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SUMMARY. In a Bernoulli census, the inclusion probabilities often vary with individuals. The dispersion score test is applied to test homogeneity of inclusion probabilities.
Three graphic diagnostics, the log ratio plot, residual plot and gradient plot, are used to
detect the existence of heterogeneity. Conﬁdence bands are available for all three plots.
Real data examples are studied as illustration.

1.

Introduction

Consider a closed population of ﬁnitely many individuals in which one
may be interested in estimation of the population size through Bernoulli census. This occurs in ﬁelds like health sciences, system reliability and sociological research (Chao, 2001). The problem also arises from capture-recapture
experiments if the captured individuals are not removed and time is assumed
to have no aﬀect on capture probabilities. Suppose there are N individuals
indexed by i = 1, 2, . . . N . We focus on a special case in which each individual is assumed to have the same probability to be included in totally M
Bernoulli samples. Let Xi be the number of samples that include the ith
individual, which is a binomial random variable with index M and inclusion
probability πi . The Xi ’s will be called frequencies. If Xi = 0, then the ith
individual has never been included in any sample; we assume that these values are missing data. Let nx be the number of individuals that are included
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exactly in x samples. The nx ’s are called counts. Let n∗ = n1 +n2 +· · ·+nM
be the number of observed individuals. Note that n0 and N = n∗ + n0 are
unknown.
Here is an example from prevalence studies. The names of Down’s syndrome children in Massachusetts were obtained from ﬁve diﬀerent record
sources. The children were born between January 1, 1955 and December 31,
1959, and were still alive on December 31, 1966. The ﬁve diﬀerent sources
were: obstetric records, other hospital records, Massachusetts Department
of Health, Massachusetts Department of Mental Health and schools. This
dataset was analysed by Wittes (1970), Fienberg (1972) and Hook and Regal (1982). In this paper, we assume that the name of each child has the
same probability πi of appearing in each of these ﬁve records. The observed
frequency counts were n1 = 248, n2 = 188, n3 = 81, n4 = 18 and n5 = 2.
Note that n∗ = 537 and n0 represents the unknown number of children with
Down’s syndrome whose names appeared in none of the ﬁve sources.
An important issue in model building is whether the inclusion probabilities are heterogeneous. In the homogeneity model, the πi ’s are assumed
to be identical. In the heterogeneity model, the πi ’s are allowed to be different and are often assumed to be a random sample arising from a latent
distribution, which leads to a mixture model. When the latent distribution is degenerate, the homogeneity model is obtained, naturally called a
one-component model. Testing homogeneity of inclusion probabilities can
be put in a hypothesis testing problem: a one-component model versus any
mixture alternative. Note that N is a nuisance parameter in the hypothesis
testing problem although it is often the primary parameter of interest in
estimation.
There have been several testing procedures. The test in Cormack (1966)
only works for the case M = 3. While no theoretical evidence of optimality
properties was found, two moment-based procedures in Lloyd (1992) were
shown in simulation to be more eﬃcient and to have higher power than the
tests in Otis et al. (1978), Chapman (1952) and Cormack (1966). Since
general purpose goodness-of-ﬁt tests usually lack power against important
alternatives (Breiman, 2001), likelihood ratio tests were presented in Norris
and Pollock (1996) and Pledger (2000). However, inference on the latent
distribution was dependent on N both in Norris and Pollock (1996) and
in Pledger (2000). Likelihood ratio tests based on mixture alternatives are
also complicated in distribution theory and in computing (Lindsay 1995);
the results typically depend on the computational procedures. Seidel et al.
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(2000) presented other irregularities of likelihood ratio tests. We will show
here that the principles of unbiased testing point to methods that eliminate
N from the testing problem.
We present procedures that are simpler to apply but still have good
power against mixture alternatives. For testing, we will discuss a conditional
dispersion score test, which is a locally most powerful test against mixture
alternatives. As a supplement, three graphical diagnostics are presented,
each more sensitive to mixture structure than the dispersion score test. The
mixture hypothesis deviates from the null hypothesis in very distinctive ways,
a fact we will exploit.
Note that in the full binomial data of the Xi ’s, the unknown N plays the
role of sample size. The diagnostics used here have been developed previously
only for the case that N is known. In Section 2, it will be shown how key
diagnostics can be extended to a relevant conditional distribution that is
free of the nuisance parameter N . The dispersion score test is presented
in Section 3. In Section 4, some results about the conditional distribution
are introduced that allow the development of graphical diagnostics. Besides
the Down syndrome incidence dataset, a meadow vole dataset is used as an
illustration in Section 5. The test and graphical diagnostics do not require
one to model the latent distribution or to estimate the population size N ,
and so ask for signiﬁcantly less computation than the methods in Norris and
Pollock (1996) and Pledger (2000).

2.

The Truncated Binomial Sample

Let g(x; λ) be the binomial density with index M and odds λ = π/(1−π):
g(x; λ) =

M !λx
,
(M − x)!x!(1 + λ)M

x = 0, 1, . . . M.

Let X be a binomial random variable given λ and let λ itself be from a
latent distribution
P (λ). The marginal density of X is a binomial mixture

g(x; P ) = g(x; λ)dP (λ). For a full data Xi ’s, the counts n0 , n1 , . . . , nM
are suﬃcient for the parameters and have a multinomial distribution:
N!

M

M


k=0 nk ! k=0

pnk k , pk = g(k; P ), k = 0, 1, . . . M.
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As we do not observe n0 , the observed likelihood is written as:
L(N, P ) =

N!

(N −

−n M
n∗ )!pN
0
k=1 nk !

−n∗
pN
0

M


pnk k .

k=1

The statistic n∗ is suﬃcient for N given P ﬁxed, leading to a factorization
of L(N, P ) into a marginal likelihood Lm (N, P ) of n∗ , which has a binomial
distribution with index N and probability 1−p0 , and a conditional likelihood
Lc (P ) of n1 , n2 , . . . , nM given n∗ , which has a multinomial distribution:
n∗ !

Lc (P ) = M

M


k=1 nk ! k=1

qknk , qk =

g(k; P )
, k = 1, 2, . . . , M.
1 − g(0; P )

It is natural to perform diagnostics for the latent distribution P based on
the conditional likelihood Lc (P ); the statistic n∗ is a complete and suﬃcient
for N , so optimal unbiased procedures can be devised in this way (Lehmann,
1997).
Our next key observation is that the conditional distribution is identical
to one that we would obtain from the suﬃcient statistics of an independent
and identical distributed sample of size n∗ . The conditional data come from
a mixture of truncated binomial densities, although with a diﬀerent latent
distribution Q deﬁned by:
[1 − (1 + λ)M ]dP (λ)
.
dQ(λ) = 
[1 − (1 + λ)M ]dP (λ)
Let f (x; λ) be the truncated binomial density:
f (x; λ) =

M !λx
, x = 1, 2, . . . M.
(M − x)!x![(1 + λ)M − 1]


Let f (x; Q) = f (x; λ)dQ(λ) be a mixture of the truncated binomial densities. The simple but key result is:
f (x; Q) = qx = g(x; P )/[1 − g(0; P )], x = 1, 2, . . . M,
so that a truncated binomial mixture can be treated as a mixture of truncated binomial densities.
Note that P is degenerate if and only if Q is degenerate. Hereafter, we
replace n∗ by n. Our diagnostics and the dispersion score test will thus be
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based on treating the observed Xi ’s, denoted by Z1 , Z2 , . . . , Zn , as a sample
from f (x; Q). The asymptotic theory that we use will be based on n going
to inﬁnity. The idea of eliminating nuisance parameters via conditioning has
deep roots in statistics (Liang, 1987; Cruddas et al., 1989; Wang and McDermott, 1999). Conditional procedures in this paper have similar applications
in the species problem where we deal with Poisson random variables (Mao
and Lindsay, 2002). The Poisson mixture model is fully identiﬁable while
Q here is only partially identiﬁable. However, it is still possible to perform
homogeneity tests.

3.

The Dispersion Score Test

The C(α) test for homogeneity is a simple but powerful procedure (Neyman and Scott, 1966; Lindsay, 1995). We
follow Lindsay (1995) to call it the
i
dispersion score test. Let µi = µi (λ) = M
x=1 x f (x; λ) be the ith moment
of f (x; λ), i = 1, 2, 3 and 4. Let λ̂ be the maximum likelihood estimator for
λ under homogeneity and let µ̂i = µi (λ̂). The dispersion test statistic is:
T = [nτ (λ̂)]−1/2

M


nj [(j − µ̂1 )2 − µ̂2 + µ̂21 ]

j=1

with the variance function:
τ (λ) = µ4 + 8µ2 µ21 − 4µ1 µ3 − µ22 − 4µ41 − (µ2 − µ21 )−1 (µ3 − 3µ1 µ2 + 2µ31 )2 .
The test statistic T is an asymptotically standard normal random variable under the null hypothesis (Neyman and Scott, 1966). Rejecting for a
large T indicates a departure from the null hypothesis in the direction of
over-dispersion. If T is too small, then there is a lack of ﬁt in the direction of under-dispersion. The dispersion score test is consistent against all
mixture alternatives. However, it only examines one predictive feature of
the mixture model, namely that the mixture model data are over-dispersed
relative to the one-component data. This makes it simple as well as more
powerful for small n. Since it is a test statistic, the magnitude of T should
not be used as a measure of the degree of over-dispersion; for a large n, it
could be quite large despite the presence of a small amount of heterogeneity.
The dispersion score test is related to the non-parametric maximum likelihood estimator for Q in that if the estimator for the latent distribution Q
is the one-component model, then T must be negative.
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For the Down’s syndrome incidence data, we have T = 1.011 with Pvalue= 0.156. So the dispersion score test is not signiﬁcant even at the
level 0.10. This dataset displays only weak heterogeneity relative to the
one-component model.

4.

The Graphical Diagnostics

Graphical diagnostics are often used in mixture modelling (Titterington
et al., 1985; Lindsay and Roeder, 1992). They may be used to show the
presence of mixture structure, provide raw estimates for underlying parameters, and tell uniqueness of non-parametric maximum likelihood estimator
for the latent distribution.
Let µ = µ1 be the mean value parameter and σ 2 = µ2 − µ21 be the
variance of a truncated binomial distribution. It is clear that µ is in [1, M ]
and the mean value parameter space is bounded. The truncated binomial
density can also be parameterized by the mean parameter µ. For notational
convenience, f (z; µ) is used to represent a truncated binomial density with
mean parameter µ. The latent distribution and the mixture density are
also denoted by Q(µ) and f (z; Q) respectively. Deﬁne some key diagnostic
functions:
H(z) = log[z!(M − z)!f (z; Q)] − log M !,
r(z) = f (z; Q)/f (z; µ0 ) − 1,
D(µ) =

M



r(z)f (z; µ) with µ0 =

µdQ(µ).

z=1

Here H(z), r(z) and D(µ) are called the log ratio function, residual function
and gradient function respectively. The function D(µ) is a smoothed version
of r(z).
Theorem 1 The functions H(z) and r(z) are convex in z and D(µ) is convex in µ. They are linear if and only if Q is degenerate. If Q is not degenerate, then r(z) has the sign sequence +, −, + as z traverses the real line.
The convexity of r(z) and H(z) are relatively easy to obtain (Lindsay
1995). The sign sequence was ﬁrst discussed in Shaked (1980). The convexity
of D(µ) was proved in Lindsay and Roeder (1992).
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Let Z̄ be the sample mean of Z1 , Z2 , . . . , Zn . The maximum likelihood
estimator µ̂ for µ equals Z̄ under the one-component model. Deﬁne the

empirical log ratio function H(z),
the empirical residual function r̂(z) and

the empirical gradient function D(µ) as:

H(z)
= log[z!(M − z)!nz ] − log(nM !),
r̂(z) = nz /[nf (z; µ̂)] − 1,

D(µ)
=

M


r̂(z)f (z; µ).

z=1


Note that D(µ)
is a smoothed version of r̂(z). When n is suﬃcient large,


H(z),
r̂(z) and D(µ)
can be good estimators for their theoretic counterparts
H(z), r(z) and D(µ) respectively (Lindsay and Roeder, 1992). We will call


plots (z, H(z)),
(z, r̂(z)) and (µ, D(µ))
the log ratio plot, residual plot and
gradient plot respectively. Under the heterogeneity model, all these plots will
show convexity and r̂(z) will have a sign sequence +, −, +. The plots are
approximately linear under the homogeneity model. If neither the linearity
nor convexity holds, then the binomial model should be in doubt. Pointwise
conﬁdence bands for these plots can also be constructed to account stochastic
variation.

Theorem 2 Each H(z)
is approximately normally distributed. An approxi
mate pointwise standard error of H(z)
valid under the one-component model
or any mixture model is given by eH (z) = (1/nz − 1/n)1/2 .
Proposition 1 Each r̂(z) is approximately normally distributed. The approximate pointwise standard error er (z) of the residual plot under the onecomponent model is given by
e2r (z) = n−1 [1/f (z; µ̂) − 1 − (z − µ̂)2 /σ 2 (µ̂)].

Proposition 2 Each D(µ)
is approximately normally distributed. The approximate pointwise standard error eD (µ) of the gradient plot under the onecomponent model is given by
e2D (µ) = n−1 {Ez [f (z; µ)/f (z; µ̂)]2 − 1 − (µ − µ̂)2 /σ 2 (µ̂)}.
The results about the residual plot and gradient plot are direct applications of the theory in Lindsay and Roeder (1992). The proof for the log
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ratio plot is given in the Appendix. The gradient plot is directly related to
the theory of non-parametric maximum likelihood. In particular, the onecomponent model is the non-parametric maximum likelihood estimator for

  (µ̂) is the
Q if and only if D(µ)
is no greater than 0 for any µ. The sign of D
same as that of the dispersion score test statistic T . If the one-component
model is true, the residual plot and the gradient plot should be horizontal
lines through the origin while the log ratio plot should be a non-horizontal
straight-line. Since it is easier to recognize a straight-line if its slope is near
to zero than a straight-line with nonzero slope, we suggest adjusting the
slope and intercept on the log ratio plot. Suppose H(z) = a + bz + E(z).
One kind of simple estimators for a and b, denoted by â and b̂ respectively,

can be obtained using weighted least square estimation by regressing H(z)
on z with weights nz for each z. Note that the statistic b̂ is the ﬁrst order
eﬃcient estimator for the parameter log λ in the homogeneity model (Lind


say 1995). Let E(z)
= H(z)
− â − b̂z. The only diﬀerence between H(z)
and

E(z) is the intercept and slope. Since we can treat â and b̂ as constants al

though they are obtained from the data, the functions H(z)
and E(z)
share
the same conﬁdence bands. The strict convexity does not change if it exists.
Let Zα/2 be the upper α/2 quantile of the standard normal distribution, we
have α-level pointwise conﬁdence bands


± Zα/2 eD (µ)).
(z, E(z)
± Zα/2 eH (z)), (z, r̂(z) ± Zα/2 er (z)), and (µ, D(µ)
If a horizontal line is contained in the conﬁdence bands the homogeneity
model may be the ﬁrst choice due to the principle of parsimony. As will be
seen, the log ratio plot and residual plot tend to be very similar in appearance. An advantage to the log ratio plot is that the assessment of convexity
is more stringent; that is, if the log ratio plot is convex, then the residual
plot must also be, but not vice versa.
For the Down’s syndrome incidence data, the empirical residuals are
r̂(1) = 0.025, r̂(2) = −0.046, r̂(3) = 0.009, r̂(4) = 0.101 and r̂(5) = 0.502.
There is a sign sequence +, −, +, which indicates that there is some mixing
eﬀect. In the log ratio plot and residual plot, the curves themselves show
slight convexity. There is a horizontal line through zero lying in the conﬁdence bands of the residual plot and that of the gradient plot. The results
from the residual plot, gradient plot and the dispersion score test are consistent. Although the log ratio plot conﬁdence bands does not contain a
straight line, its wide fan-like right-tail of conﬁdence bands does not suggest
a mixture model.
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Figure 1: Log ratio plot: Down’s syndrome incidence data

Figure 2: Residual plot: Down’s syndrome incidence data
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Figure 3: Gradient plot: Down’s syndrome incidence data

5.

Meadow Vole Data

A capture-recapture dataset of meadow vole was analysed by Pollock et
al. (1990) and Lee and Chao (1994). There were ﬁve consecutive trapping
days and totally n = 102 distinct voles were captured. The frequency counts
were n1 = 29, n2 = 15, n3 = 15, n4 = 16 and n5 = 27.
The residuals are r̂(1) = 2.290, r̂(2) = −0.401, r̂(3) = −0.579, r̂(4) =
−0.368 and r̂(5) = 2.753. There is a sign sequence +, −, + to the empirical
residuals. All graphical diagnostics show strong convexity. For the dispersion
score test we have T = 10.554 with P-value 0. So the dispersion score
test is highly signiﬁcant. Both the graphical diagnostics and the dispersion
score test conﬁrm the conclusion that there existed heterogeneity of inclusion
probabilities that was made by Pollock et al. (1990) and Lee and Chao
(1994).

6.

Discussion

The heterogeneity model introduces a larger variance than does the homogeneity model, a phenomenon called over-dispersion. The log ratio func-
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Figure 4: Log ratio plot: Meadow vole data

Figure 5: Residual plot: Meadow vole data
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Figure 6: Gradient plot: Meadow vole data

tion, residual function and gradient function provide a reﬁned assessment
of over-dispersion. The conceptually simple graphical diagnostic procedures
can display heterogeneity if it exists. We recommend the log ratio plot as
being the best single plot due to its simplicity. Over-dispersion is also the
basis for the dispersion score test. While the graphical procedures may provide satisfactory informal assessments, the dispersion score test provides a
locally most powerful test for the existence of heterogeneity. The dispersion
score test is not speciﬁc for the mixture model, as it has power against any
over-dispersion alternative; the plots can give guidance as to whether the
over-dispersion takes a mixture form.
Note that the log ratio plot and residual plot are only informative for
frequencies with non-zero counts. At a frequency with zero-count, the empirical residual function is −1 and the empirical log ratio function is undeﬁned.
A simple but useful strategy is to treat the frequencies with zero count as
missing points in the two plots. A more systematic approach would be
to calculate the upper conﬁdence limit for the probability p in a binomial
distribution with index n and observed value zero. This means to solve
(1 − p)n = α/2. Plugging this into the log ratio function or residual function
then gives an upper conﬁdence limit to the curves and indication to whether
the zero count is consistent with convexity.
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Appendix: Conﬁdence Bands of the Log Ratio Plot
Let Zi given φi follow a discrete distribution f (z; φi ), i = 1, 2, . . . n, where
f (z; φ) = c(φ)h(z)ezφ is the density with respect to counting measure, such
as binomial distributions, Poisson distributions and their truncated versions.
sample from Q(φ), then the Zi are a random sample
If the φi ’s are a random

from f (z; Q) = f (z; φ)dQ(φ). Note that nz stands for the number of Zi ’s
with value z and, as n goes to inﬁnity,
P

nz /n −→ f (z; Q),
n1/2 (nz /n − f (z; Q)) −→ N (0, f (z; Q)[1 − f (z; Q)]),
d

n1/2 (log nz /n − log f (z; Q)) −→ N (0, [f (z; Q)]−1 [1 − f (z; Q)]),
d

The asymptotic result is obtained by replacing f (z; Q) with nz /n.
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