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SUMMARY. D.Basu’s approach to (survey) sampling from ﬁnite populations is well
known. Basu adhered to the likelihood principle and to the conditionality principle. He
gradually became ardently Bayesian, and eventually rejected randomization in the data
analysis stage. He accepted the predictive modelling approach as (empirical) Bayesian
procedures. The present article reviews recent developments, specially in the model based
approach, in light of Basu’s philosophy.

1.

Introduction

Much has already been written on Basu’s approach to sampling from
ﬁnite populations. In particular, see the review paper of Meeden (1992) and
the collection of Basu’s papers with illuminating discussions, which were
edited by Ghosh (1988). The question is: What new can be said on the
subject? The present paper highlights some modern approaches, which are
compatible with Basu’s philosophy on sampling from ﬁnite populations.
During the academic years 1968-1970 I was on the faculty of the Department of Mathematics and Statistics at the University of New Mexico. I was
fortunate to associate closely with D.Basu, who was visiting the department
during that period. We spent much time together, discussing the theory of
sampling from ﬁnite populations. My paper on Bayesian sequential sampling
from ﬁnite populations, Zacks (1969), was inﬂuenced by these discussions.
At the time Basu was working on his fundamental and revolutionary papers,
Basu (1969, 1971).
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Basu had major diﬃculty to accept the prevalent approach of probability
designs for sampling, which attempted to provide the framework for statistical inference by probability (random) sampling procedures, independent
of the values in the population (the parameters). In particular, Basu could
not accept estimates of population quantities, which incorporate functions
of the sampling rule, like the inclusion probabilities. Such data analysis contradicted the principle of conditionality and the likelihood principle, to which
he adhered. Thus, he rejected the celebrated Horvitz-Thompson estimator
of the population total (see Des Raj, 1969, Hedayat and Sinha, 1991). Basu
always illustrated his points by striking examples. To show that the HorvitzThompson estimator could lead to ridiculous estimators, Basu created the
“elephants” example, see Basu (1971), in which the problem was to estimate
the total weight of N = 50 elephants by weighting just one elephant. We
will discuss this example in section 3, in the context of super-population
models and also in section 4. Basu (1978) listed ten questions, which critical
reviewers had raised on his approach, and answered each question in a way
summarizing his philosophy.
The questions deal with the following problems:
1. Can we consider the values of the units in the population as parameters?
2. Is the predictive approach (see section 3) essentially diﬀerent from the
Bayesian one?
3. Can a probability design for choosing samples at random, together
with known covariates, yield information on the unknown values in
the population in addition to the information given by the sample
values?
4. How can the likelihood principle be valid in the context of sampling
survey?
5. How should we deﬁne the sample space?
6. Do we have to distinguish between diﬀerent null sets?
7. What kind of probability interpretation should we adopt? Subjective?
Model-Predictive? Randomization (Design-Based)?
8. How can we interpret the ﬂatness of the likelihood function?
9. Should one consider an MLE in the sampling set-up?
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10. How can one be Bayesian in a typical large scale survey? The dimension of the unknown parametric vector may run into hundreds of
thousands. Can one be a fully ﬂedged Bayesian in such situations?
Basu tried to answer the ﬁrst nine questions in his theoretical formulation, which will be outlined in section 2. On the last question he wrote:
“The Bayesian as a surveyor must make all kind of compromises... He
may even agree to introduce an element of randomization into his plan... I
can not put this enormous speculative process into a jacket of a theory. I
happen to believe that data analysis is more than a scientiﬁc method...” (see
Ghosh, 1988, p.270).
In section 3 we will review the predictive approach, following the superpopulation models outlined in Bolfarine and Zacks (1992). In section 4 we
will discuss the role of the design, within the framework of the predictive
approach. We show that the optimality of a sample design (the one which
minimizes the predictive risk) strongly depends on the predictive model.
Randomization might play a role in robust designs. There are no new results
in the present paper. It only reviews some modern approaches based on the
foundations laid by Basu.
2.

Basu’s Theoretical Framework

Let U = (u1 , u2 , . . . , uN ) be a list of a ﬁnite number, N , of units ordered in some fashion. The list U, and its length N are known. A sample
is a collection of units from U. We will consider only samples of distinct
units from U with indices i1 , i2 , . . . (sampling without replacement). Let
S = (i1 , i2 , . . . , in(S) ) be the ordered set of indices of units in the sample,
i.e., 1 ≤ i1 < i2 < . . . < in(S) , where n(S) = |S| is the sample size. We will
assume that all the n(S)! permutations of the indices in S represent equivalent samples (this is the case when the order of sampling is immaterial).
Let y1 , . . . , yN be values of interest (real or vector valued) of the units in
U. For simplicity, we will consider real y-values. The values y1 , . . . , yN are
not entirely known. Only the values of the observed units in the sample S
are known. All other values of y are unknown. Basu considered the y values
as parameters, and the vector Y = (y1 , . . . , yN ) as a point in a parameter
space Θ. The information in the sample S on the parameter point θ is
given by the statistic Z = (S, yS ), where yS = (yi1 , yi2 , . . . , yin(S) ) is the
vector of y-values of the units in S. It is assumed that observations on
y are without errors. Generally, in statistical theory a parameter θ is not
directly observable. In sampling surveys, if S = U (complete census) then
θ is completely observable. If the sample size n(S) is smaller than N , θ is
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only partially observable. Let Sn = {(i1 , . . . , in ) : 1 ≤ i1 < . . . < in ≤ N } be
the sample space of all (reduced) samples of ﬁxed size n, n = 1, . . . , N . On
Sn × Θ deﬁne the function Yn (S, θ) = (yi1 , . . . , yin ), i.e., Yn : Sn × Θ → Rn .
For n = 1, . . . , N , let Zn = Sn × Rn . The sample space is thus Z = ∪N
n=1 Zn .
For a Bayesian framework, let B be the Borel σ-ﬁeld on Θ, and (Θ, B, ξ) a
probability space. ξ is a prior probability measure on (Θ, B). The Bayesian
model assumes that the corresponding prior distribution on Θ belongs to a
family of prior distributions, H.
One needs now a likelihood function to serve as a kernel of the transformation from the prior distribution H(θ) to the posterior distribution
H(θ | Z). Basu considered the normalized function L(θ, Z) which assumes a
constant value, 1, for all θ compatible with the statistic Z. More formally,
for Z ∈ Zn , n = 1, . . . , N , let Z = {(i1 , . . . , in ), (y1 , . . . , yn )} and
ΘnZ

= {θ : θ ∈ Θ, θij = yj ∀j = 1, . . . n}

Thus, for Z ∈ Zn


L(θ; Z) =

1 , if θ ∈ ΘnZ
0 , otherwise

(2.1)

(2.2)

Assume that the family of prior distributions H is dominated, and let
h(θ1 , . . . , θN ) be a prior density of an element of H. For a given S =
(i1 , . . . , in ), let gS (y1 , . . . , yn ) be the prior marginal density of the component
of θ with indices in S.
Thus, given a sample statistic Z = (S, yS ), with yS = (y1 , . . . , yn ), the
posterior density of θ given Z is
h(θ | (S, yS )) =

h(θ1 , . . . , θN )L(θ; (S, yS ))
gS (y1 , . . . , yn )

(2.3)

Notice that h(θ | (S, yS )) = 0 if θ ∈
/ ΘnZ . Bayesian analysis can proceed,
using this posterior density.
This deﬁnition of posterior density was used extensively by Zacks (1969),
in the study of Bayes sequential sampling from ﬁnite populations. See also
Ghosh and Meeden (1977, p.11) for an example of exchangeable posterior
density of θ given Z. The posterior density (2.3) does not depend on the
sampling rule. Thus, the Bayesian inference does not depend on the sampling
design. However, as shown in Zacks (1969), the posterior risk depends on
Z = (S, yS ). The expected posterior risk, depends on S and on the prior
distribution. Thus, one can discuss optimal designs from a Bayesian point
of view.

536

shelemyahu zacks


Suppose we wish to estimate the population total T = θ 1N = N
i=1 yi .
Given Z = (S, yS ) the Bayesian estimator of T , for the squared error loss
function is
N


yi | (S, yS )
(2.4)
T̂B = E
=


i∈S

i=1

yi +



E {yi | (S, yS )}

(2.5)

i∈S
/

The Bayesian framework provides the tools to estimate (predict) functions of the unobserved components of θ, using the values of the observed
sample (S, yS ).
We conclude this section with the remark that the above purely Bayesian
approach was developed by Basu gradually. In Basu (1971) he had still used
the (randomized) designs framework to deﬁne probability distributions of Z
given θ. But in the same article he argued that, in the stage of data analysis,
the randomization probability distribution p(S) on S should not play any
role, since in non-sequential procedures p(S) does not depend on θ.
In Basu (1978) he turned completely to the Bayesian approach. He wrote
there (see Ghosh, 1988, p.269):
“I strongly suspect that the Bayesian guideline in terms of subjective
probabilities (models of prior distributions) is more reliable than the objective randomization probabilities.”

3.

The Model Based Approach: Predictive Modelling

The model-based approach considers the values y1 , . . . , yN in the population as a realization of some random process. This is like assuming that
there is a hypothetical inﬁnite superpopulation of random θ vectors. The
modelling of this superpopulation requires to formulate the joint distribution of the θ vectors. This is similar to the usual practice in other areas
of statistical inference, Bayesian or non-Bayesian. The model is generally
a family of distributions, parametric or non-parametric, pertaining to the
observed results of the “experiment” under consideration. The inference is
generally on some characteristic (functional) of the true distribution. In the
superpopulation model the complete N -dimensional vector θ is realized according to one of the distributions in the assumed family. From the observed
values Z = (S, yS ), inference is done on the distribution (or its parameters)
of θ, and the value of some function of the unobserved part of θ is predicted.
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As an example, for the
 population total T , after observing Z we have to
predict the quantity i∈S
/ yi . For reading on superpopulation models see
Thompson (1988).
Although used sporadically in various articles for over seventy years, the
model-based approach received a big boost with the celebrated papers of
R.M. Royall (1970, 1971, 1976). The reader is referred to Cassel et al. (1977),
and Bolfarine and Zacks (1992). A few models and basic tools are discussed
below. Before continuing, however, it is interesting to quote Basu’s opinion
on this approach. This is taken from Basu’s response to Royall’s discussion
on the (1971) paper (see Ghosh, 1988, p.243).
“To me such a (superpopulation) model looks exactly like a Bayesian
formalization of the surveyor’s background knowledge and information. Certainly there is nothing objective about the model. Indeed, is any probability
model objective?”
It is often the case that information is available on all the N units in the
population, which is related to the variable of interest, Y . Let xi,1 , . . . , xi,k
be k such values of units i, which are covariates of yi i = 1, . . . , N . Let
X be the N × k matrix of these covariates. If we denote here by y the
N -dimensional population vector, one can consider the linear model
y = Xβ + e

(3.1)

where e is a random vector with E{e} = 0 and covariance matrix V . We
designate by ψ = (β, V ) the super parameters of the model. Various cases of
the linear model (3.1) are studied in the literature. These are summarized
in Bolfarine and Zacks (1992, p.9), as models SM1–SM6. We present later
in more details only models SM1 and SM2, to illustrate certain properties.
Partition y to yS and yR , where yR consists of all components of y which
are not in the observed sample vector yS . Let n be the size of the sample
S. The dimension of yR is N − n. Since the indices of the components of y
which are in yS are speciﬁed in S, we will assume (without loss of generality)
 ). We partition X and V respectively to
that y  = (yS , yR


XS
and
X =
SR


VS VSR
V =
VRS VR
The problem is to predict yR , given the observed sample yS and the
information in the model. From a purely Bayesian point of view the model
(3.1) is incomplete. One has to specify the actual multivariate distribution
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of y. If one assumes the normal multivariate model, i.e. y ∼ N (Xβ, V ),
with known parameter ψ = (β, V ), then the prediction of yR , is the linear
predictor
E{yR | yS } = XR β + VRS VS−1 (y − Xβ)

(3.2)

If β is unknown, V is known and the normal model applied, one could use
a hierarchical Bayesian approach, by assigning a hyper-prior distribution for
β. In Bolfarine and Zacks (1992, ch.3) Bayesianpredictors of the population
N
2 = 1
2
total T , and the population variance SN
i=1 (yi − ȳN ) , where ȳN =
N
T /N , are derived.
Let ω(y) be a function of y. A predictor of ω(y) is a statistic ω̂(S, yS ).
In the set-up of the present section we can write ω̂(yS ). A predictor ω̂(yS )
is called model unbiased if
Eψ {ω̂(yS ) − ω(y)} = 0 , ∀ ψ

(3.3)

The expectation in (3.3) is according to the speciﬁed model.
The prediction model mean-squared-error (MSE) of ω̂ is
MSE ψ {ω̂} = Eψ {[ω̂(yS ) − ω(y)]2 }

(3.4)

The following linear predictor of the population total, T , is best unbiased
in terms of minimum prediction variance for the linear model ψ (see Bolfarine
and Zacks, 1992, p.25).
T̂BLU

= 1S yS + 1R [XR β̂S + VRS VS−1 (yS − XS β̂S )]

(3.5)

where 1S is an n-dimensional vector of 1’s, 1R is an N −n-dimensional vector
of 1’s, and β̂S is the (weighted) least squares estimator of β, given by
β̂S = (XS VS−1 XS )−1 XS VS−1 yS .

(3.6)

The prediction variance of T̂BLU is given in Bolfarine and Zacks (1992,
p.25). To derive the BLU predictor, T̂BLU , one does not have to specify
the multivariate distribution of y. This is a great advantage. In models
discussed below the covariance matrix V is speciﬁed as a function of the
covariates matrix X.
For the sake of illustration, we consider the ﬁrst two simple models, which
are special cases of the linear model (3.1).
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3.1 Model SM1
y = β1 + e , V

= σ 2 I.

(3.7)

If a sample S was drawn from this population, and ȳS = 1S yS /n is the
sample mean, then the best unbiased linear predictor of T is
T̂1 = N ȲS .

(3.8)

This is known as the “expansion” estimator (see Cochran, 1977). The
prediction variance of this predictor, according to SM1, is
N (N − n)
.
(3.9)
n
This prediction variance is independent of S. Thus, under SM1 any
sample is optimal for estimating T .
E1 {(T̂1 − T )2 } = σ 2

3.2 Model SM2
y = βx + e

(3.10)

with
V

= σ 2 diag {xgi , i = 1, . . . , N } , g = 0, 1, 2.

and x = (x1 , . . . , xN ) , xi > 0, i = 1, . . . N . diag { } designates a diagonal
matrix, with xgi as diagonal elements. The following predictors T̂BLU are
obtained:
1. g = 0
T̂2,0 =


i∈S


yi xi
yi + i∈S 2 TR (x)
i∈S xi

where
TR (x) =



xi

(3.11)

(3.12)

i∈R

2. g = 1
T̂2,1


yi
=
yi +  i∈S TR (x)
x
i∈S i
i∈S
N
ȳS 
xi
=
x̄S


(3.13)

i=1

where ȳS and x̄S are the sample averages of the y and x values, respectively.
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3. g = 2
T̂2,2 =



yi +

i∈S

TR (x)  yi
.
n
xi

(3.14)

i∈S

The prediction variances of these predictors, for the cases of g, are:
1. g = 0
2

E{(T̂2,0 − T ) } = σ

2




TR2 (x)

N −n+
2 .
i∈S xi

(3.15)

2. g = 1
2

E{(T̂2,1 − T ) } = σ

TR (x)
2
i∈S

N


xi

xi .

(3.16)

i=1

3. g = 2

E{(T̂2,2 − T )2 } = σ 2 



j∈R


x2j +

x̄s 2 
T (x) .
n R

(3.17)

A choice of sample S under model SM2 is called optimal if it minimizes
the prediction variance. From (3.15)-(3.16) it is clear that the optimal sample
under SM2, for predicting T when g = 0 or g = 1, is the one with units
having the largest x-values. This might be true also when g = 2. Notice
that if n = 1 then T̂2,0 = T̂2,1 = T̂2,2 .
In Basu’s elephants example (see Basu, 1971), let y1 , . . . , y50 be the
present weights of the elephants. Let x1 , . . . , x50 be their past weights
(known). If at present we can weigh only one elephant then according to
model SM2 (g = 0, 1) the optimal procedure is to weigh the
 largest elephant, and to predict the total weight of the herd by T̂ = R 50
i=1 xi , where
R = ȳS /x̄S . Basu implied that the acceptable procedure is to weight the
“average” size elephant and use T̂1 = ȳS N . It is hard to believe that Basu
considered model SM1 to be correct. However, as will be shown in the next
section, Basu’s procedure is robust if one uses the predictor T̂1 under model
SM2 (g = 1).
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4.

Robust Design for Predictive Models

We have seen in the previous section that optimal sampling designs for
predictive models depend strongly on the model, and whether the model
assumed by the statistician is correct. For each model there is an optimal
predictor and an optimal design, in terms of the predictor risk. For linear
models of the type given by (3.1), the question is, what happens if the model
considered does not include some important covariates. In other words,
suppose that the assumed model is
y = Xβ + e , ψ = (β, V )
but the correct model is
y =



X∗

X





β
β∗




+e , ψ =

β
β∗

(4.1)

, V

∗


.

(4.2)

This is a well known problem in statistics, of model misspeciﬁcation.
The statistician often sacriﬁces optimality for robustness. We illustrate the
problem with the simple models SM1 and SM2, discussed in the previous
section. If the statistician adopts the model SM1, his BLU predictor of T is
T̂1 given by (3.8), with prediction risk (3.9), which is independent of S. Thus
any strategy (S, T̂1 ) is optimal if the model SM1 is the true one. Suppose
that the statistician adopts SM1, but the correct model is SM2, with g = 1.
The statistician predicts T with T̂1 , while the optimal predictor is T̂2,1 (3.13).
The covariate x is not taken into account.
The prediction MSE of T̂1 under SM2 with g = 1 is
Eψ2,S {(T̂1 − T )2 } =


N −n
2
x̄S + β 2 (N − n)2 (x̄R − x̄S )2
σ (N − n) x̄R +
n

(4.3)

where x̄R = TR (x)/(N − n) is the mean of the x values of the units not in S.
x̄S is the mean of the x values of the units in S. If SM2 is correct β 2 > 0. If
the statistician chooses a sample S 0 , for which
x̄S = x̄R =

N
1 
xi = x̄N
N
i=1

then (4.3) reduces to
Eψ2,S0 {(T̂1 − T )2 } = σ 2

(N − n)N
x̄N .
n

(4.4)
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Since the prediction risk of (S 0 , T̂1 ) is, under SM2, independent of β, the
strategy (S 0 , T̂1 ) is a robust minimax strategy against model misspeciﬁcation.
A sample S 0 such that x̄S 0 = x̄N is called a balanced sample.
Let T̂BLU (ψ) and T̂BLU (ψ ∗ ) be the BLU predictors of T under the two
models. Algebraic conditions, in terms of the matrices X, X ∗ , V and V ∗
for the predictors T̂BLU (ψ) and T̂BLU (ψ ∗ ) to be equal are given in chapter
6 of Bolfarine and Zacks (1992). As shown there, robustness requires choice
of balanced sample, with respect to the various covariates. This is generally diﬃcult to achieve in non-trivial populations. One could attempt to
get a sample having mean x̄S close to the population mean x̄N by random
sampling. Such a combination of the design approach and the modelling approach was studied by Cassel et al. (1977), Godambe (1982), Brewer (1979),
Tain (1988), Wright (1983), Rodriguez and Bolfarine (1989). In particular
see Bolfarine and Zacks (1992, ch. 9). Notice that the expected predictive
MSE of T̂1 under simple random sampling (SRS) without replacement of
ﬁxed size n, under SM2, is


1
(N − n)N
2
x̄N + β 2 SN
(x)(1 − ) , (4.5)
EP Eψ2,S {(T̂1 − T )2 } = σ 2
n
N
2 (x) is the population variance of the x-values. The eﬀect of β 2
where SN
on the prediction MSE is not cancelled by taking a random sample. However, with respect to bias, under SRS, T̂1 becomes a design-model-unbiased
predictor of T . Indeed,

EP Eψ2,S {(T̂1 − T )} = (N − n)βEP {(x̄R − x̄S )} = 0.

(4.6)

Godambe (1982) considered the problem of choosing a predictor T̂ and
a sampling design (S, P ) such that the design-model expected prediction
risk is minimized. Here P is a probability function on the sample space S.
Godambe restricted attention to the class of probability functions for which
the inclusion probabilities

πi =
Ii (S)P (S) > 0 , i = 1, . . . , N.
S

Here Ii (S) = 1 if i ∈ S and Ii (S) = 0 otherwise. Godambe studied the
family of predictive models, in which
yi = αi + βxi + ei , i = 1, . . . , N,
where x = (x1 , . . . , xN ) is a vector of known covariates, E(ei ) = 0, ∀ i =
1, . . . , N and V {ei } = σ 2 vi , Cov(ei , ej ) = 0, for all i = j, and vi = f (xi ).
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Let ψ = (α, β, σ 2 ), α = (α1 , . . . , αN ) . Godambe (1982) proved
that for
√  √
procedures of ﬁxed sample size n, if P is such that πi = n vi / N
i=1 vi ,

and if T̂ =
i∈S (yi /πi ) (the Horvitz-Thompson estimator, HTE) then
2
EP Eψ {(T̂ − T ) } is minimized. This “optimal” strategy is independent
of (possibly unknown parameters) ψ and was therefore labelled a robust procedure. We remark ﬁrst, that this type of robustness is diﬀerent from the
robustness against model misspeciﬁcation. Second, the class of strategies
considered by Godambe excludes purposive sampling, in which a speciﬁed
sample S 0 is chosen with P (S 0 ) = 1 and P (S) = 0 for all S which are not
equivalent to S 0 . In such purposive samples, πi = 1 for i ∈ S 0 and πi = 0
for all i ∈
/ S0.
Consider model SM2 with g = 1. This is a special case of Godambe’s
model, in which α = 0, β and σ 2 are unknown. As we have shown earlier,
the optimal strategy is (P 0 , T̂2,1 ), where P 0 (S 0 ) = 1 if S 0 is the sample with
the n largest x-values. Indeed, T̂2,1 is BLU predictor, and therefore
N (N − n) x̄R x̄N
n
x̄S
= inf EP Eψ {(T̂2,1 − T ) } = inf inf EP Eψ {(T̂2,1 − T )2 }

EP 0 Eψ {(T̂2,1 − T )2 } =
P

inf σ 2

S∈Sn
2

P T ∈CLU

where CLU is the class of linear unbiased predictors. If the surveyor knows
that SM2 is true, the optimal sampling is a purposive one. This is in line
with Basu’s philosophy.
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