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Abstract
This paper deals with a scalar response conditioned by a functional random
variable. The main goal is to estimate nonparametrically the quantiles of
such a conditional distribution when the sample is considered as an α-mixing
sequence. Firstly, a kernel type estimator for the conditional cumulative distribution function (cond-cdf) is introduced. Afterwards, we derive an estimate of the quantiles by inverting this estimated cond-cdf, and asymptotic
properties are stated. This approach can be applied in time series analysis.
For that, the whole observed time series has to be split into a set of functional
data, and the functional conditional quantile approach can be used both to
forecast and to build confidence prediction bands. The El Niño time series
illustrates this.
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1

Introduction

Estimating quantiles of any distribution is an important part of statistical analysis. This allows one to build conﬁdence ranges and leads to applications in various ﬁelds (chemistry, geophysics, medicine, meteorology, etc.).
Statistics for functional random variables are also becoming more and more
important. The recent literature in this area shows the great potential of
these new statistical methods for functional data. The most popular case
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of functional random variable corresponds to the situation when we observe
random curves on diﬀerent statistical units. Such data are called Functional
Data. Many multivariate statistical techniques, mainly parametric in the
functional model terminology, have been extended to functional data and
good overviews on this topic can be found in Ramsay and Silverman (1997
and 2002) or Bosq (2000). More recently, nonparametric methods taking
into account functional variables have been developed with very interesting
practical motivations dealing with environmetrics (see Damon and Guillas
2002, Fernández et al. 2003, Aneiros et al. 2004), chemometrics (see Ferraty
and Vieu 2002), meteorological science (see Besse et al. 2000, Hall and Heckman 2002), speech recognition problems (see Ferraty and Vieu 2003a), radar
range proﬁle (see Hall et al. 2001, Dabo-Niang et al. 2004), medical data
(see Gasser et al. 1998), etc.. On the other hand, forecasting methods cover
a large part of these statistical problems. Because a continuous time series
can be viewed as a sequence of dependent functional random variables, the
above mentioned functional methodology can be used for time-series forecasting (see for instance Ferraty et al., 2002, for a functional forecasting approach
of time-series based on conditional expectation estimation).
This paper proposes to put together the three previous statistical aspects
in order to derive a method for estimating conditional quantiles in situations
when the data are both dependent and of functional nature. More precisely,
we focus on the nonparametric estimation of the conditional quantiles of a
real random variable given a functional random variable under mixing assumption. We start by estimating the conditional distribution by means of
a kernel estimator, and we derive estimates of the conditional quantiles (see
Section 2). From a theoretical point of view, a crucial problem is related to
the so-called curse of dimensionality. Indeed, in a nonparametric context, it
is known that the rate of convergence decreases with the dimension of the
space in which the conditional variable lies. But here, the conditional variable takes its values in an inﬁnite dimensional space. One way to overcome
this problem is to consider some concentration hypotheses acting on the distribution of the functional variable, which allows us to obtain asymptotic
properties of our kernel estimates (see Section 3). This approach is used to
derive a new method to forecast time series, and the El Ninõ time series is
used to illustrates the method (see Section 4).
2

The Model and the Estimates

2.1. The functional nonparametric framework. We consider a random
pair (X, Y ) where Y is valued in R and X is valued in some inﬁnite di-
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mensional semi-metric vector space (F, d(., .)). Let (Xi , Yi )i=1,...,n be the
statistical sample of pairs which are identically distributed like (X, Y ), but
not necessarily independent. From now on, X is called functional random
variable f.r.v. Let x be ﬁxed in F and let F (.|x) be the conditional cumulative distribution function (cond-cdf) of Y given X = x, namely:
∀y ∈ R, F (y|x) = P (Y ≤ y|X = x).
Saying that, we are implicitly assuming the existence of a regular version
for the conditional distribution of Y given X. Now, let tγ be the γ-order
quantile of the distribution of Y given X = x. From the cond-cdf F (.|x), it
is easy to give the general deﬁnition of the γ-order quantile:
tγ = inf{t ∈ R : F (t|x) ≥ γ},

∀γ ∈ (0, 1).

In order to simplify our framework and to focus on the main interest of
our paper (the functional feature of X), we assume that F (.|x) is strictly
increasing and continuous in a neighbourhood of tα . This is insuring that
the conditional quantile tγ is uniquely deﬁned by:
tγ = F −1 (γ|x).

(1)

In the remaining of the paper, we wish to stay in a distribution-free framework. This will lead to assume only smoothness restrictions for the cond-cdf
F (.|x) through nonparametric modeling (see Section 2.4 below). The last
point of our work is to consider dependent data. It will be assumed that
(Xi , Yi )i∈N is an α-mixing sequence, which is one among the most general
mixing structures. The α-mixing condition together with the functional approach allow us to deal with continuous time processes (see Section 4 for an
example).
In ﬁnite dimensional settings, nonparametric modeling is mainly used for
estimating functions (such as the cond-cdf F (.|x)), in such a way that the
words functional and nonparametric are quite often used equivalently. In our
inﬁnite dimensional purpose, things have to be clariﬁed. We use the terminology functional nonparametric, where the word functional refers to the
inﬁnite dimensionality of the data and where the word nonparametric refers
to the inﬁnite dimensionality of the model. Such functional nonparametric
statistics is also called doubly infinite dimensional (see Ferraty and Vieu,
2003b, for larger discussion). We could also use the terminology operatorial
statistics since the target object to be estimated (the cond-cdf F (.|x)) can be
viewed as a nonlinear operator.
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2.2. The estimators. The kernel estimator F(.|x) of F (.|x) is deﬁned as
follows:
n


  −1

K h−1
K d(x, Xi ) H hH (y − Yi )
F (y|x) = i=1
,
(2)
n

 −1

K hK d(x, Xi )
i=1

where K is a kernel function, H a cumulative distribution function and hK =
hK,n (resp. hH = hH,n ) a sequence of positive real numbers. Note that
using similar ideas, Roussas (1969) introduced some related estimate but in
the special case when X is real, while Samanta (1989) produced previous
asymptotic study.
As a by-product of (1) and (2), it is easy to derive an estimator 
tγ of tγ :

tγ = F−1 (γ|x).

(3)

As we will see later on, such an estimator is unique as soon as H is an increasing continuous function. Such an approach has been widely used before
in situation when the variable X is of ﬁnite dimension (see e.g Whang and
Zhao, 1999, Cai, 2002, Zhou and Liang, 2003 or Gannoun et al., 2003). As
far as we know, our paper is the ﬁrst one about kernel conditional quantile
with dependent and possibly inﬁnite dimensional variable. From a theoretical point of view the main mathematical problem comes from the so-called
curse of dimensionality. This phenomenon is well-known in the nonparametric statistical community, and it can be summarized by saying that the
rate of convergence decreases with the dimension of the space F. Because
we consider here an inﬁnite dimensional space F, we have to keep in mind
this point. We propose to solve this dimensionality problem by taking into
account the distribution of the f.r.v. X through its small balls probabilities
(see (H0), (H2) and discussion below).
2.3. Assumptions on the functional variable. Let Nx be a ﬁxed neighbourhood of x and let B(x, h) be the ball of center x and radius h, namely
B(x, h) = {f ∈ F/d(f, x) < h}. Then, we consider the following hypotheses:
(H0) ∀h > 0, P (X ∈ B(x, h)) = φx (h) > 0,
(H1) (Xi , Yi )i∈N is an α-mixing sequence whose coeﬃcients of mixture satisfy:
∃a > 0, ∃c > 0 : ∀n ∈ N, α(n) ≤ cn−a .
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(φx (h))(a+1)/a
(H2) 0 < sup P ((Xi , Xj ) ∈ B(x, h) × B(x, h)) = O
.
n1/a
i=j
Note that (H0) can be interpreted as a concentration hypothesis acting on
the distribution of the f.r.v. X, whereas (H2) concerns the behaviour of the
joint distribution of the pairs (Xi , Xj ). In fact, this hypothesis is equivalent
to assume that, for n large enough


φx (h) 1/a
P ((Xi , Xj ) ∈ B(x, h) × B(x, h))
sup
≤C
.
P (X ∈ B(x, h))
n
i=j
This is one way to control the local asymptotic ratio between the joint distribution and its margin. Remark that the upper bound increases with a. In
other words, more the dependence is strong, more restrictive is (H2). The
hypothesis (H1) speciﬁes the asymptotic behaviour of the α-mixing coeﬃcients.
2.4. The nonparametric model. As usual in nonparametric estimation,
we suppose that the cond-cdf F (.|x) satisﬁes some smoothness constraints.
Let b1 and b2 be two positive numbers; we assume that F (.|x) is such that:
(H3) ∀(x1 , x2 ) ∈ Nx × Nx , ∀(y1 , y2 ) ∈ R2 ,

|F (y1 |x1 ) − F (y2 |x2 )| ≤ C d(x1 , x2 )b1 + |y1 − y2 |b2 ,
(H4) F (.|x) is j-times continuously diﬀerentiable in some neighbourhood
of tγ ,
(H5) ∀(x1 , x2 ) ∈ Nx × Nx , ∀(y1 , y2 ) ∈ R2 ,

|F (j) (y1 |x1 ) − F (j) (y2 |x2 )| ≤ C d(x1 , x2 )b1 + |y1 − y2 |b2 ,
where, for any positive integer l, F (l) (z|x) denotes its lth derivative,
∂ l F (y|x)
.
i.e.
∂y l
y=z
Later on, (H3) is used to proof the almost complete convergence of 
tγ whereas
(H4) and (H5) are needed to establish the rate of convergence.
3

Asymptotic Study

We start this theoretical section by giving the almost complete convergence (a.co.) of the estimated conditional quantile 
tγ . Thereafter, we will
focus on the rate of convergence. Concerning the notations, as soon as possible, C and C  will denote generic constants. Moreover, from now on, hH
(resp. hK ) is a sequence which tends to zero with n.
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3.1. Almost complete convergence. Let us start with the statement of
an almost complete convergence property1 . Before giving the result, the
following assumptions concerning the kernel estimator F(.|x) are needed:
(H6) The restriction of H to the set {u ∈ R, H(u) ∈ (0, 1)} is a strictly
increasing function,
|t|b2 H (1) (t)dt < ∞,

(H7) ∀(y1 , y2 ) ∈ R2 , |H(y1 )−H(y2 )| ≤ C|y1 −y2 | and
where, for all l ∈ N∗ , H (l) (t) =

dl H(y)
,
d y l y=t

(H8) K is a function with support [0, 1] such that 0 < C1 < K(t) < C2 < ∞,
(H9)

log n
→ 0.
n φx (hK ) n→∞

Note that (H7) insures the existence of 
tγ , while (H6) insures its uniqueness.
Theorem 3.1 Under hypotheses (H0)-(H3) and (H6)-(H9) and if
3−a

1

∃η > 0, C n a+1 +η ≤ φx (hK ) ≤ C  n 1−a
holds with a > (5 +

√

(4)

17)/2, we have:

tγ − tγ

n

→
0, a.co.
→∞

(5)

Proof of Theorem 3.1. Because of (H6) and (H7), F(.|x) is a continuous
and strictly increasing function. So, we have:
∀ > 0, ∃δ() > 0, ∀y, |Fx (y) − Fx (tγ )| ≤ δ() ⇒ |y − tγ | ≤ .
This leads us to write


∀ > 0, ∃δ() > 0, P |t̂γ − tγ | >  ≤ P |Fx (t̂γ ) − F x (tγ )| ≥ δ()
= P |F x (tγ ) − F x (tγ )| ≥ δ() ,



1
Recall that a sequence (Tn )n∈N of random variables is said to converge almost completely to some variable T , if for any  > 0, we have n P (|Tn − T | > ) < ∞. This mode
of convergence implies both almost sure and in probability convergence (see for instance
Bosq and Lecoutre, 1987).
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since (3) is implying that F(
tγ |x) = γ = F (tγ |x). Thus, it is clear that the
proof of Theorem 3.1 is achieved as soon as we show the pointwise convergence of F(.|x) at tγ :
F (tγ |x) − F(tγ |x)

n

→
0, a.co.
→∞

(6)

Consider now, for i = 1, . . . , n, the following notations:




Hi (tγ ) = H h−1
Ki (x) = K h−1
K d(x, Xi ) ,
H (tγ − Yi ) ,
FN (tγ |x) =



1
1
Ki (x) Hi (tγ ) and FD (x) =
Ki (x).
n EK1 (x)
n EK1 (x)
n

n

i=1

i=1

Because some quantities are divided by EK1 (x), it is important to remark
once for all that (H0) and (H8) imply that
0 < Cφx (hK ) < EK1 (x) < C  φx (hK ).
By using the following decomposition
1

F(tγ |x) − F (tγ|x) =

FD (x)

FN (tγ |x) − E FN (tγ |x)

− F (tγ |x) − E FN (tγ |x)
+




F (tγ |x)
E FD (x) − FD (x) ,
FD (x)

(7)

the proof of (6) comes from next lemmas:
Lemma 3.2 Under the conditions of Theorem 3.1, we have
|F (tγ |x) − E FN (tγ |x)| = O hbK1 + O hbH2 .
Lemma 3.3 Under the assumptions of Theorem 3.1, we have:


log
n
, a.co.,
i) FD (x) − E FD (x) = O
n φx (hK )

ii) FN (tγ |x) − E FN (tγ |x) = O

log n
n φx (hK )


,

a.co.

(8)
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Our theorem will be proved as soon as these two lemmas are veriﬁed. This
will be done in the ﬁnal section.

3.2. Almost complete rate of convergence. In this section we study the
tγ . Because this
rate of convergence2 of our conditional quantile estimator 
kind of result is stronger than the previous one, we have to introduce some
additional assumptions. As it is usual in conditional quantiles estimation,
the rate of convergence can be linked with the ﬂatness of the cond-cdf F (.|x)
around the conditional quantile tγ . This is one reason why we introduced
hypotheses (H4) and (H5). But a complementary way to take into account
this local shape constraint is to assume that:
(H10) ∃j > 0, ∀l, 1 ≤ l < j, F (l) (tγ |x) = 0 and F (j) (tγ |x) > 0.
Because we focus on the local behaviour of F (.|x) around tγ via its derivatives, that leads us to consider the successive derivatives of F(.|x) and subsequently some assumptions on the successive derivatives of the cumulative
kernel H:
(H11) The support of H (1) is compact and ∀l ≥ j, H (l) exists and is bounded.
(H12) ∀i = i , the conditional density of (Yi , Yi ) given (Xi , Xi ) is continuous
at (tγ , tγ ).
Theorem 3.4 If the conditions (H0)-(H12) hold, and if the following
inequalities
3−a

1

∃η > 0, C n a+1 +η ≤ hH φx (hK ) and φx (hK ) ≤ C  n 1−a
√
are satisfied with a > (5 + 17)/2, we have

1
 b1

b2
2j
log
n
, a.co.
t̂γ − tγ = O hKj + hHj + O
n φx (hK )

(9)

(10)

Proof of Theorem 3.4. The proof is based on the Taylor expansion of
F(.|x) at tγ and on the use of (H10):
j−1

(tγ −
(tγ −
tγ )l (l)
tγ )j (j) ∗


F (tγ |x)+
F (t |x),
tγ |x) =
F (tγ |x)−F (
l!
j!
l=1
j−1


=

l=1
2

(tγ −
(tγ −
tγ )l (l)
tγ )j  (j) ∗
F (tγ |x)−F (l) (tγ |x) +
F (t |x),
l!
j!



Recall that a sequence (Tn )n∈N of random variables is said to be of order of complete
convergence un , if there exists some  > 0 for which
n P (|Tn | > un ) < ∞. This is
denoted by Tn = O(un ), a.co. (or equivalently by Tn = Oa.co. (un )).
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where, for all y ∈ R,
 (j)

F

(y|x) =

h−j
H

n

 (j)  −1

h−1
hH (y − Yi )
K d(x, Xi ) H
 −1

,
n
i=1 K hK d(x, Xi )

i=1 K



tγ ) < t∗ < max(tγ , 
tγ ). Suppose now that we have the
and where min(tγ , 
following result.
Lemma 3.5 Suppose that the hypotheses (H0)-(H8), (H10)-(H12) are
satisfied, (9) holds, and
lim

log n

n→∞ n h2j−1 φ (h )
x K
H

Then we have:

= 0.



F(j) (tγ |x)−F (j) (tγ |x)| = O(hbK1 )+O(hbH2 )+O

log n



n h2j−1
φx (hK )
H

,

a.co.

Because of Theorem 3.1, Lemma 3.5 and (H10), we have:
F(j) (t∗ |x)

n

→
F (j) (tγ |x) > 0, a.co.,
→∞

and we derive
tγ )j = O F(tγ |x) − F (tγ |x)
(tγ − 

 j−1

(tγ −
tγ )l (F(l) (tγ |x)−F (l) (tγ |x)) , a.co.
+O

(11)

l=1

Now, comparing the convergence rates given in Lemmas 3.3 and 3.5, we get
(tγ − t̂γ )j = O F(tγ |x) − F (tγ |x) , a.co.
Thus, Lemmas 3.2 and 3.3 allow us to get the claimed result. It remains to
prove Lemma 3.5 which is done in the ﬁnal section.

4

Time Series Forecasting and Application to El Niño

This section deals with a functional approach for time series forecasting,
based on the splitting of the observed time series into several continuous
functional data. We start by describing the El Niño time series, and then
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we show how it can be viewed as a set of functional dependent variables.
Thereafter, we will explain how a forecasting method can be built from the
estimation of the conditional quantiles deﬁned in Section 2. Finally, we will
show how this forecasting approach behaves on the real El Niño data-set.

20

Sea Surface Temperature
22
24
26

28

4.1. El Niño data. Much information and several data-sets can be found
about the phenomenon called El Niño. Our study concerns the monthly time
series of the Sea Surface Temperature (SST) from June, 1950 up to May,
2004, available on line at: “http://www.cpc.ncep.noaa.gov/data/indices/”
(see also: “http://kdd.ics.uci.edu/databases/el_nino/el_nino.data.html” for
relevant discussion on these data). These temperatures are measured by
moored buoys in the “Niño region” deﬁned by the coordinates 0-10◦ South
and 90◦ West-80◦ West. Our SST time series comes from the average of the
monthly temperatures over the moored buoys in this area. Finally, the statistical sample is of size 648. The graphical display is given in Figure 1.

1950

1960

1970

1980
Dates

1990

2000

Figure 1. El Niño monthly Sea Surface Temperature (0-10◦South and 90◦ West80◦ West)

4.2. Splitting El Niño time series into functional data. A useful way to
display such a time series consists in cutting it into 54 pieces or 54 “annual
curves” (see Figure 2). More precisely, let {Z(k)}k=1,...,648 be our El Niño
time series. We can build, for i = 1, . . . , 54, the following subsequences:
∀t ∈ {1, 2, . . . , 12},

zi (t) = Z(12 ∗ (i − 1) + t),
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20

Sea Surface Temperature
22
24
26

28

z i = (zi (1), . . . , zi (12)) corresponding to the variations of the SST at the
ith year. Because the climatic phenomenon is changing continuously over
time, there is evidence for considering each annual curve as a continuous
path (i.e. Zi = {Z(12 ∗ (i − 1) + t), t ∈ [0; 12)}). Of course, this continuous
yearly curve will be observed only at some discretized points (here, at 12
discretized points). Finally, the time series can be viewed as a sample of 54
dependent functional data, namely Z1 , . . . , Z54 .

Jun

Jul

Aug

Sep

Oct

Nov

Dec

Jan

Feb

Mar

Apr

May

Figure 2. El Niño monthly Sea Surface Temperature displayed Year by Year

As discussed before, the main advantage of using such continuous path for
the past of the time series (rather than using some multivariate discretized
past vector) is to be unsensitive to the curse of dimensionality. More precisely,
the standard nonparametric methods (see Cai, 2002 or Gannoun et al., 2003)
are either considering only one single past value (with obvious loss of information) or more than one past value (but being then sensitive to the curse
of dimensionality). Our approach is able to capture much information in the
past of the time series, but still using for the past a single continuous object
(exactly one whole year is taken into account) and avoiding for the dimensionality eﬀects. To see this more precisely, let us suppose for instance that
the time series could be measured p-times each year with p > 12 (actually, it
is true with p = 12). In this case, our functional method using the whole continuous past year will have the same asymptotic behaviour (independently of
p). Having more than 12 yearly data measurements would provide a gain in
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terms of prediction, since the observation of the curves would be more precise. This is not really the case with classical un-functional nonparametric
methods. To take into account a whole past year, any non-functional method
will have to deal with a p-dimensional vector and the rates of convergence of
the estimate will decrease exponentially with p, loosing from one side what
could be gained in an other hand by having larger statistical sample.
4.3. Choosing the parameters of the estimate. As usual in nonparametric
kernel smoothing, the choice of the shape of the kernels is of less importance
than the choice of the bandwidths. For this application, we have constructed
our kernel from the standard Epanechnikov’s parabolic kernel:
G(u) =

3
(1 − u2 ) 1(−1,1) (u).
4

More precisely, we have used:
K(u) = 2G(u)1(0,1) (u) and H(u) =

u
−∞

G(t)dt.

The choice of the smoothing parameters hH and hK is much more crucial
for the performance of any kernel approach and should be data-driven as
described in the next section.
Another important point for ensuring a good behaviour of the method,
is to use a semi-metric that is well adapted to the kind of data we have
to deal with. Here, we used some semi-metric based on the q ﬁrst terms
of the Functional Principal Components Analysis (FPCA) of the data (see
Appendix). Indeed, we do not choose a semi-metric at the beginning of the
study but only a family of semi-metrics, and the key question is more to
select the best semi-metric inside of the family than to choose the family
itself. The key parameter is the order q of the FPCA expansion3 , which
should also be chosen in a data-driven way.
4.4. Data-driven step and forecasting procedure. We have at hand a set
of 54 functional data. However, to show the performance of our method,
we will ignore the 54th year and we will predict it from the 53’s previous
ones. Moreover, we will build our statistical method only on the 52 previous
data, the 53rd being used as a learning step to select the parameters in a
data-driven way. For i = 1, . . . , 52 and for any ﬁxed δ in {1, . . . , 12}, we take
Yi (δ) = zi+1 (δ).
3

Other choices of semi-metrics are possible, like for instance those based on some L2
errors between higher order derivatives of the curves, and in this case the key parameter
would be the order of the derivative (see Ferraty and Vieu, 2003a, for discussion).
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Thus, we build a sample of 52 pairs (Yi (δ), Zi )i=1,...,52 , considered as a sample
of dependent pairs, the Yi (δ)’s being real r.v. and the Zi ’s being functional
r.v. According to Section 2, one can estimate Y52 (δ) knowing Z52 by estimating the median of the conditional distribution:


1
−1

Z52 ,
t 1 = F
Y52 (δ) = 
2
2
where F (.|Z52 ) is the estimated distribution of Y1 (δ) given Z52 . Repeating
this step for δ = 1, . . . , 12, we can estimate the variations of the SST for
the 53rd year. The bandwidths4 hK and hH , as well as the parameter q
n

2
(Y
of the semi-metric, are chosen in order to minimize
52 (δ) − Y52 (δ))
δ=1

which corresponds to a prediction error over the 53rd year. Thereafter, given
(Yi (δ), Zi )i=1,...,52 , and given these optimally selected parameters hH , hK and
q, we estimate F(.|Z53 ) and derive via the conditional median an estimation
of Z54 (δ) for δ = 1, . . . , 12. We estimate {Z54 (δ)}δ=1,...,12 by using only the
53’s ﬁrst years, and so this is clearly a forecasting procedure. Of course, all
the steps described before can also be used for estimating other conditional
quantiles than the median. This could provide conﬁdence prediction bands
for the forecasted 54th year.
4.5. The results on El Niño time series. The bandwidths hH and hK
have been chosen automatically by the learning sample procedure described
above, as well as the value q = 3 for the FPCA semi-metric. Figure 3 gives
the results by using conditional median t̂1/2 as prediction tool (discontinuous
line − − − −) and conditional quantiles t̂.05 and t̂.95 to build pointwise 90%
conﬁdence prediction band (dotted lines · · · · · · ). In Figure 3, the vertical
line means that the ﬁrst 12 values (the 53rd year) are estimated along the
learning step, whereas the last 12 values (the 54th year) are forecasted. The
continuous line (——) shows the observed values.
Undoubtedly, Figure 3 shows the good behaviour of our functional forecasting procedure (at least for these data). Of course, there is need for
comparing this method with other ones (such as un-functional quantiles approaches or such as functional conditional expectation approaches), as well
on this El Nino time series as on some other ones. This is outside the scope
of this paper and will be the object of further works. Note that our S+
4

To speed up our algorithm, the set of possible bandwidths among which the optimal
ones are selected is chosen to be finite and is computed by the k-nearest neighbours type
bandwidths.

Learning step

Forecasting step

24
20

22

SST

26

28
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Jun02 Aug02 Oct02 Dec02 Feb03 Apr03 Jun03 Aug03 Oct03 Dec03 Feb04 Apr04
Dates

Figure 3. Functional quantile forecasting for El Niño time series

procedures are available on request, in such a way that any user could treat
other time series data-sets and any researcher could use it for participating
to further developments in this ﬁeld.
5

Proofs of Technical Lemmas

To save space and to emphasize on the main contributions of our paper
(i.e. α-mixing and functional variables) some details are omitted, and are
available on request.
Proof of Lemma 3.2. The asymptotic behaviour of bias term is standard,
in the sense that it is not aﬀected by the dependence structure of the data.
We have
E FN (tγ |x)−F (tγ |x) =

1
E (K1 (x) {E (H1 (tγ )/X) − F (tγ |x)}) (12)
EK1 (x)

and by noting that
E (H1 (tγ )|X) =

R

H (1) (t)F X (tγ − hH t)dt,
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we can write, because of (H3) and (H7):
|E (H1 (tγ )|X) − F (tγ |x)| ≤ Cx

R

H (1) (t) hbK1 + |t|b2 hbH2 dt.

Combining this last result with (12) allows us to achieve this proof.



Proof of Lemma 3.3 i). Following the ideas used in regression (see Ferraty and Vieu, 2004), the main point consists in using a pseudo-exponential
inequality taking into account the α-mixing structure. We start by writing
FD (x) − E FD (x) =


1
∆i (x),
n EK1 (x)
n

i=1

where ∆i (x) = Ki (x) − EKi (x). The Fuk-Nagaev’s inequality (Rio 1999,
formula 6.19b) allows one to get, for all λ > 0 and r > 1:
P |FD (x) − E FD (x)| > 4λ
r/2 
 
a+1 
r
λ2 n2 (EK1 (x))2
n
+ 1+
,
≤ C
r λ n EK1 (x)
r sn


 


Q1

where
sn =

Q2

n 
n


Cov (∆i (x), ∆j (x)) .

i=1 j=1

By taking


r = C(log n)2 and λ = λ0

n φx (hK ) log n
,
n EK1 (x)

(13)

and by using the left part of inequality (4), it follows that:
Q1 ≤ C n−1−ν .

(14)

Before we focus on Q2 , we have to study the asymptotic behaviour of
sn =


i=j



Cov (∆i (x), ∆j (x)) +


scov
n



n

i=1



V ar (∆i (x)) .


svar
n



(15)

Conditional quantiles for dependent functional data 393
On one hand, we have by using successively (H8), (H0), (H2) and the right
part of (4):



φx (hK ) 1/a
|Cov(∆i (x), ∆j (x))| = O
φx (hK ) .
(16)
n
On the other hand, these covariances can be controlled by means of the usual
Davydov’s covariance inequality for mixing processes (see Rio 1999, formula
1.12a). Together with (H1), this inequality leads to:
∀i = j, |Cov(∆i (x), ∆j (x))| ≤ C |i − j|−a .

(17)

Thus, by using the following classical technique (see Bosq, 1998), we can
write


scov
=
|Cov(∆i (x), ∆j (x))| +
|Cov(∆i (x), ∆j (x))| .
n
0<|i−j|≤un

|i−j|>un


φx (hK ) −1/a
, and using (16) (resp. (17)) to treat the
By choosing un =
n
ﬁrst (resp. second) covariance term, we get:


= O (n φx (hK )) .
scov
n

(18)

The computation of the variance terms can be done by following the same
arguments as those invoked to get (16), and we arrive at:
V ar (∆i (x)) = O (φx (hK )) .

(19)

Finally, (18) and (19) lead directly to:
sn = O (n φx (hK )) .

(20)

This is enough to study the quantity Q2 , since (13) and (20) allow us to write
that, for n and λ0 large enough:
∃ν  > 0,



Q2 ≤ C n−1−ν .

(21)

Finally, put together (14) and (21) and use (H8) to achieve the proof of
Lemma (3.3) i).

Proof of Lemma 3.3 ii). It proceeds along the same steps and by invoking the
same arguments, just changing the variables ∆i (x) into the following ones:
Γi (x) = Hi (tγ ) Ki (x) − E Hi (tγ ) Ki (x).
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Because H is a cumulative kernel, we have Hi (tγ ) ≤ 1. By using systematically this fact to bound the variables Hi , all the calculus made previously

with the variables ∆i (x) remain valid with the variables Γi (x).
Proof of Lemma 3.5. We use again the same kind of decomposition as in (7):
F(j) (tγ |x) − F (j) (tγ |x) =

1

FD (x)

(j)
(j)
FN (tγ |x) − E FN (tγ |x)

(j)
− F (j) (tγ |x) − E FN (tγ |x)

+




F (j) (tγ |x)
E FD (x) − FD (x) .
FD (x)

(22)

This proof is very similar to the one of Theorem 3.1. Firstly, we consider the
(j)
bias term F (j) (tγ |x) − E FN (tγ |x). Using the same arguments as along the
proof of Lemma 3.2, replacing F (tγ |x) (resp. F(tγ |x)) with F (j) (tγ |x) (resp.
(j)
FN (tγ |x)) and considering in addition hypotheses (H5), (H7) and (H11) we
get:
(j)
(23)
F (j) (tγ |x) − E F (tγ |x) = O hb1 + O hb2 .
N

K

K

(j)
(j)
Now, we focus on the term FN (tγ |x) − E FN (tγ |x). To get the asymptotic
behaviour of this quantity, we follow the framework of the proof of Lemma
3.3. To do that, once again replace F (tγ |x) (resp. F (tγ |x)) with F (j) (tγ |x)
(j)
(resp. FN (tγ |x)). Note that (H11) and (H12) allow us to show that
(j) −1
2
E H (j) (h−1
H (tγ − Yi ))H (hH (tγ − Yi ))|(Xi , Xi ) = O(hH ),

while (H1) and (H5) imply that
E H (j) (h−1
H (tγ − Yi ))|Xi = O(hH ).
Moreover, the right part of (9) implies that
 


φx (hK ) 1/a
∗
∗
2
φx (hK ) ,
Cov (Γi (x), Γi (x)) = O hH
n
where
(j) −1
Γ∗i (x) = H (j) (h−1
H (tγ − Yi ))Ki (x) − E H (hH (tγ − Yi ))Ki (x) .

Conditional quantiles for dependent functional data 395
So, by using similar arguments as those invoked in the proof of Lemma 3.3,
we deduce easily that for any un > 0:




n
n 

φx (hK ) 1/a
∗
∗
2
Cov (Γi (x), Γi (x)) = O n un hH
φx (hK )
n
i=1 i =1


+ O (n hH φx (hK )) .
+ O n2 h2H u−a
n


φx (hK )
It suﬃces now to take un =
n
sion for the sum of the covariances:
h−1
H

n 
n

i=1 i =1

−1/a
to get the following expres-

Cov (Γ∗i (x), Γ∗i (x)) = O (n hH φx (hK )) .

Finally, because we have:

P

 (j)

F

(j)

(tγ |x) − E F

(tγ |x) > λ

= P

n



Γ∗i (x)

>

λ n hjH

EK1 (x) ,

i=1


the application of Fuk-Nagaev’s inequality with λ = λ0
leads directly to the result of Lemma 3.5.

n hH φx (hK ) log n
n hjH EK1 (x)

,



Appendix
In many multivariate situations, the classical Principal Components Analysis (PCA) is considered as a useful tool for displaying data in a reduced
dimensional space. Following the same idea, the functional PCA is also a
good tool for computing
 proximities between curves in a reduced dimensional
space. As long as E X 2 (t)dt is ﬁnite, the Functional Principal Components
Analysis (FPCA) (see Dauxois et al., 1982) of the functional r.v. X allows
one to obtain the following expansion of X:
X =

∞ 



X(t)vk (t)dt vk ,

k=1

v1 , v2 ,. . . , being the orthonormal eigenfunctions of the covariance operator
ΓX (s, t) = E (X(s)X(t))
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associated with the eigenvalues λ1 ≥ λ2 ≥ . . .. Now, let
 (q) =
X

q 



X(t)vk (t)dt vk

k=1

be a truncated version of the previous expansion of X. Thus, for all (x1 , x2 ) ∈
F 2 we can deduce a parametrized family of semi-metrics in the following way:

 q 
2


[x1 (t) − x2 (t)]vk (t)dt .
k=1

Here, q is not really a smoothing parameter but rather a tuning parameter
indicating the resolution level at which the problem is considered. Note that
in practice ΓX is unknown and then the vk s too, but the covariance function
can be well approximated by its empirical version
ΓnX (s, t) = 1/n

n


Xi (s)Xi (t),

i=1

and the eigenfunctions vk,n (.) of ΓnX are consistent estimators of those of ΓX
(for more details, see Cardot et al., 1999). So, the semi-metrics used in our
practical study are deﬁned as:

 q 
2


[x1 (t) − x2 (t)]vk,n (t)dt .
dq (x1 , x2 ) =
k=1
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