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Abstract
In this paper, we discuss some practical computational issues for quantile
regression. We consider the computation from two aspects: estimation and
inference. For estimation, we cover three algorithms: simplex, interior point,
and smoothing. We describe and compare these algorithms, then discuss
implementation of some computing techniques, which include optimization,
parallelization, and sparse computation, with these algorithms in practice.
For inference, we focus on confidence intervals. We discuss three methods:
sparsity, rank-score, and resampling. Their performances are compared for
data sets with a large number of covariates.
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1

Introduction

Quantile regression is becoming more and more useful, not only in econometrics, but also in ﬁnance, biomedicine, data mining, and environmental
studies. To make this technique more generally applicable, reliable, optimal, and eﬃcient computational tools are needed. While the development
of advanced algorithms is essential, the state of the art lies in their implementation with modern computing techniques. One purpose of this paper
is to evaluate the most advanced algorithms in combination with modern
computational techniques.
For any quantile τ ∈ (0, 1), the regression quantile β̂(τ ) is deﬁned as
n




ρτ (yi − xi β),
β̂(τ ) = argmin
p
β∈R i=1

(1.1)
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where {y1 , ..., yn } is a random sample of the response variable Y , xi ∈ Rp
is the covariate vector corresponding to the ith observation yi , and ρτ (z) =
z(τ − I(z < 0)), 0 < τ < 1, is the check function for the τ th quantile. In the
special case of τ = 1/2, which corresponds to the median, β̂(1/2) is known
as the L1 estimator.
Since the early 1950’s it has been recognized that the L1 minimization can
be formulated as a linear programming (LP) problem and solved eﬃciently
with some form of the simplex algorithm. In the next section, we present such
a formulation. An eﬃcient version of the simplex algorithm was developed
by Barrodale and Roberts (1974). This special version for the L1 estimator
can be naturally extended to compute regression quantiles, even the entire
quantile process (Koenker and d’Orey 1993). This algorithm is found slow
for data sets with a large number of observations (n > 100000). Another
algorithm known as the interior point algorithm, which also solves general
linear programming problems, was introduced into quantile regression by
Portnoy and Koenker (1997). This algorithm shows great advantages in
computation eﬃciency over the simplex algorithm for data sets with a large
number of observations.
The algorithms developed for a general LP problem may not fully deploy
the properties of the original L1 or quantile regression and have their own
shortcomings. For example, the interior point algorithm uses a full factorization in each iteration, which is computationally expensive with a large
number of covariates. Besides, this algorithm can only give the approximate solutions of the original problem and rounding has to been done if
one requires the same accuracy as that of the simplex algorithm. For certain
problems, this rounding step requires some signiﬁcant extra computing time.
In these cases, some heuristic approaches demonstrate advantages on both
speed and accuracy. One of them is the ﬁnite smoothing algorithm (Chen
2003).
These algorithms represent the most advanced algorithms for computing
regression quantiles. However, to make them reliable, optimal, and eﬃcient, they must be implemented with some modern computing techniques.
Optimization is always the ﬁrst step to improve performance in scientiﬁc
computing. While some of the optimization procedures are more related to
the computing environments, which may not be controlled by a programmer,
such as cache, I/O, and system environments, some optimization techniques
can simply be implemented with proper programming and signiﬁcantly improve the performance. When multithreads are available with the computing
resource, parallelization should be considered to speed up the intensive computing, which is common in quantile regression. Therefore, scalability of the
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three algorithms with multithreads is explored using some empirical results.
Statistical inference on regression quantiles is important in most applications. Conﬁdence intervals of regression quantiles are the most commonly
used. Various methods of constructing conﬁdence intervals have been developed in recent years. Using diﬀerent models, Kocherginsky et al. (2005) did
a detailed comparison of these methods based on the coverage probability.
However, the models they selected are restricted with a small number of covariates. In many applications, like survey data analysis and semiparametric
longitudinal studies, the number of covariates could be considerably large.
As the number of covariates increases, the underlying asymptotic results
might be questionable, which could result in poor conﬁdence interval estimates. Therefore, it is helpful to assess the performances of these conﬁdence
interval methods when a large number of covariates exist. In this paper,
we focus on some practical computational issues of these conﬁdence interval methods, including their performance in the existence of a large number
of covariates, and their potential improvement of implementing computing
techniques of optimization and parallelization.
Section 2 introduces the three algorithms for computing regression quantiles and shows how those modern computing techniques can be implemented
in each individual algorithm. Section 3 describes the three recommended
methods for computing conﬁdence intervals. Their performances with a
large number of covariates are demonstrated. Some other computational
issues are discussed in Section 4.
2

Computing Regression Quantiles

An LP Problem
Let µ = [y − Xβ]+ , ν = [Xβ − y]+ , φ = [β]+ , and ϕ = [−β]+ , where


y = (y1 , ..., yn ) , X = (x1 , ..., xn ) , and [z]+ is the nonnegative part of z.




Let DLAR (β) = ni=1 |yi − xi β| and Dρτ (β) = ni=1 ρτ (yi − xi β). The
L1 problem, minθ DLAR (θ), can be reformulated as




min{e µ + e ν|y = Xβ + µ − ν, {µ, ν} ∈ Rn+ },

(2.1)

β

where e denotes an n-vector of ones.






 







 

Let B = [X − X I − I], θ = (φ ϕ µ ν ) , and d = (0 0 e e ) where
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0 = (0 0 ... 0)p . The reformulation presents a standard LP problem:


min d θ

(P )

θ

subject to Bθ = y
θ ≥ 0.
This problem has the dual formulation


max y z

(D )

d


subject to B z ≤ d,
which can be simpliﬁed as




max{y z|X z = 0, z ∈ [−1, 1]n }.
z



By setting η = 12 z + 12 e, b = 12 X e, it becomes




max{y η|X η = b, η ∈ [0, 1]n }.

(2.2)

η

For quantile regression, the minimization problem is minβ
and a similar set of steps lead to the dual formulation:






max{y z|X z = (1 − τ )X e, z ∈ [0, 1]n }.
z





ρτ (yi −xi β),
(2.3)

2.1. Simplex. The special version of the simplex algorithm developed by
Barrodale and Roberts (1974) solves the primary LP problem (P) by two
stages, which exploit the special structure of the coeﬃcient matrix B. The
ﬁrst stage only picks the columns in X or −X as pivotal columns. The
second stage only interchanges the columns in I or −I as basis or nonbasis
columns. The algorithm obtains an optimal solution by executing these two
stages interactively. Moreover, because of the special structure of B, only
the main data matrix X is stored in the current memory.
Although the simplex algorithm is regarded as computationally demanding for large data sets, a careful and proper coding still makes it suitable
for the data sets with less than 5000 observations and 50 variables given the
present popular hardware (e.g. 2GHz CPU and 512MB of RAM).
2.2. Interior Point. To solve large to huge LP problem, alternative
algorithms have been developed. Rather than moving from vertex to vertex
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around the outer surface of the constraint set as dictated by the simplex, the
interior point approach of Karmarkar (1984) solves a sequence of quadratic
problems in which the relevant interior of the constraint set is approximated
by an ellipsoid. The worst-case performance of the interior point algorithm
has been proved to be better than that of the simplex algorithm.
The excellent paper by Portnoy and Koenker (1997) revives the enthusiasm of applying L1 regression or quantile regression to large or huge data
sets by introducing the faster interior point algorithm into this area.
There are many variations of interior point algorithms. The most popularly used algorithm for L1 regression or quantile regression is the PrimalDual with Predictor-Corrector algorithm.


Let c = y, b = (1 − τ )X e, and A = X , the dual problem (2.3) with a
general upper bound u is


max{c z}
subject to Az = b
0 ≤ z ≤ u.
To solve this LP problem, 0 ≤ z ≤ u is split into z ≥ 0 and z ≤ u. Let v be
the primal slack so that z + v = u, and associate dual variables w with these
constraints. The Interior Point solves the system of equations to satisfy the
Karush-Kuhn-Tucker (KKT) conditions for optimality:
(KKT) Az = b
z+v =u


A t+s−w =c
ZSe = 0
V We = 0
z, s, v, w ≥ 0,
where Z = diag(z), (that is, Zi,j = zi if i = j, Zi,j = 0 otherwise), S =
diag(s), W = diag(w), V = diag(v).
These are the conditions for feasibility, with the complementarity con


ditions ZSe = 0 and V W e = 0 added. c z = b t − u w must occur at the
optimum. Complementarity forces the optimal objectives of the primal and



dual to be equal, c zopt = b topt − u wopt .
The interior point algorithm works by iteratively using Newton’s method
to ﬁnd a direction (∆z k , ∆tk , ∆sk , ∆v k , ∆wk ) to move from the current solution (z k , tk , sk , v k , wk ) toward a better solution.
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To do this, two steps are used. The ﬁrst step is called an aﬃne step, which
k ,
solves a linear system using Newton’s method to ﬁnd a direction (∆zaf
f
k , ∆wk ) to reduce the complementarity toward zero.
∆tkaf f , ∆skaf f , ∆vaf
f
af f
The second step is called a centering step, which solves another linear system to determine a centering vector (∆zck , ∆tkc , ∆skc , ∆vck , ∆wck ) to further
reduce the complementarity. The centering step may not reduce too much
of the complementarity; however, it builds up the central path and makes
substantial progress toward the optimum in the next iteration. With these
two steps, then
(∆z k , ∆tk , ∆sk , ∆v k , ∆wk ) = (∆zaf f , ∆taf f , ∆saf f , ∆vaf f , ∆waf f )
+ (∆zc , ∆tc , ∆sc , ∆vc , ∆wc ),

(2.4)

(z k+1 , tk+1 , sk+1 , v k+1 , wk+1 ) = (z k , tk , sk , v k , wk )
+ α(∆z k , ∆tk , ∆sk , ∆v k , ∆wk ), (2.5)
where, α is the step length assigned a value as large as possible but not so
, vik+1 , or wik+1 is “too close” to zero.
large that a zik+1 , sk+1
i
Although the Predictor-Corrector variant entails solving two linear systems instead of one, fewer iterations are usually required to reach the optimum. In both the aﬃne step and the centering step, factorization of the

(X [Θk ]−1 X) matrix, where Θk is a diagonal matrix computed in kth iteration, takes the majority computing time when solving the linear systems.
However, the additional overhead of calculating the second linear system is

small, as the factorization of the (X [Θk ]−1 X) matrix has already been performed to solve the ﬁrst linear system. We refer to Wright (1996) for more
details about this algorithm.
2.3. Smoothing. The ﬁnite smoothing algorithm was used by Clark and
Osborne (1986), Madsen and Nielsen (1993) for the L1 regression. It can
be naturally extended to compute regression quantiles. In the following we
brieﬂy describe this algorithm. More details can be found in Chen (2003).
The non-diﬀerentiable
Dρτ (β) =

n




ρτ (yi − xi β)

(2.6)

i=1

can be approximated by the smooth function
Dγ,τ (β) =

n

i=1

Hγ,τ (ri (β)),

(2.7)
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where ri (β) = yi − xi β and

1
2
 t(τ − 1) − 2 (τ − 1) γ if t ≤ (τ − 1)γ
2
t
Hγ,τ (t) =
γ
if (τ − 1)γ ≤ t ≤ τ γ
 2
if t ≥ τ γ
tτ − 12 τ 2 γ
See Figure 1 for a plot of Hγ,τ and ρτ .

Figure 1. Objective Functions Hγ,τ and ρτ

The function Hγ,τ is determined by whether ri (β) ≤ (τ −1)γ, ri (β) ≥ τ γ,
or (τ − 1)γ ≤ ri (β) ≤ τ γ. These inequalities divide Rp into subregions
separated by the parallel hyperplanes ri (β) = (τ − 1)γ and ri (β) = τ γ. The
set of all such hyperplanes is denoted by Bγ,τ :
Bγ,τ = {β ∈ Rp |∃i : ri (β) = (τ − 1)γ or ri (β) = τ γ}.

(2.8)



Deﬁne the sign vector sγ,τ (β) = (s1 (β), ..., sn (β)) by

 −1 if ri (β) ≤ (τ − 1)γ
0
if (τ − 1)γ ≤ ri (β) ≤ τ γ
si = si (β) =

1
if ri (β) ≥ τ γ
and introduce wi = wi (β) = 1 − s2i (β). Thus,
1 

Dγ,τ (β) = γr Wγ,τ r + v (s)r + c(s),
2

(2.9)

where Wγ,τ is the diagonal n by n matrix with diagonal elements
 w1 i (β),

[ 4 (1 −
v (s) = (s1 ((2τ − 1)s1 + 1)/2, ..., sn ((2τ − 1)sn + 1)/2), c(s) =

2τ )γsi − 14 s2i (1 − 2τ + 2τ 2 )γ], and r(β) = (r1 (β), ..., rn (β)) .
The gradient of Dγ,τ is given by


1

(1)
Wγ,τ (β)r(β) + g(s)
(2.10)
Dγ,τ (β) = −X
γ
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and for β ∈ Rp \Bγ,τ the Hessian exists and is given by
(2)
(β) =
Dγ,τ

1 
X Wγ,τ (β)X.
γ

(2.11)

The gradient is a continuous function in Rp , whereas the Hessian is piecewise
constant.
The smoothing algorithm for minimizing Dρτ is based on minimizing
Dγ,τ for a set of decreasing γ. The essential advantage of the smoothing
algorithm is that the solution β0,τ can be detected when γ > 0 is small
enough, i.e., it is not necessary to let γ converge to zero in order to ﬁnd a
minimizer of Dρτ . For every new value of γ, information from the previous
solution is utilized. The algorithm stops before going through the whole
sequence of γ, which is generated by the algorithm itself. The convergence
is indicated by no change of the status while γ goes through this sequence.
Therefore, the algorithm is usually called the ﬁnite smoothing algorithm.
For a given threshold γ, a modiﬁed Newton iteration is used. Starting
from an initial estimator βτ (γ), the search direction h is found by solving
the equation
(2)
(1)
(βτ (γ))h = Dγ,τ
(βτ (γ)).
Dγ,τ
(2)

(2.12)

If Dγ,τ is full rank, h is the solution to (2.12). Otherwise, if the system
(2.12) is consistent, then a consistent basic solution is used. If the system
(2)
(2.12) is not consistent, a Marquardt perturbation is used to Dγ,τ . After h
is computed, if sγ (βτ (γ) + h) = sγ (βτ (γ)), then βτ (γ) + h minimizes Dγ,τ ,
otherwise a line search is performed.
Another advantage of the smoothing algorithm is that, when solving

(2.12) for a new threshold γ , the factorization only needs a partial update
instead of a full update as in the interior point algorithm. This saves time
with large p.
Each of the previous three algorithms has its own advantages. None of
them can fully dominate the others. Although the simplex algorithm is slow
with a large number of observations, it is the most stable of the algorithms.
For various kinds of data, especially data with a large portion of outliers
and leverage points, the simplex algorithm always ﬁnd a solution, while the
other two algorithms might fail with ﬂoating point errors. The interior point
algorithm is very fast for slender data sets, which have a large number of
observations and a small number of covariates. The algorithm has a simple
structure and might be easily adopted to other situations, e.g., constrained
quantile regression. The ﬁnite smoothing algorithm is simple in theory for
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quantile regression, and has the advantage in computing speed with a large
number of covariates. Based on these facts, an adaptive algorithm by combining these three algorithms was suggested by Chen (2004) for practical
purposes. To further improve these algorithms, we explore implementing
some modern computing techniques in these algorithms in the following.
2.4. Optimization. Performance comparison of diﬀerent algorithms is
never easy because of the programming optimization, which includes both
coding and host optimizations. Even with the same algorithm, optimized
programming could show a signiﬁcant improvement in performance.
Coding optimization eliminates the codes that might keep compiler optimizer from generating optimal codes. The following approaches may be
considered:
a. Remove I/O from intensive loops.
b. Optimize or remove subprogram calls in intensive loops.
c. Eliminate complicated conditional operations in loops.
Most operating systems support basic computational routines. The library of these routines can be optimized with diﬀerent hosts with respect to
their special hardware and software environments. The improvement from
using these optimized routines can be signiﬁcant. For example, the interior
point and smoothing algorithms use a lot of inner and cross products. Using optimized routines for these two kinds of products signiﬁcantly improves
these algorithms. In our implementation, using the optimized product routines improves the the computing speed by over three times with the interior
point algorithm and over twice with the smoothing algorithm.
2.5. Parallelization. For computationally intensive problems, parallelization should always be considered when multiple processors are available. By
Ahmdal’s law, the speedup ratio depends on the percentage of parallelizable
codes in the algorithm. In practice, we should ﬁrst identify the most computationally intensive tasks in the algorithms, then explore the possibility
to parallelize these tasks. While the exact percentage of parallelizable codes
in an algorithm is hard to calculate, we give some empirical percentages of
time on which the three algorithms spend mostly. These percentages are
computed from results of proﬁling, which is a technique used in performance
testing. They are the averages of 10 repeats. The percentage changes with
the dimension of the data set. In Table 1, we show two extreme cases: a fat
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data set with 4000 observations and 100 covariates, and a slender data set
with 100000 observations and only 4 covariates.

Simplex

Table 1. Percentage of CPU Time
n×p
Percentage
Tasks
100000 × 4
> 90
changing rows
4000 × 100
> 80
pivoting

Interior Point

100000 × 4
4000 × 100

> 70
> 90

cross products
cross products

Smoothing

100000 × 4
4000 × 100

> 50
> 80

line search + partial updates
partial updates

Parallelizing the general simplex algorithm for dense problems has been
studied in the literature. A good survey is provided by Eckstein (1993).
However, the special version of the simplex algorithm described here does
not ﬁt those parallel formulations. From Table 1, we see that, for slender
data sets, most of the computing time with the simplex algorithm is spent
on changing rows, which is not parallelizable. For fat data sets, most of the
computing time is spent on pivoting, which is parallelizable. This indicates
that parallelizing the pivoting part of the simplex algorithm can improve its
performance with multiprocessors for data sets with large p.
For the interior point algorithm, most of the parallel formulations in the
literature focus on the parallelization of the Cholesky factorization. However, for the primal-dual with predictor-corrector interior point algorithm
implemented here, Table 1 shows that for either slender or fat data sets,
the majority of the computing time is spent on formulating and computing cross products. Therefore, an eﬃcient parallel algorithm for formulating
and computing cross products can greatly improve the performance with
multiprocessors, especially for data sets with large p.
Figure 2 displays the speedup achieved in our implementation of a parallel version of the interior point algorithm, together with the Ahmdal limit
and the linear speedup. The simulation is run on a Sun Solaris 8 conﬁgured
with 12 processors for data sets with 10000 observations and 200 variable.
The Ahmdal limit is based on the parallelizable fraction of 0.9, which is close
to the empirical percentage of time spent on cross products. The achieved
speedup is close to the Ahmdal limit.
Parallelization the smoothing algorithm has not been studied in the literature. Here we provide some simple insights. Table 1 shows that for slender
data sets, line search and partial updates cost up to half of the computing
time. Both tasks are parallelizable. For fat data sets, over 80% of the computing time is spent on partial updates, while line search is not signiﬁcantly
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Figure 2. Speedup of the Interior Point Algorithm

time consuming anymore.
The major overheads for parallel algorithms are the communication and
computation imbalance. However, the parallelizable tasks we identiﬁed in
the three algorithms are simple and easy to be distributed without signiﬁcant
overheads.
2.6. Sparse Computing. Sparse computing is another eﬃcient computational technique. In applications of quantile regression to nonparametric
functional data analysis and semiparametric longitudinal studies, the design
matrix X can have over 90% of zero elements. In sparse computing, these
zero elements are neither stored nor involved in the operations. Only nonzero
elements are stored and indexed with their positions in the original matrix.
This saves both storage and lots of ﬂoating point operations involving zeros
and can greatly improve the performance. To implement the sparse computing, Koenker and Ng (2003) have developed sparse algebra routines and
they have used these routines in the interior point algorithm. Speedups can
be substantial for some large problems (personal communication with Pin
Ng), especially for problem with large p. Implementing the sparse routines
into the simplex and smoothing algorithms is being investigated.
3

Computing Confidence Intervals

Several methods for computing conﬁdence intervals of the regression
quantiles have been proposed in the literature. They can be classiﬁed into
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three categories: the direct method, which computes the conﬁdence intervals
based on the asymptotic normality of the estimated regression quantiles;
the rank-score method, which computes the conﬁdence intervals based on
the inversion of the rank-score test; and the resampling method, which uses
the bootstrap technique. We refer to Koenker (1994) and Kocherginsky et
al. (2005) for details of these methods. In this section, we focus on three
methods: sparsity, rank-score, and MCMB as recommended by the previous
researches. After brieﬂy reviewing these methods, we discuss some computational issues, including identifying the computationally expensive tasks,
possibilities of optimization and parallelization. Motivated by applications
in nonparametric and semiparametric quantile regression, we compare their
performance with a large number of covariates.
3.1. Sparsity. Consider the linear model
yi = xi β + i ,

(3.1)

where { i }, i = 1, ..., n, are i.i.d. with the distribution function F and density
f = F  . Assume f (F −1 (τ )) > 0 in a neighborhood of τ . Under some mild
conditions
√
n(β̂(τ ) − β(τ )) → N (0, ω 2 (τ, F )Ω−1 ),
(3.2)

where ω 2 (τ, F ) = τ (1 − τ )/f 2 (F −1 (τ )) and Ω = limn→∞ n−1 xi xi . See
Koenker and Bassett (1978).
This asymptotic distribution for the regression quantile β̂(τ ) can be used
to construct conﬁdence intervals. However, a quantity - the reciprocal of the
density function
(3.3)
s(τ ) = [f (F −1 (τ ))]−1 ,
which is called the sparsity function, has to be estimated ﬁrst.
Since
d
(3.4)
s(t) = F −1 (t),
dt
s(t) can be estimated by the diﬀerence quotient of the empirical quantile
function, i.e.,
ŝn (t) = [F̂n−1 (t + hn ) − F̂n−1 (t − hn )]/2hn ,

(3.5)

where F̂n is an estimate of F −1 and hn is a bandwidth which tends to zero
as n → ∞. There are two options for the bandwidth: Boﬁnger bandwidth
and Hall-Sheather bandwidth.
This estimator of the sparsity function is very sensitive to the i.i.d. assumption. Alternately, Koenker and Machado (1999) considered the non
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i.i.d. case. By assuming the local linearity of the conditional quantile function Q(τ |x) in x, they proposed a local estimator of the density function
using diﬀerence quotient. A Huber sandwich estimate of the covariance and
standard error is computed and used to construct the conﬁdence limits. One
diﬃculty with this method is the selection of the bandwidth when using the
diﬀerence quotient. With small sample size, both Boﬁnger and Hall-Sheather
bandwidth tend to be too big to assure the local linearity of the conditional
quantile function. Some heuristic adjustments should be used in these cases.
For the i.i.d. case, the major computation is for Ω−1 . For the non i.i.d.
case, besides Ω−1 , two sets of regression quantiles at τ − hn and τ + hn need
to be computed. Optimized routines can be used and the sparsity method
is the fastest method.
3.2. Rank-Score. The classical theory of rank tests can be extended
to the test of the hypothesis H0 : β2 = η in the linear regression model
y = X1 β1 + X2 β2 + . See Gutenbrunner and Jurečková (1992). By inverting
this test, conﬁdence intervals for the regression quantile estimates of β2 may
be constructed. This method was proposed by Koenker (1994). The rankscore method avoids computing the sparsity function and is very robust to
model assumptions.
The rank-score function ân (t) = (ân1 (t), ..., ânn (t)) can be solved from
the dual
(3.6)
max{(y − X2 η) a|X1 a = (1 − t)X1 e, a ∈ [0, 1]n }.
a

For a ﬁxed quantile τ , integrating âni (t) with respect to the τ -quantile
score function
(3.7)
ϕτ (t) = τ − I(t < τ )
yields the τ -quantile scores:

b̂ni = −

1
0

ϕτ (t)dâni (t) = âni (τ ) − (1 − τ ).

(3.8)

Under the null hypothesis H0 : β2 = η
Sn (η) = n−1/2 X2 b̂n (η) → N (0, τ (1 − τ )Ωn ),
where Ωn = n−1 X2 (I − X1 (X1 X1 )−1 X1 )X2 .
Let
1
Sn (η)Ω−1/2
,
Tn (η) =
n
τ (1 − τ )

(3.9)

(3.10)
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then Tn (β̂2 (τ )) = 0 from the constraint X  â = (1 − τ )X  e in the full model.
A critical value can be speciﬁed for Tn . As explained in Koenker (1994),
the dual vector ân (η) is a piecewise constant in η and η may be altered
without compromising the optimality of ân (η) as long as the signs of the
residuals in the primal quantile regression problem do not change. When
η gets to such a boundary the solution does change, but may be restored
by taking one simplex pivot. The process may continue in this way until
Tn (η), which is monotone in η, exceeds the speciﬁed critical value. This
procedure uses parametric programming and can be computed using the
simplex algorithm of Koenker and d’Orey (1993), which requires a total of
O(np log n) pivots. The computational complexity is exponential in n and p.
This makes the rank-score method very slow for middle or large sized data
sets, even optimization and parallelization won’t speedup too much. One
alternative is using a faster algorithm rather than the simplex algorithm
for the parametric programming. We are investigating using the smoothing
algorithm for the parametric programming.
3.3. Resampling. The bootstrap can be implemented to compute conﬁdence intervals for the regression quantile. As in other regression applications, both the residual bootstrap and the xy-pair bootstrap can be used.
The former assumes i.i.d. random errors and resamples from the residual,
while the later resamples xy pairs and accommodates some forms of heteroscedasticity. Koenker (1994) considered a more interesting resampling
mechanism - resampling directly from the full regression quantile process,
which he called the Heqf bootstrap.
Unlike these bootstrap methods, Parzen, Wei, and Ying (1994) observed
that
n

xi (τ − I(yi ≤ xi b)),
(3.11)
S(b) = n−1/2
i=1

which is the estimating equation for the τ th regression quantile, is a pivotal
quantity for the true parameter βτ , i.e., its distribution may be generated
exactly by a random vector U which is a weighted sum of independent,
re-centered Bernoulli variables. They further showed that for large n the
distribution of β̂(τ )−βτ can be approximated by the conditional distribution
of β̂U − β̂n (τ ), where β̂U solves an augmented quantile regression problem
with n + 1 observation and xn+1 = −n−1/2 u/τ and yn+1 is suﬃciently large
for a given realization of u. This approach, by exploiting the asymptotically
pivotal role of the quantile regression “gradient condition”, also achieves
some robustness to certain heteroscedasticity.
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Although the bootstrap method by Parzen, Wei, and Ying (1994) is
much simpler, it is still too time consuming for relatively large data sets,
especially for high-dimensional data sets. He and Hu (2002) developed a
new general resampling method, referred to as the Markov chain marginal
bootstrap (MCMB). For quantile regression, the MCMB method has the
advantage that it solves p one-dimensional equations instead of p-dimensional
equations as do the previous bootstrap methods. This greatly improves the
feasibility of the resampling method in computing conﬁdence intervals. Since
rasampling methods achieve the stability only for relatively large data sets,
they are not recommended for small data sets (n < 5000 and p < 20). We
refer to Kocherginsky et al. (2005) for details of the MCMB algorithm.
The algorithm has several techniques to save the computing time. The key
one is to compute the one-dimensional regression quantile by a weighted
sample quantile, which can be eﬃciently computed by dividing the sample
into segments on some pre-estimated scale.
Diﬀerent from Kocherginsky et al. (2005), our implementation of the
MCMB algorithm does not resample from the residuals, but directly from
the weighted Bernoulli variables as in Parzen, Wei, and Ying (1994). The resulting MCMB conﬁdence intervals usually do not depend on the resampling
methods, since they lead to the same limit distribution. However, resampling
from the weighted Bernoulli variables is somehow more robust. Besides, we
use a MCMB chain of length 20 instead of 10 for the initial scale estimation
to gain a better stability. With our implementation, the majority of the
computing time is spent on resampling the weighted Bernoulli variables and
sorting the sample in the middle segments. Optimal routines for these tasks
could be used. Parallelization of these tasks is also straight-forward.
3.4. Performance with Large P. Based on Monte Carlo simulation, Kocherginsky et al. (2005) elaborate the comparison among the existing methods of
constructing conﬁdence intervals in quantile regression. The performances
of these methods were well assessed under a wide range of models; from
simple linear model with i.i.d. random errors to more demanding ones containing sever heteroscedastic, or highly skewed errors. They give suggestions
on suitable methods depending on the sample sizes. Particularly, they recommend rank-score and MCMB due to their robustness or computational
eﬃciency. Their simulations are based on models with small p. However, in
applications of quantile regression to survey data analysis and longitudinal
studies, the number of covariates could be considerably large. As the number
of covariate increases, the underlying asymptotic results might be questionable, which could result in poor conﬁdence interval estimates. Therefore, it
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is helpful to assess the performances of the conﬁdence interval methods for
large p.
First, we compare performances of the three methods based on the coverage probability. For the sparsity method, we include both the i.i.d. and
non i.i.d. cases. Data are generated from a simple linear model
y =1+

p


βj xj + e,

(3.12)

j=1

where xj , j = 1, ..., p, and e are i.i.d. standard normal variables. β1 and β2
take value 1 and βj , 2 < j ≤ p take value 0. Due to the symmetry in x1 and
x2 , the average results for β1 and β2 with quantile 0.5 are reported. This
model corresponds to Model 1 of Kocherginsky et al. (2005).

Table 2. Coverage Probability (C) and Length(L) for 90%
Confidence Intervals
p
n
Method
C
L
iid
0.6700 0.1412
20
100
nid
0.8700 0.2154
rank
0.8950 0.2287
mcmb
0.9250 0.2429
iid
nid
rank
mcmb

0.8650
0.8500
0.9250
0.9225

0.0815
0.0785
0.0936
0.0914

iid
nid
rank
mcmb

0.6875
0.8175
0.8975
0.8875

0.0575
0.0768
0.0945
0.0921

1000

iid
nid
mcmb

0.7950
0.8100
0.8925

0.0493
0.0504
0.0632

100

500

iid
nid
mcmb

0.1500
0.9125
0.8700

0.0105
0.0937
0.1032

100

1000

iid
nid
mcmb

0.5725
0.8225
0.8900

0.0322
0.0543
0.0635

20

500

50

500

50

Table 2 displays the coverage probabilities and lengths for the 90% conﬁdence intervals of regression quantiles with several n-p combinations. The
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Monte-Carlo sample size is 200 for each setting. For the last three n-p combinations, we skipped the runs for rank-score method because they took too
much time. Table 2 indicates that for large p, the sparsity methods, especially the one assumes the i.i.d. errors, have poor performances. This is
diﬀerent from the conclusions of Kocherginsky et al. (2005), in which only
models with small p were considered. The performance generally becomes
better as the sample size increases except the sparsity method with non-i.i.d.
errors. The simulated results also indicate that both rank-score and MCMB
have good performances with large p. That reinforces the recommendations
by Kocherginsky et al. (2005).
Second, we compare the computing speed between MCMB and rankscore. Both methods need to compute the regression quantiles ﬁrst. We use
the simplex algorithm for both methods, since the rank-score method bases
on the simplex pivoting. We begin from middle sized p (20) to large p (500)
and choose n properly. Data are generated from linear models as in (3.12)
with diﬀerent combinations of n and p. We skip the sparsity method, which
is known as computationally eﬃcient and thus not much comparable.
Table 3. CPU Time in Seconds
p
n
rank-score MCMB
20
100
0.26
0.20
500
1.71
0.79
1000
6.60
1.43
5000
113.45
14.96
10000
310.99
30.23
50
100
1.17
1.37
500
17.09
1.93
1000
71.57
3.89
5000
839.43
40.12
10000
2245.93
76.39
100
500
112.64
3.92
1000
378.23
8.07
5000
3983.73
80.96
10000
10592.57
160.84
200
500
679.48
13.40
1000
2112.54
18.40
5000
> 4 hours
184.04
500
1000
> 4 hours
279.54
5000
> 6 hours
629.25
10000 > 6 hours 1314.92

Table 3 displays the CPU time for computing the conﬁdence intervals
of the p parameters. The simulations were run on a DELL GX260T with
1.8GHz and 512MB of RAM. We see that for the same n, the ratio between
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the CPU time of rank-score and that of MCMB increases exponentially with
p. We stopped the last four runs for rank-score since they took too much
time. These results further promote the MCMB method for data sets with
large p.
4

Discussions

In the previous two sections, we present the most advanced methods for
computing regression quantiles and their conﬁdence intervals. To build optimal, reliable, and eﬃcient computational tools with these methods, we give
some insights for combining them with some modern computing techniques.
While we are trying to include all computational issues, no doubt, there are
some good techniques or algorithms we do not cover here. One example
is the preprocessing proposed by Pontnoy and Koenker (1997). We have
implemented this technique with both the interior point algorithm and the
smoothing algorithm and seen evident performance improvements for the
slender data sets. Some concerns should also be addressed when using this
technique. We refer to Chen (2003) for more details.
The methods and algorithms described in this paper are not the ﬁnal
solutions of the computational issues in quantile regression. There is still
room for improvements. Kocherginsky et al. (2005) recommended that for
very large data sets, the non i.i.d. sparsity method should be used. However,
we experienced that this method does not give better performance with
larger sample size. This might be related to the bandwidth selection. The
rank-score method has very good coverage probabilities. It is stable for small
data sets. But it is slow even with middle sized data sets. Optimizing the
simplex pivoting improves its speed, but still does not make it comparable
to MCMB. Using a faster algorithm rather than the simplex pivoting might
be a solution.
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