived as an approximate nonparametric Bayes estimate under a Dirichlet process prior. I
discuss the recursive estimation algorithm, its consistency properties, and its application in
several examples, including its use as a model diagnostic in the analysis of DNA microarray

gene expression data.

1. Nonparametric Mixture Models

A useful stochastic model to account for heterogeneity amongst experi-
mental units is the nonparametric mixture model. From an unknown distri-
bution F' there arise independent and identically distributed but unobserved
draws ¢1, ¢2,..., ¢, in a set ¢. Given these ¢;’s, conditionally independent
random variables x1, x2, ..., Z, are observed, where the law of z; given ¢; is
described by a known sampling density p(x|¢) with respect to some dominat-
ing measure p on the sample space. This framework covers many examples,
and I consider two for illustration:

1. ¢; € ® =0,1] and z; is binomially distributed with success probability
¢; and sample size m. I study an application of this model to a well-
studied experiment on thumbtack tossing in which m =9, n = 320
and x; counts the number of times the ith tack lands with its point
facing up (Beckett and Diaconis, 1994).
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2. ¢; € & = (—00,00), and x; = (u4,v;) is such that the components wu;
and v; are conditionally identically distributed and independent from
a Gamma distribution with a known shape a and scale exp(¢;). This
hierarchical model arises in a study of high-throughput gene expression
measurements (Newton, et al. 2001). The data (u;,v;) measure the
expression of gene ¢ from cells under two different conditions. The
numerical example has n = 13,027 which is the number of genes on a
particular oligonucleotide microarray for the mouse genome.

The general problem is to estimate the mixing distribution F' from data
TlyeeyLy-

Professor C.R. Rao himself has considered finite mixture models to enable
statistical classification (Rao, 1948). I consider here the nonparametric case
which dates to Robbins (1950). Lindsay’s (1995) monograph provides a clear
discussion of advances on this nonparametric problem, many of which have
centered on the nonparametric maximum likelihood estimator (NPMLE):
i.e. the distribution that maximizes the loglikelihood

1) = 3108 { [ teilé) a4} )

To obtain the NPMLE is to maximize a concave function over a convex do-
main; various algorithms are known for evaluating the solution, and funda-
mental theoretical results provide some characterization of this object (e.g.,
the NPMLE is discrete with support size at most the number of distinct
values in the sample x1,...,x,.).

Nonparametric Bayesian estimation of F' has been considered since at
least the work of Antoniak (1974), but the evident computational challenges
have been met only recently with the advent of Markov chain Monte Carlo
and related solutions (e.g., Liu, 1996; Dey, Mueller, and Sinha, 1999). In the
present paper I consider the approximate Bayes estimator proposed recently
in Newton and Zhang (1999) which is evaluated using a computationally
efficient recursive algorithm. I derive some first order asymptotic theory for
the estimator, and evaluate it in the two examples outlined above. I also
show that if the recursion is applied to a large with-replacement Monte Carlo
sample from the observed data, then it provides a smooth approximation to
the NPMLE.
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2.  Predictive Recursion

I suppose that the unknown mixing distribution F' has a density function
f(¢) with respect to some dominating measure i for arguments ¢ € ®. The
recursive estimation algorithm can be defined in some generality, though the-
oretical results are restricted at present to finite ® and counting measure fi.
Estimation starts with a prior guess — a density fo(¢) — and a user-supplied
weight sequence wy,ws, ..., w, for w; € [0,1]. These weights are invoked
purely for computational reasons; they have no particular interpretation in
terms of the model. A sequence of density estimates is formed from the
simple recursion

F(6) = (1= w)) fi1(6) + w P& i=1(9)
C(‘Tiv fi*l)

where c(z, f) = [p(x|o)f(¢)di(s). That is, the updated estimate f; is
a mixture of the current estimate f;_1 and new information contained in
datum z; in the form of a posterior density of ¢; using f;_1 as the prior.
Three points are noteworthy.

(2)

1. Fzactness for n = 1: A Bayesian who summarizes prior uncertainty
about F' = [ f in a Dirichlet process centered at Fy = [ fo and with
mass parameter (1 —wq)/wy obtains (2) exactly as his/her estimate of
f on the basis of a single observation x;. More specifically, the Bayes
estimate of F' = [ f under squared-error loss is [ f1. Taken further, a
Bayesian who approximates uncertainty in F' after x1,...,x;_1 with a
single Dirichlet process centered at F;_; = [ f;_1 is obliged to use (2)
to update his/her opinion. These claims follow from the well-known
Polya sequence characterization of the Dirichlet process, and they were
developed in some detail in Newton, Quintana, and Zhang (1998).

2. Order Dependence: Unless there is no information loss in producing x;
from ¢;, the recursive estimate f,, obtained through (2) depends on the
order by which the observations x1,...,x, are processed, and thus it
is not the Bayes estimate. That the observations are exchangeable but
the estimator is not symmetric is a deficiency, and several solutions are
possible, as I describe in the numerical examples (§4).

3. FEwvaluation: In spite of its status as an approximation, the recur-
sion (2) is very simple to implement numerically. In the one and two-
dimensional examples studied to date, I keep track of f; on a grid or
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lattice of ¢ values, and update on that finite set. Some sort of nu-
merical integration is required to evaluate the normalizing constant
c(x;, fi—1) at each step.

3. First Order Sampling Theory

Using some Markov chain theory I establish the existence of a limiting
distribution for the recursion (2) in the special case that ® is finite. Again,
the set up has independent and identically distributed observations 1, xo, . ..
from a mixture model with unknown mixing distribution f(¢) on ® and
known sampling component p(z|¢). Starting with a prior guess fo(¢) on ®
and a weight sequence wy, ws, ... in [0, 1], form the recursion

p(n|@) fn-1(9)
C(l‘nvfnfl) .

fn(¢) = (1 - wn)fn—1(¢) + wn

LEMMA 1 If 3, w, diverges, then surely there exists a probability vector
foo ={[fc(®) : ¢ € P} such that f, — foo as n — 0.

To know the specific nature of this limiting distribution f., requires fur-
ther investigation, but it is interesting that a limit exists for every sequence
of data, rather than for almost every sequence, as one might expect. The
method of proof is similar to one used in Newton and Zhang (1999) for a
related model.

ProoOF oF LEMMA 1: Consider any single realization of data xi,xo,.... 1
proceed by constructing an artificial Markov chain zg, z1, 22, ... in ® where
zo ~ fo and for n > 1,

L Zn—1 with probability wy,
" ] y,  with probability 1 —w,

where y,, € ® are independent (given the x sequence) and

Prly. =) = P AR

One may readily compute the matrix P, holding transition probabilities from
Zn—1 to z,. Noting that the off-diagonal entries of P,, are constant within
columns, I calculate the d-coefficient

1 . .
5(Pn) = 5 sup Z |Pn(Z7k) - Pn(]7k)’
LIEP ke

= 1—w,.
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The §-coefficient characterizes properties of the chain and I use it extensively.
See Isaacson and Madsen (1976), Chapter V.

Convergence of the artificial Markov chain to a stationary distribution
may be assessed by considering the m—step transition matrix P, P41 ... Poam—1
for which the d-coefficient d,, ,, is necessarily bounded by the product of co-
efficients from the individual steps:

m—1 m—1
dm,n < H 5(Pn+z) = H (1 - wnJri)-
=0 =0
Simply,
m—1 m—1
log(dm,n> < Z log(l - wn—l—i) < - Z Wp+i-
=0 =0

The assumption taken that }°, w, diverges implies that for any n, d,;, , — 0
as m — oo. In Markov chain terminology, the chain z, is thus weakly
ergodic and finiteness of ® further implies that it is strongly ergodic. But
strong ergodicity is equivalent to the existence of a stationary distribution,
foo on @ to which the n—step marginal distributions of the chain converge.
A calculation confirms that the n—step marginal of z, is precisely f,, thus
motivating the particular construction and completing the proof. O

The limiting distribution f has yet to be characterized, and may depend
on several factors. For example, if one takes w, = 1 for all n, then f; is the
parametric posterior distribution of a single ¢ given prior fjy, and likewise
fn is the parametric posterior for a single common ¢ given prior fy. One
expects this posterior distribution to converge to a point mass measure as
n — oo. However, the data-generating mixture distribution f may support
multiple values ¢, so fs would be off the mark.

The sequence {f,} depends in subtle ways on the initial guess fy. For
example if fy(¢) = 0 for some ¢ then f,(¢) = 0 for all n.

To see the form of f,, more clearly, note that by repeated substitution
into the basic recursion (2) one obtains

_ = fic1(o)p(wilp)
fn(®) = vnofolo) + ;vw—c(%’ )

where {vy, ;} are other weights formed from the primary weights {w, }. Specif-
ically,

(3)

H?:1(1 — wj) ifi=0
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These non-negative weights satisfy > i g vp; = 1.
One gets further insight by rewriting (3) in terms of the limiting distri-
bution fuo:

N, Te@plails) i
o) = L= O 6

where the error term F,, is

a
E, 'Un()f() +Zvnz Z<b__l;_1>

7

and a; = fi—1(9), a = foo(®), bi = c(fi—1,2:), bi = c(foo,x;), and d; =
p(z;|¢). For clarity I restrict the representation (5) to parameter values ¢
at which foo(¢) > 0. (If you like, one can define E, = f,(¢) in the case
foo(¢) = 0.) The following describes sufficient conditions for the error term
to vanish.

LEMMA 2 If, in addition to the assumptions of Lemma 1,

0 < p:=inf p(z|p) < supp(z|p) :=p < o0 (6)
.’ﬂ,(b I,QZS
and maxo<i<p Vn; — 0 as n — oo, then, surely, £, — 0 as n — oo.

This result seems to severely restrict the choice of sampling model, but
practically it is not a restriction because already the parameter space ® is
finite and so the boundaries are readily avoided.

PROOF OF LEMMA 2: Fix a realization of data x1,x9,... and thus fix a
sequence { f,} converging to a limiting distribution fo, by Lemma 1. Ignore
the initial term v, 0fo(¢) since it vanishes. Rewrite E, so that the ith
term involves the common denominator bil;i, and then invoke the triangle
inequality:

" aibi — abi + CLbi)
= id;|b = ila —a;
< Z aidilbi — bi] +vaM — Bpi+ B,

bib; P bi
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Let us consider first E, . By the regularity condition on the sampling model

p(z[),
En,2 < (ﬁ/ﬂ) Zvn,i|a - ai‘-
i=1

Convergence of E, 2 to 0 follows because it is a weighted Cesaro average,
and |a — a,| — 0. More specifically, T split up the sum into a tail where
la — a;] is small and an initial part in which maxo<j<n vn; — 0 forces terms
to be small for large n. Convergence of E,, 1 to 0 follows similarly. Again by
model assumptions

En,l < (]_7/}_92) zn:?}n,i‘i)i — bi’.
=1

Further,

b= bil = |- p(2:]6)[foo(®) = fi1(0)]| B Y Ifoo(9) = fin1(9)] := K

¢ ped

where K, is converging to 0 by convergence of f,, and £, 1 converges by the
same Cesaro argument as above. O

In Lemma 2, conditions are placed on the weights v,, ; rather than directly
on the user-supplied weights w,, which give rise to the v, ; through (4).

LEMMA 3 With primary weights wy, of the form w,, = c¢/n® where 0 < o < 1
and o« < ¢ < 1, one has maXo<i<nVn; = W, and hence this mazximum
converges to 0. If a = 1, the mazimum also converges to zero, but in this
case Maxg<i<np Un,i = Uno = | [;(1 — w;).

PrROOF OF LEMMA 3: Use concavity of the function h(u) = u® to bound
the ratio vy, i4+1/vn - O

I have established a representation (5) for the recursive approximation f,, as
an empirical weighted average of posterior-like terms

foo(@)p(il9)/c(wi; foo)

and an error term F, that vanishes under some conditions. The next step
would seem to be to invoke a law of large numbers to show that the average
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converges to its expectation under sampling of the x;’s. There is some diffi-
culty with this, however, because I have not shown that the limiting vector
foo(@) is non-random. If it is, then there is no trouble in getting almost
sure convergence. But the subtle dependence created by the recursion seems
to invalidate the use of a zero-one law, for example, to conclude that f is
non-random. A proof of non-randomness of f,, has eluded me so far, but
there are reasons to expect this will hold. Numerical work, for example, in-
dicates that for large n the estimator f, is insensitive to the particular {z;}
realization. Another argument would be to look at the difference between
the recursion f,, from initial distribution fy and a parallel recursion g,, using
the same data and model but starting instead at a different distribution gg.
I hope to find conditions which ensure that | f,, — g, | is decreasing, and hence
that the limit f is independent of any initial segment of the data. These
arguments remain to be worked out.

Assuming that fo, is almost surely constant, the law of large numbers
applied to (5) will imply that at ¢ such that fo(¢) > 0,

o) = [ (o gy dte) )

where recall that f is the true mixing distribution governing the samples. In
other words, the recursive estimator f, converges to a solution of an asymp-
totic self consistency equation. If the model happens to ensure a unique
solution to (7), then certainly the true distribution f is this solution, and
thus f, is consistent.

The user-supplied weight sequence w, affects the estimator f,,, and,
though minimal conditions are established in Lemmas 1-3, I cannot say
what weight sequence is optimal in terms of efficiency of estimation or rate
of convergence. In particular examples I can measure the approximation
error numerically and I find that weights on the order n~/2 work quite well.
Weights which drop faster seem to produce overly smooth final estimates,
and weights which drop much more slowly yield more variable solutions. In
so far as the recursion is a type of stochastic approximation scheme there
is some guidance from existing theory, but a fuller theoretical connection
remains to be established. For some related algorithms the weight sequence
must drop faster than 1/log(n), for example (Kushner and Yin, 1997, page
110). Also, the potential to attain an optimal convergence rate by averaging
iterates is intriguing and deserves further attention (Polyak and Juditsky,
1992), but I do not consider these issues here.
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4.  Numerical Examples

4.1. A Binomial Mizture. Experimental data from Beckett and Diaconis
(1994) on thumbtack tossing helps to illustrate the methodology. There are
n = 320 experimental units. Each unit corresponds to a thumbtack which is
tossed m = 9 times to produce data x;, the number of times out of m that
tack 7 lands with its point facing up. The present framework assumes that
the tack-specific success probability ¢; arises from an unknown population
f on the unit interval. The summary frequencies n(x) in this data set are:

phi
Figure 1. Recursive estimates of the mixing distribution, thumbtack example: Each curve
is the resulting f, after processing the thumbtack data in a random order. Shown are

results from 100 different orders.

Fig. 1 shows some numerical results from running the recursive algorithm
in this binomial mixture example. Calculations are done on a grid of 100 ¢
values in the unit interval. The initial guess fy is taken to be the uniform
distribution. The weight sequence {w,} has w, = [(4/3)(1/3 + n)]~'/2,
but others gave similar results. Calculations were repeated for 100 random
orderings of the n = 320 data points, and the resulting curves f,, are plotted
in Fig. 1. There is a high amount of variation, and thus a high degree of
dependence on processing order, in this case. However, all estimates place
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the bulk of their mass in the same place. Note also that two modes are
apparent. One way to cope with the variation is simply to average the
density estimates pointwise over the orderings. The result, not shown, has
two primary modes, and is similar to the best available approximations to
the Bayes estimate shown in Liu (1996). I have noticed that here and in
other examples there is a tendency of the recursive estimate to be somewhat
smoother than the actual Bayes estimate (Newton, Quintana, and Zhang,
1998).

In §4.3 T consider a different way to handle variation over the processing
order and I observe that for large n the order dependence vanishes.

4.2.  DNA Microarrays The nonparametric mixture methodology is
used in the present example as a diagnostic procedure to check the ade-
quacy of a certain parametric model. Newton et al. (2001) presents a para-
metric mixture model for high-throughput gene expression measurements
obtained from DNA microarrays. Several microarray technologies are in
wide use; basically, all these devices enable the simultaneous measurement
of the abundance of molecular transcripts copied from each of n genes in the
cells under study. The ith spot on a microarray yields measurements inter-
preted as estimates of the expression of the ¢th gene in certain cells. Our
numerical example is from an experiment using Affymetrix oligonucleotide
arrays performed by Sam Nadler and colleagues at the University of Wiscon-
sin on the comparison of gene expression between two types of mouse cells.
There are n = 13,027 genes and the quantitative AVE-DIFF scores from
two arrays are shown in Fig. 2. These are part of a larger study (Nadler
et al., 2000). They are presented here to demonstrate that the proposed
recursive algorithm can provide a model diagnostic when using parametric
mixture models. (I note as an aside that extensive current research is under-
way to develop statistical methods for microarray data. See, for example,
http://www.stat.Berkeley.EDU/users/terry/zarray/Html/.)

The parametric models described in Newton et al. (2001) are used to
compare gene expression between two conditions. Fig. 2 is a scatterplot com-
paring expression data u; under one condition to expression data v; under a
second condition, plotted on a logarithmic scale. Of interest is to know which
genes ¢ are significantly differentially expressed between the two conditions,
or, more simply, which points are unusually far from the diagonal line u = v.
Contour lines in Fig. 2 are based on a fitted parametric model and are used
to infer significantly differentially expressed genes. They are obtained as
follows. Under a null hypothesis Hy, the gene i measurements x; = (u;, v;)
arise from a common Gamma distribution with shape parameter a and scale
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Figure 2. DNA Microarray, Parametric Odds: Scatterplot shows n = 13,027 pairs x; =
(ui, v;) of gene expression in two mouse tissues. The scale is logarithmic, base 10. Contours
are at odds of 1: 1, 10 : 1, 100 : 1, and 1000 : 1 favouring Ha over Hy as you move from
the diagonal line u = v. An estimated fraction p = 0.0325 of the genes satisfy H4.

parameter 0; = exp(¢;). On this hypothesis, there is no real differential
expression and differences between u; and v; are merely measurement noise.
This Gamma distribution has density:

po(x]8) = p(u|@)p(v]0) x (uv)“_l exp{—0(u+v)}. (8)

Thus, for example, both w; and v; have expected value a/6;. Under an
alternative hypothesis H 4, there is real differential expression between the
two conditions, and this is modeled by allowing u; and v; to have distinct
sampling distributions so that jointly:

pa(z]6,0%) = p(u|0)p(v]6*) o< (uv)* ! exp{—0Ou — *v}.

Interestingly, whether Hy is true or H4 is true is a question relative only to
spot i, so the scientific question of interest amounts to n = 13,027 different
hypothesis tests. To handle this problem, a hierarchical model is formed
in which the scale parameters 6; (and 6 under H4) themselves arise from
some mixing distribution F. The parametric Gamma model is used for F'
in the calculations of Newton et al. (2001). By integrating the latent scale
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parameters and estimating other fixed parameters, one obtains marginal
densities for = both under Hy and under H4. The contour lines in Fig. 2
indicate level sets of the posterior odds of H4 to Hy:

odds(u,v) = < P ) <pA(u,v)>
1—p/ \po(u,v)
and p is the estimated proportion of genes for which H 4 is true. The specific
forms of pa(u,v) and po(u,v) are compound Gamma densities. (See Newton
et al. (2001) for more details.) The odds of real change (i.e. H4) increase
as you move from the diagonal. An important feature of the resulting calcu-
lation is that genes for which the overall expression is low are treated more
conservatively than highly expressed genes.

There is great interest to know if the conclusions drawn by the above
hierarchical model are sensitive to the parametric form of the mixing distri-
bution F. To assess this I used the recursive algorithm (2) to estimate F
nonparametrically. Since most of the genes probably satisfy the null hypoth-
esis, and because it is simpler to cast the mixture problem in this case, I ran
the recursion through the n observations x; = (u;,v;) using the sampling
model po(z|f) in (8). I used the parametric maximum likelihood estimated
shape parameter a = 4.04 so that the sampling-model densities are consid-
ered fixed and known. Furthermore, I found that numerical stability was
obtained by running the recursion in the parameterization ¢ = log(6). For
the initial guess fo(¢) I used the (log-transformed) Gamma mixing distri-
bution which had been estimated by maximum likelihood in the parametric
model. This had shape parameter 0.78 and scale parameter 0.10. The recur-
sive computations were done on a grid of 350 ¢ values spanning the central
0.998 mass of the parametric mixing distribution, an interval from about
-6 to +4. The recursion was run out five times using independent random
orderings of the n genes and using a weight sequence proportional to the
inverse square root. I observed very little variation across orderings.

Panel A in Fig. 3 compares the average of these five recursive estimates
(wiggly solid curve f,) to the estimated parametric mixing distribution (dot-
ted line). The central tendency and spread of the nonparametric estimate
matches the parametric estimate very closely, but the nonparametric esti-
mate has much more local structure. Panels B through D in Fig. 3 char-
acterize the nonparametric fit in terms of the implied mixed distributions.
Panel C, for example, shows contours of the inferred joint density

polu.0) = [ Fu(@)po(u.vl9) di(0)
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Figure 3. DNA Microarray, Recursive Estimation: (A) parametric and nonparametric
estimation of the mixing distribution, (B) marginal distribution of both u; and v;, (C)

joint distribution of x; = (u;,v;) under Ho, (D) joint distribution of x; under Ha4.

where po(u, v|¢p) has the Gamma form in (8) and again ¢ = log(6). This joint
density has more fine structure than the compound Gamma distribution im-
plied by the parametric model. Panel D shows the same integral, but against
pa(u,v|p,¢*). It may be helpful to observe that genes satisfying Hy should
present data x; = (u;,v;) according to the density in Panel C and those
satisfying H 4 should present data according to that in Panel D. Panel B
compares the marginal, one-dimensional fit of the parametric (dashed) and
nonparametric (solid) model to a histogram of the observed measurements.
Clearly the nonparametric fit respects the empirical marginal better than
the parametric fit.

Finally, Fig. 4 shows the inference (odds function) that would occur if I
use the nonparametric mixing distribution instead of the parametric mixing
distribution. Up to the ratio p/(1 — p), these contours are simply at level
sets of the ratio of Panel D to Panel C from Fig. 3. The main message is
that conclusions about which genes are significantly differentially expressed
are not affected greatly by the use of the parametric model instead of the
more flexible nonparametric model in this case (compare Fig. 4 to Fig. 2).
This provides some support, therefore, to the use of the simpler parametric
form.
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Figure 4. DNA Microarray, Nonparametric Odds: Same as Fig. 2 but using nonparametric

estimate of mixing distribution.

Note that a problem of this magnitude (n = 13,027) is a numerical chal-
lenge to any nonparametric mixing procedure and the recursive algorithm
produces an estimate with very little trouble.

Calculations for this example could be extended in various ways. I have
assumed that the shape parameter of the Gamma observation component is
known as estimated from the fully parametric model. Typical experiments
involve some replication and in that case there will be enough information
in the data to simultaneously identify this shape parameter and the non-
parametrically determined mixing distribution. I have also fixed the mixing
proportion p at its value estimated from the fully parametric model, and I
have run the recursion on the null hypothesis. To generalize this requires
some care because on the alternative hypothesis one needs to specify a two-
dimensional mixing distribution f. Essentially the true mixing distribution
f is itself a finite mixture of components from each of the hypotheses. The
recursion may be applied in this larger context and can lead to simultaneous
estimates of the mixing distribution under each hypothesis and the mixing
proportion p. I am testing the methodology and hope to report on it soon.

4.3. NPMLEs and the Binomial Mixture Revisited. That the recursive
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estimator f, depends on the order in which observations x; are processed is
an unappealing feature. In theory and practice this dependence subsides for
large n, but something must be done about it for any fixed n. In the examples
presented so far I averaged the estimate obtained from several random orders.
Numerically this is very efficient, but here and in other examples I note
some oversmoothing relative to the more elusive Bayes estimate. (Of course
the recursion is orders of magnitude simpler to compute than the Bayes
estimate.)

An alternative procedure was suggested in Newton and Zhang (1999).
The idea is to treat the observed sample {x;} itself as a population, just
as one does in bootstrap sampling. One runs the recursion from an initial
distribution, as before, but it is applied to an arbitrarily large sample, say
of size N >> n, from the empirical population. In other words, one takes
a large sample of size N with replacement from the observed sample of size
n and processes that. As far as I can tell, the resulting estimator is inde-
pendent of the particular post-sample realization. Fig. 5 summarizes such
a calculation for the thumbtack example. I took N = 1000n using inverse
square root weights. The final estimate is in Panel A. Panel B compares the
empirical distribution of x values (solid) to the fitted marginal distribution
from the recursive estimate (dashed), and we see that the procedure provides
a very good model fit.

It is interesting to reflect on the calculations from §3 as they relate to
the Monte Carlo procedure summarized in Fig. 5. I showed that as the
sample size increases the recursive estimate should converge to a solution of
the asymptotic self consistency equations (7). But because the population
under study is empirically derived from the observed data, these equations
are nothing more than the sample self consistency equations known well in
mixture modeling. Canceling foo(¢) from both sides and rearranging things
slightly, the equations become

Ozli(w—l)n(x) ()

n ‘= \c(z, fo)

where n = 320 and n(z) is the empirical frequency of x in the observed
sample. It is known (e.g. Lindsay, 1995) that these equations characterize
the nonparametric maximum likelihood estimator. In fact the right hand
side of (9) is the directional derivative of the nonparametric loglikelihood (1).
Panel C in Fig. 5 evaluates the right hand side of (9) for the estimator fx in
Panel A. One sees that this Monte Carlo sample of size N = 1000n produces
a final estimate that solves equations (9) with a reasonably high degree of
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Figure 5. Binomial Mixture Revisited: (A) fx by Monte Carlo sampling, (B) sample rela-
tive frequencies (solid) and marginal model fit (dashed), (C) discrepancy in self consistency

equations.

precision. In other words, this procedure provides a numerically efficient and
structurally simple way to approximate the NPMLE.
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