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Abstract

In this paper we present asymptotic estimates of level crossing probabilities
from a Bayesian point of view, based on large deviations. For the Bayesian
analysis we choose a finite mixture of conjugate prior distributions to model
the uncertainty on the unknown parameters of the two classes of stochastic
processes considered: the Brownian motion and the compound Poisson pro-
cess with upward jumps and negative drift. The estimates of level crossing
probabilities are derived as a consequence of large deviation principles for
posterior distributions.
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1 Introduction

Level crossing probabilities estimation has become important in sev-
eral fields like mathematical risk theory connected with insurance problems,
queueing theory and many others. In this paper we estimate the probabili-
ties that some real valued stochastic processes cross a positive level from a,
Bayesian point of view.

More precisely we assume (Zf ) to be a real valued stochastic process
starting at zero with unknown parameter § € © and we define T (f) as the
first time at which (Zf ) reaches a positive level @ i.e.

Ty () :inf{tZO:Zf > Q}.
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Since the true value of 6 is unknown, one may wish to asses the probability
to cross a positive level based on experience. This leads us to consider the
so called predictive level crossing probability

/@ p(Q, 0)m(d0][datal,), (L1)

where p(Q,0) = P(Tg(6) < o) is the probability that the process crosses the
positive level ) when the parameter # € © and «(-|[data],) is the posterior
distribution of @ given an i.i.d. n-sample from (Zf )

From a gambler’s point of view, if a gambler has initial capital @), then
p(Q, 0) is the probability of ultimate ruin and (1.1) is the predictive proba-
bility of ruin.

For the estimation of (1.1) we choose a finite mixture of conjugate prior
distributions to model the uncertainty on the unknown parameter 6 of the
two classes of stochastic processes considered: the Brownian motion and
the compound Poisson process with upward jumps and negative drift. This
approach can lead to a full statistical analysis, capturing all the uncertainties
related to the crossing probability estimation; other approaches based on

estimation of p(Q, #), where 6 is an estimate of 6, can give a very misleading
inference (Ganesh et al., 1998).

The two classes of stochastic processes considered in this paper are widely
used in the literature; in particular in insurance theory, the compound Pois-
son process with upward jumps and negative drift is the claim surplus pro-
cess for the so called Cramér-Lundberg model (Embrechts et al., 1997) or
compound Poisson model (Asmussen, 1987).

In what follows we present an asymptotic Bayesian analysis based on
large deviations (Dembo and Zeitouni, 1993); in particular we show the
large deviations for the posterior distributions as the sample n goes to infinity
under the assumption of the convergence of some suitable sufficient statistics
to some limit value. We refer to Theorem 1 of Ganesh and O’Connell (2000)
when we deal with the compound Poisson process and we choose a Dirichlet
process prior (Ferguson, 1973) for the unknown common law of the jumps. In
all of the other cases we apply Gértner Ellis Theorem (Dembo and Zeitouni,
1993).

Starting from the large deviations of posterior distributions we derive two
kinds of large deviation estimates of predictive level crossing probabilities
using Varadhan’s Lemma (Dembo and Zeitouni, 1993): one when the level
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@ goes to infinity setting p(Q, ) = p(qn,#) for some fixed g > 0, the other
inspired by the so called slow Markov walk limit (Asmussen and Nielsen,
1995, Example 1 and Theorem 2) setting p(Q,0) = p(q,6(n)) for some fixed
q > 0 and 6(n) chosen in a suitable way. The slow Markov walk limit for
the Brownian motion consists of letting the variance parameter go to zero;
for the compound Poisson process the intensity of the underlying Poisson
process diverges at the same rate at which the jumps go to zero.

Some of the results presented here are a generalization of those pre-
sented in Macci (2004). Other papers on large deviations in Bayesian set-
ting with a similar approach are Ganesh and O’Connell (1998), Ganesh and
O’Connell (2000), Paschalidis and Vassiralas (2001) and Eichelsbacher and
Ganesh (2002). Fu and Kass (1988) presented some results on the same topic
with a different approach. Some asymptotic results for posterior distribution
under mixture of conjugate priors can be found in Brunner and Lo (1996).
A non-asymptotic Bayesian analysis for the gambler’s ruin problem has been
considered by Tsay and Tsao (2003).

We conclude with the outline of the paper. In section 2 we consider some
preliminaries on large deviations and we discuss the choice of the prior distri-
bution. Results on Brownian motion are presented in section 3 where large
deviation principles for posterior distributions are stated for the multivariate
cases when both drift and precision are unknown; we restrict our attention
on the univariate cases when we estimate the predictive level crossing prob-
abilities. Results on compound Poisson process are presented in section 4
where we consider different possibilities for the common law ¢ of the jumps.
Some concluding remarks on the differences between the Bayesian approach
and the frequentist approach are presented in section 5. The appendix at
the end of the paper is devoted to recall the statements of Gartner Ellis
Theorem and Varadhan’s Lemma.

2 Preliminaries

2.1.  Preliminaries on large deviations. Let Q) be a Hausdorff topological
space with Borel o-algebra Bq and let a lower semicontinuous function I :
Q2 — [0, o0] be called a rate function; then a sequence of probability measures
() on (92, Bq) satisfies the large deviation principle (LDP hereafter) with
rate function I if

1
limsup — log v, (F) < — inf I(w) (VF closed)

n—oo N weF
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and

lim infl log vy (G) > — inf I(w) (VG open).

n—oo 1N wel@

A rate function I is good if all the level sets
{we: Iw) <a} (a>0)

are compact sets.

A sequence of Q-valued random variables (Y;,) satisfies the LDP if the in-
equalities above hold with v, = P(Y,, € -). When dealing with posterior
distributions, we have a family of random probability measures which satis-
fies the LDP almost surely.

Since in this paper the rate functions can be expressed in terms of the
relative entropy, let us recall some definitions and some useful formulae con-
cerning Normal, Gamma and Poisson distributions.

Let v1 and v be two probability measures on the same measurable space
(©,Bq). The relative entropy of v; with respect to vy is

H(vi|v) = Jo log (2 (@)vi(dw) if 11 K v,
o o0 otherwise.

It is known that H(vi|rn) is nonnegative and is equal to zero if and only if
v1 = e (Kullback, 1959).

Let Ny » be a d-variate normal distribution with mean vector m and
precision matrix R = X ~!. Then, if we denote the transpose of x by ', we
have

H(Nyy r-1|Npy 1) =

/log (det R/(27)):
S L(det R/ (2m))

exp(—
exp(—

R ol

(x — m1)' Rz — ml))]

%
%(m —my)' R(x — my))

N

1
x (det R/(2r)) exp(—i(m —my)'R(z — ml))dm,
and one can check that

1
H (Npn, g=1|Npny p-1) = 5(m1 —my) R(m1 — my). (2.1)



BAYESIAN ESTIMATION OF LEVEL CROSSING PROBABILITIES 65

The relative entropy between two Gamma distributions G, g, and G, g,
is
00 Fﬁ_?gozflefﬁlg BO‘
H(Gaa61|GC¥,ﬁ2) :/ log (a) 1 gaflefﬁlgdg
0

F‘Zi) ga—1e—620 | T(a)

_ (B B2
_O‘(ﬁl ! 10g(51>>’

and the relative entropy between two Poisson distributions Py, and P, is

k
H(Py IP) =S 1 e ) M N tog (A1) A +a
(P, | /\z)—z 0g T € = Ay log N/ 1+ A2

In view of what follows it is useful to recall the following formulae. The
first one relates the relative entropies between Gamma distributions to the
one between Poisson distributions:

H(P;|P)) = \H (GLX|G1,A> (N> 0). (2.2)

The second one is useful when we apply Gartner Ellis Theorem with Gamma
distributions: For «, 3 > 0,

igg[’y@—alog(ﬁ"%)]:{ Z‘O( g—l—log(ﬁ%)>:H (Ga,%|Ga,0> ii zzg
(2.3)

2.2.  The choice of prior distribution on the unknown parameters. In
Bayesian inference the role played by the prior distribution is crucial so its
careful specification is of great importance. The use of conjugate families
for prior distributions has been criticized as being too restrictive. On the
other hand, in problems related with large deviations, some hypotheses on
prior distribution seem to be necessary: Ganesh and O’Connell (1998, Intro-
duction) pointed out that the large deviation results can be stated without
additional assumptions on prior distributions only when the sample space is
finite.

In our case, the choice of a mixture of conjugate prior distributions to
model uncertainty on the parameter 6 of (Zf ) can be a good compromise.
They are flexible enough to represent a wide variety of prior beliefs; moreover
Diaconis and Ylvisaker (1985) and Dalal and Hall (1983) prove that they can
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approximate any distribution arbitrarily accurately. Although the accuracy
of approximation may require the use of many distributions in the mixture, a
small number of them can capture a wide variety of forms and characteristics
of prior beliefs.

Let € be the unknown parameter of the process (Zf ) Consider 7 as the
prior distribution on 6 which can be written as a finite mixture of conjugate
prior distributions 7;:

k
T = E piT;
i=1

where pq,...,p;r > 0 such that Zlepi =1, are known weights.
In this paper we show that the application of Gartner Ellis Theorem to
derive the LDP for posterior distributions, is preserved under finite mixtures
of conjugate priors. This result is a consequence of the following Lemma 2.1
which is proved as a more general result concerning any finite mixture of
prior distributions not necessarily conjugate.

LEMMA 2.1. Let us consider k > 1, p1,...,pr > 0 such that Ele p; =
1, some prior distributions my,..., 7 and their mizture m = Elepim
with weights p1,...,pr. Let us denote the posterior distributions concern-
ing m,..., 7, by m(-|[dataly),..., mx(-|[data],), 7(-|[data],) respectively.
Furthermore let f be a measurable function. Assume that there exists the
limit

A(f) = lim Llog / e/, (d6|[datal,),

n—oo N

with A(f) € (—o0, 00] which does not depend on i € {1,...,k}. Then

A(f) = lim l1og / " (d|[datal,,). (2.4)

n—oo N

PrOOF. It is known (O’Hagan and Forster, 2004) that the posterior
distribution 7 (-|[data],) can be expressed as a suitable finite mixture of the
posterior distributions 7y (-|[datal,), ..., 7, (-|[data],) with weights depend-
ing on pi,...,pr and on [data],; more precisely we have

k

7(-|[data],) = Zpi([data]n)m(-|[data]n),
i=1
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where p; ([datal,), ..., pk([data],) > 0 such that Zle pi([data],) = 1. Thus
we have

k
/ e/ O (do|[datal,) = pi([datal,) / " )i (dB|[datal,,).
=1

Then we consider two separate cases.

Case A(f) < oo. For all £ > 0 there exists T such that for all n > 7 we have
A=) o / 1O, (db|[datal,) < "D (vi e {1, k});

then, by multiplying by p;([data], ) and by taking the sum over i € {1,...,k},
we obtain

(A()—2) o / 1) (d|[data]) < "M+,
and (2.4) holds.

Case A(f) = co. For all M > 0 there exists i such that for all n > 1 we
have

/e"fw)m(dm[data]n) > ™M (Vie {1,...,k});

then, by multiplying by p;([data],) and by taking the sum over i € {1,...,k},
we obtain

/ IO (6| [datal,) > e,

and (2.4) holds. O

3 Bayesian analysis for Brownian motion

Let (Zf) be a l-variate Brownian motion starting at zero, with 6 =
(m,r~'), where m € R is the drift and » > 0 is the precision. In this case
the level crossing probabilities have the following simple expression:

P(Tg(m,r™") < 00) = e~ HQ where w(m,r™ 1) = max{(), —2m7"_1}.
(3.1)
Furthermore §(n) = (m, (nr) ') is the choice for the slow Markov walk limit.
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In the next subsections we prove Bayesian LDPs for a d-variate Brownian
motion (Zt(m’Ril)) starting at the origin, where m € R? and R are respec-
tively the drift vector and the precision matrix. We state the results for
three cases: when the drift is unknown and the precision is known (subsec-
tion 3.1), when the precision is unknown and the drift is known (subsection
3.2) and when both the drift and precision are unknown (subsection 3.3). In
each case the prior distribution of the corresponding unknown parameter is

modelled with mixture of conjugate prior distributions when the data is

m,R~1! m,R~! m,R~! m.R1! m,R~1!
[datal, = (2{™"7, 2™ = Z(m 0 g {mR ) - Z (),

n

Once the LDP is proved, we obtain the large deviation estimates of the
predictive level crossing probabilities in the univariate case.

3.1.  First case: unknown drift and known precision. Let (Zt(m’R_l))

be a d-variate Brownian motion starting at zero with unknown drift m € R?
and known precision matrix R. Let X, be defined as:

_ 1 ,R™1 R n
Xo= =Y (7m0 ) - ) = S (3.2)

It is known (DeGroot, 1970) that, given any d-variate Normal prior distri-
bution N Ryl onm, the posterior distribution is

N, Ral(-|[data]n) =N,

—1
mo, my, Ry

where m,, = (Ry + nR) '(Rymo +nRX,) and R, = Ry + nR.
LEMMA 3.1. Let k > 1, p1,...,pr > 0 such that Zlepi =1 and let
us consider the prior distribution ™ = Zle piNmO(i) RT'() oM M- Assume

X, — m asn — oco. Then (w(-|[data],)) satisfies the LDP with good rate
function I; defined by Iz (m) = H (N 1[Ny g-1) (with m € R?).
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PROOF. Let 4 € R? be arbitrarily fixed. Then, since X,, — m as
n — oo, for any conjugate prior distribution N, LRyl We have

1 L
Am(y) = lim —log /R YN, s (dm[datal,)
o L / 1 P
= HILI{:O - log exp (n’y my, + §(n'y) R, (nfy)>
R /R — 1 ,(R -
= lim «/ (—0 +R> <—0m0 +RXn> + = (—0 +R> y
n—oo n n 2

Furthermore

1 /
lim — log/ "V M (dml[datal,) = Ap ()
Rd

n—oo N

by Lemma 2.1. Then, by Gértner Ellis Theorem, (7(-|[datal,)) satisfies the
LDP with good rate function Iz; = A% defined by

A%(m) = sup [y'm — Az (v)] = H (Njo,g-1[Nm,r-1)

~yERC
where the latter equality follows from (2.1). O
Let us consider now d = 1 i.e. the univariate Brownian motion case

and investigate the estimation of level crossing probabilities. For the next
Proposition, the following function (of ¢ > 0) is useful:
_[m(mvr_l)](Q) = sup [—qw(m,r_l) - H (Nﬁz,r—1|Nm,r—1)] .
meR

PROPOSITION 3.1. Let d = 1. Furthermore let kK > 1, p1,...,pp > 0
such that Ele pi = 1 and consider the mixture of prior distributions w =
ZlepiNmo(i),rgl(z’)' Assume X,, — m as n — oo. Then, for all ¢ > 0, we
have

Tim Elog / P(Ty(m,r") < oo)m(dml[data],) = —[w (i, )](g)
and

nlggo - log/ P(T, 1) < oo)m(dm|[data),) = —[w(m, " ")](q).

PROOF. It is an immediate consequence of Lemma 3.1 with d = 1 and of
Varadhan’s Lemma which can be applied since the function m — e—qw(mr=)
is continuous. a
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3.2.  Second case: the drift is known and the precision is unknown. Let
-1
(Zt(m’R )> be a d-variate Brownian motion starting at zero with known drift

m € R? and precision matrix R, where # > 0 is an unknown parameter
and R is a known matrix. Let T', be defined as follows:

1

—3 (g - g - m) Rz~ 2D — ).
k=1

T,

k—1

It is known (DeGroot, 1970) that, given any Gamma prior distribution G, g
on 6, the posterior distribution is

Gap(l[datal,) = Ga,,p,»

where «, :oz+”7d and 8, = B+ %Tn.

LEMMA 3.2. Let k > 1, pq,

..,Pk > 0 such that Zle p; =1 and let us
consider the prior distribution ™ = ZlepiGa(i) B(i)

~oon 0. Assume T, — 2%
as n — oo. Then (m(-|[data],)) satisfies the LDP with good rate function Iy
defined by

ro <[ (GuglGsy) if0O>0,
00 if 6 <0.

PROOF. Let v € R be arbitrarily fixed. Then, since T, — 25 A8 1 — 00,
for any conjugate prior distribution G, g we have

Ag(y) = Jim % log /OOO €' G, 5(d0|[datal,) =
A
= lim { %log@ﬁm) if ny <fn _ %log(%?"_v) if v < &
n—oo | o if ny > 6, 00 if’)’ZZ%
Furthermore

1 *©
im — ny0 = A~
nhm - log/0 e""r(df|[datal,) Ae(fy)

by Lemma 2.1. Then, by Gértner Ellis Theorem, (7(-|[data],)) satisfies the
LDP with good rate function I; = A% defined by

HGdA|Gd) if 0> 0
A%(0) = sup[y0 — A ()] = ( 2,017 5.0 ’
5(0) = supin0 — A5() { : oot
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where the latter equality follows from (2.3) with a = % and 8 = 2%- O

To estimate the level crossing probabilities in the univariate case it is
useful to consider the following function (of ¢ > 0):

~

—[@(m, 0 "))(a) = sup [~qu (m,81) — H (G1 51G1,)] -
0>0 2’ 22
ProprOSITION 3.2. Let d = 1. Furthermore let k > 1, p1,...,px >
0 such that Elepi = 1 and let us consider the prior distribution © =
ElepiGa(i)’g(i) . Assume T, — 2% as n — oo. Then, for all ¢ > 0, we
have

lim 1 log /000 P(an(m,ﬁ_l) < oo)m(df|[data),) = —[E(m,g_l)](q)

n—oo N

and

lim ! log /000 P(Ty(m, (n0)~") < oo)r(df|[datal,) = —[@(m,0")](q).

n—oo N

PROOF. It is an immediate consequence of Lemma 3.2 with d = 1 and of

Varadhan’s Lemma which can be applied since the function 6 — e—qw(m,0)

is continuous. |
-1

3.8.  Third case: unknown drift and precision. Let (Zt(m’R )) be a d-

variate Brownian motion starting at zero where both the drift m € R? and
6 > 0 of the precision matrix R are unknown (we assume R to be known).
Let X,, be as in (3.2) and let S, be defined as follows:

Su=o Xn: (2" - Zm) - Yn)IR(ZIEm’R_l’ -z - X)),

It is known (DeGroot, 1970) that, given any d-variate Normal-Gamma prior
distribution NG, 37, on (m,0) (we recall that a,8 > 0, 7 is a d x d
symmetric positive definite matrix and g € R?), the posterior distribution
is

NGoprp(lldataln) = NG, g, 7., 5

where p,, = (nR+T7) Y (tu+nRX,), ay = a+ %d, Bn=0B+%5Sn+ %(/J’n -
w)'7(X, —p) and 7, =nR+ 1.

In the next Proposition we show that we can apply Gartner Ellis Theo-
rem to the sequence of marginal posterior distributions on 8 but not to the
sequence of posterior distributions on (m, ).
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PrROPOSITION 3.3. Let k > 1, p1,...,pr > 0 such that Zlepi =1
and let us consider the prior distribution ™ = Zf:lpiNGa(i),ﬁ(i),T(i),p,(i) on
(m,0). Assume X, — m and S,, — 2%
marginal distributions (m(R? x -|[data],)) satisfies the LDP with good rate
function Imﬁ defined by

as n — o0o. Then the sequence of

H (G%,§|G%79) it 0 >0,
9 if 8 <0.

Imﬁ(o) = {

PROOF. Let (y1,72) € RY x R be arbitrarily fixed. Let us consider an
arbitrary conjugate prior distribution NG g7 ,. Then we have

/ rimndlI NG, o (dm, df)[datal,,)
R2x(0,00)

0
— [ G @) [ Ny (g dm)e i
0 Rd Y

9
:/ Ga B (de)en’maen'y,l“n"'%(n'Vl)’Tn(n’Yl)
0

—e™Y1 B /oo derfgn ) oa"7167([3”7“72)96%(n71)17"("71)
0 On

en’y’l 7. ( ﬁn >an %
Bn — 12

al " aplln “&-T—f)“”o%wnmeemwm if ny2 < B,
0 n

00 if nyy > .
Let us recall that

/ > dgwgan16(mnmee;e(nvl)'m(ml)
0 r (7%

is the moment generating function of an Inverse Gamma distributed random
variable with parameters (a,, 3,) computed at 2 = 1 (nvy;)'7,,(ny;). Then,
since the k-th moment is finite if and only if £ < ay,, we have

/ e"MmEnlING, 5 (dm, df|[datal,)
R4 x (0,00)

Qp
_ { (mﬁryz) if v, =0 and nys < By,

00 otherwise.
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The infinite value for 4; # 0 is not surprising, since it is known that
NG g7 u(- x (0,00)|[data],) is a ¢ distribution, which has heavy tail.

In conclusion, we can define the function A_. 5 by the following limit:

Az g 72) = lim —log/ "M IRING, 5 - (dm x d6)|[datal,)
e JRIx(0,00)

d
20 ; — d
log <29 72) if v, =0 and vy < %
o0 otherwise.

Furthermore

. 1 n[vym+y20 —
i o | oy & T x 0 daia) = A 0, 72)
by Lemma 2.1. In this situation, if we want to prove the LDP for the sequence
(m(-|[data],)), we cannot apply Gértner Ellis Theorem because AA ~1is not fi-
nite in a neighborhood of the origin (,,7v2) = (0,0). On the other hand it is
possible to apply Gartner Ellis Theorem to the sequence of marginal distribu-
tions (m(R¢ x -|[data),,)) since Aﬁ’a(O, -) is a finite function in a neighborhood
of the origin 75 = 0. For this reason we can conclude that (7(R¢ x -|[data],,))
satisfies the LDP with good rate function I 5 = [Amﬁ(o, ¥, where

H (G445 Ga ) ifg>0
A_. 5(0,-)]"(8) = sup [y20 — A 5(0 ( 201720 ’
A 010 7261]1){[72 (0721 = { oo if 6 <0,

and the latter equality follows from (2.3) with o = £ and 8 = O

%)P&

The rate function IA 7 in Proposition 3.3 coincides with the rate function
I; in Lemma 3.2 concernlng the case with mean m known; this fact seems
to be not surprising because I 5 does not depend on the limit m of X,,.

4 Bayesian Analysis for Compound Poisson Process

Let (Zf ) be a compound Poisson process with upwards jumps and neg-
ative drift; more precisely let us write Z/ = fcvil By, — ct, where: (Ny) is
a homogeneous Poisson Process with intensity A; (By) is a sequence of i.i.d.
positive random variables and independent of (N;); ¢ > 0 is a constant (we
avoid the trivial case ¢ < 0 since (Zf) crosses any positive level with proba-
bility 1).
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The common law and the common moment generating function of the ran-
dom variables (By) are denoted by £ and G, respectively. Furthermore we
represent N; as Ny = ) ;< 17447 <, Where (T}) is a sequence of i.i.d.
exponentially distributed random variables with failure rate .

In the compound Poisson process case the unknown parameter is 6 =
(A, £) and, denoting the common law of the random variables (%) by %Z,

we choose 0(n) = <n>\, %Z) for the slow Markov walk limit.

Before showing the LDP for the posterior distributions and evaluating the
corresponding level crossing probabilities, let us give some preliminary re-
sults and notation useful for the following sections.

Consider w(A, £) defined as follows

w(\ ) = sup{fy >0:AGe(y)—1)—ey < 0},
for which it is true that

w(n)\, %E) = nw(A,£). (4.1)

In the next sections we focus on estimation of level crossing probability
when the law / is concentrated on [0, M] for some M > 0 (we always consider
M < o0) and when ¢ = exp(f) i.e. £ is the exponential distribution with
failure rate . In all of the cases we have the Lundberg’s inequality

P(To(M\,0) < 00) < e vM0@ (4.2)

(Asmussen, 1987).

When ¢ is concentrated on [0, M] we can consider a refinement of the
Lundberg’s inequality

e_w(A’E)(Q‘FM) S P(TQ(}\,E) < OO) S e—w()\ye)Q_ (43)

Using (4.3) we have
1
PO (a+) < P(Tyn(M,0) < oo),P(Tq (n)\, —€> < oo) < emmw0g
n

which is trivial for P(Ty,(X,¢) < oo), while for P(Tq (n)\, %E) < oo) we
have to take into account (4.1) and (4.3) with 1¢ and 2 in place of £ and M
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respectively. Thus, for all ¢ > 0, there exists n. > 1 such that for all n > n,.:

e mOETE) < P(Tyn (N, 0) < 00), P(Tq (n)\, %e) < oo) < e w0,

(4.4)
It is important to remark that, if £ is not concentrated on a bounded set, we
cannot have the lower bounds in (4.3) and (4.4).

When we assume £ = exp(/3) it is easy to show that

max{fc—A,0}  min{\ — fc,0}
c T c

w(A, exp(B)) =

and we have the closed formula

P(Tg(Aexp(8)) < o) = (1 - M)e—wum(mm (45)

(Embrechts et al., 1997).

In this section we prove the LDP for the posterior distributions of 8 and
evaluate the predictive level crossing probability in the following cases: the
distribution ¢ is unknown and concentrated on [0, M] for some M > 0; the
distribution ¢ is known and concentrated on [0, M] for some M > 0; the
distribution £ = exp(f) and we assume 8 = kX where A is unknown and
k > 0 is known.

4.1.  The distribution £ is unknown and concentrated on [0, M| for some
M > 0. Let (Zt(/\’é)) be the compound Poisson process presented above and
assume the common distribution ¢ of the random variables (By) concen-
trated on [0, M]. We denote the family of all probability measures on [0, M]
by M;[0, M], where we assume M;[0, M] is equipped with the topology of
the weak convergence, and by M [0, M] the family of all finite nonnegative
measures on [0, M].

We choose 7 ® D,, as the prior distribution for § = (X, ¢) where

k
m =3 piGagi) )
=1

is a finite mixture of Gamma conjugate priors on A and D,, is the Dirichlet
process prior for ¢ with parameter p € M[0, M] (Ferguson, 1973). The
support of D, will be denoted by supp(D,).
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For the large deviation Bayesian analysis the n-sample is
[data]n = ((Bl,Tl), ey (Bn,Tn))

and the sufficient statistics (£,,T,) is defined by the _empirical law 0, =
LS 10, of {B1,...,By,} and the empirical mean T, = 130 | T}, of
{Th,...,Ty}.

The next Lemma provides the LDP for the posterior distributions on the
parameter 6.

LEMMA 4.1. Let k > 1, p1,...,pr > 0 such that Elepi = 1. Let us con-
sider the prior distribution 1®D,, on (X, /) , where m = Zle PiGai)p(iy- As-
sume T, — L and €, > 0 € supp(D,,) as n — co. Then (7 @ D, (+|[data]y))
satisfies the LDP with good rate function I5 5 defined by

H (Gl X|GL)\) + H(ZM) if A >0 and ¢ € supp(D,,),
00 otherwise.

L\ 0) = {

PROOF. Since the sequences (By) and (T} ) are independent of each other,
we have 1® D,,(-|[data],) is the product measure between «(-|T1,...,T),) and
D,(-|B1,...,By).

It is known (Ferguson, 1973) that D,(-|B1,...,B,) = Dy, , where p, =
4+ nly; moreover (D,,) satisfies the LDP with good rate function Jg)
defined by

7@ (0) = H(aé) if £ € supp(D,,)
¢ 00 otherwise
(Ganesh and O’Connell, 2000, Theorem 1).

To complete the proof we shall show that (n(-|T%,...,T})) satisfies the
LDP with good rate function I defined by

X
PO (GLX|G1,A> it A >0,
A 00 if A <0;

indeed, in such a case, 7® D, (+|[datal,) = 7(-|T1,...,T5)®D,(:|Bi,. .., Bn)
satisfies the LDP with good rate function I5 ; defined by

L0, 0) = 00 + 12 (0),
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In order to prove the LDP of (n(-|T%,...,Ty)), we recall (DeGroot,
1970) that choosing the conjugate prior distribution Gaﬁ_on A, we have
Gops(-|T1,...,Tn) = Gu, 8., Where a, = a+n, B, =+ nTy. Then

1 o0
Az(y) = lim —log/o "G g (dNT, .. Ty)

n—oo N

n 517. 1
T on log(ﬁnfm) if ny < By
oo | 0o if ny > 6y
1

: 1
_ log(%_7> 1f’y<X,
00 if'yZ%.

Furthermore

1 oo
lim — log/ e (dN|Ty,. .., T,) = A5 ()
0

n—oo N

by Lemma 2.1. Then, by Gértner Ellis Theorem, (7 (-|T%,...,T,)) satisfies
the LDP with good rate function JS) = A} defined by

H(G,51G10)  if A>0,
00 if A <0,

>

ASA) = suplyA = As(n)] = {

where the latter equality follows from (2.3) with & =1 and 8 = % O

In order to evaluate the large deviation predictive level crossing proba-
bilities stated in the following Proposition 4.1 we need a preliminary result
given in Lemma 4.2 and the following function (of g > 0):

~@Ol@) = swp [—qu(r0) — {H (G,5|G1) + HED}.
A>0,0esupp(D,,)

LEMMA 4.2. The function (X, £) — w(\,£) is continuous.

PROOF. To prove the statement we show that for any (X,£) € (0,00) X
M [0, M], limy, 00 w(Ap, £n) = w(A, £) for any sequence ((A\n,#y)) such that
limy, 500 (An, 2n) = (A, £).

For notational convenience we simply write w,, in place of w(A,,#,) for
any n > 1; moreover we consider the functions H and (H, : n > 1) defined
by

H(y) = MSe(v) =1) — ey and Hp(7) = An(Se, (v) = 1) — .



78 C. Macci and L. Petrella

We recall that, since (¢,) C M;[0,M] and [0, M] is a bounded set, for any
v € R we have lim,, o Gy, (7) = Ge(7) and consequently lim,, o Hy(7y) =
H(v). Furthermore we have H,(w,) = 0 for any n > 1; indeed each function
H,, is continuous, assumes finite values and H,(0) = 0.

We can say that there exist a, 8 € R such that o < w(\,£¢) < 8 (where
a and /8 depend on A and /) such that H(«) < 0 and H(S) > 0; thus there
exists m > 1 such that o < w, < 8 for all n > n. Moreover there exists a
subsequence (wn,)) of (wy,) such that limy_, . wy,x) = 7 for some 7 € [a, B].

If n < w(A,£) there exists n— € (n,w(A,£)) such that w, ;) < n- eventu-
ally, and we have

0 = Hpy(Wnr)) < Hyy(n-) = k00 H(n-) < H(w(A,£)) =0

which is impossible; similarly, if n > w(A\,£) there exists ny € (w(A,£),n)
such that wy,) > 14 eventually, and we have

0 = Hpy(Wn(ry) > Hy)(04) —k—00 H(ny) > H(w(A,£)) =0

which is impossible. In conclusion any convergent subsequence of (wy,) con-
verges to w(A,£) and this concludes the proof. Indeed, if lim, . w, =
w(A, £) is false, there exists g9 > 0 and a subsequence (w,,)) of (wy) such
that |wy, k) —w(A, £)| > €o; such a subsequence has a convergent subsequence
because (wy, 1)) C [a, ], (wn)) converges to w(A, £) for the ressoning above
and this is a contradiction. O

PROPOSITION 4.1. Let k > 1, p1,...,pr > 0 such that Z;C:lpi =1 and
let us consider the prior distribution ™ ® D, where m = Zle PiGai),B(i)-
Assume T, — % and ¢, — 1 € supp(D,) as n — oo. Then, for all ¢ > 0,
we have

n—oo N

1
lim — log/ P(Tgn (X, 0) < 0o)m @ D, (dA, dl|[data),)
(0,00)x M1[0,M]

~

= —[@(X, 0)](q)

and

lim - log / P(1,(n, 115) < 00) 7 ® Dy (dX, df|[datal,)
(0,00)x M1 [0,M] n

n—o0 N

A~

= —[@(X, D)](q).
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PROOF. As pointed out at the beginning of section 4 we know that, for
all € > 0, there exists n. > 1 such that (4.4) holds for all n > n.. Then, by
Lemma 4.1 and by Varadhan’s Lemma applied to the continuous function
(A £) = w(A,£), we obtain

~

— [@(\D)(q+e)
<liminf 1 log/ P(Tgn (M) < co)m ® D, (dA, dl|[data),)
(0,00) x M1[0,M]

n—oo n,

1
<limsup — log/ P(Tyn (M) < 0o)m ® D, (dA, dl|[data)y,)
n—oo T (0,00)x M7[0,M]

~

< —[@(X, 0))(q)

and

~

— @\ D))(q +e)

1 1
< lim inf — log/ P(Tq (m, —e) < oo>7r ® D,,(d), d¢|[datal,,)
(0,00)x M1 [0,M] n

n—oo 1,

1 1
<limsup - log / P(Tq (m, —e) < oo>7r ® D, (d), df|[datal,)
n—oco T (0,00)x M7[0,M] n

~

< —[@(X, 0)](q).

We conclude the proof by showing that A—L\E(X,Z)](q) is a continuous
function of ¢ > 0. It is easy to check that —[w(A, £)](q) is a convex function of
q > 0; moreover this function assumes finite values since 0 > —[w(A, £)](¢) >

—quw(A,¢) for all ¢ > 0. Then the continuity of —[E(X, )](q) follows from a
well known property of convex functions (Rudin, 1986). a

4.2.  The distribution ¢ is known and concentrated on [0, M] for some
M > 0. In this subsection we give results for the predictive level crossing
probability in the particular case where ¢ is known and concentrated on
[0, M], X\ is unknown, the n-sample is

[datal, = (T4,...,Ty) (4.6)

and we assume 7 as prior distribution for A as stated in the previous section.
Adapting the proof of Proposition 4.3 and considering the function

[ N)](@) = sup | —aw(r,0) = H (G, 51G1) |
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(of ¢ > 0), it is easy to check that:

lim - log / P(Tyn (M, €) < oo)r(dX|[datal,) = —[@'(V)](g),

n—oo N

~

lim - log /0 ooP(Tq<n>\, #) < oo>7r(d>\|[data]n) — @ N)](9).

n—oo N

Instead of data (4.6) we can consider the sample
[alternative datal], = (N1, No — Ny,..., Ny — Np—1)

as in Macci (2004), where as before Ny = >, o 17, 4.4, <¢. Consider the
function (of g > 0): B
—[@e(N)](q) = sup[—qu(X, £) — H(P;|Py)],
A>0

where H(P;|Py) is the relative entropy between two Poisson distributions
P;; and P, stated in section 2. Then we can extend the proof of Proposition
3 of Macci (2004) where the law ¢ coincided with the law 0; of a constant
random variable equal to 1. Here £ is concentrated on a bounded set and
the prior distribution on A is a finite mixture of Gamma distributions © =
ZlepiGa( ),8(i); then we have

lim 1 log/P(an(A,E) < oo)m(d\|[alternative datal,) = —[E@(X)](q)
0

o0

1 1 . o~
nlLrgO - log/P(Tq <n>\, EE) < oo)w(dM[alternatlve datal,) = —[wg(N)](q)
0

as%—))\whenn—)oo.

Finally it is interesting to compare —[Eg(/):)](q) and —[EE(/):)](q) obtained
above.
By (2.2) we have

—[@we(N)](q) = sup |—quw(\, £) — \H (G, |G ,
me(3)a) = sup [~aw(r,0) = 3H (6, 5161, |
so that —[wy (M)](q) and [EZ(X)](Q) coincides when A = 1. Moreover we

0(A)] e - e
have —[@,(\)](q) < —[@’(A)](q) when X > 1 and —[@,(\)](g) > —[@"(N)](q)
when X <1.
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4.8. The case £ = exp(f). Suppose that £ = exp(f), i.e. £ is the expo-
nential distribution with failure rate 5. In this case jumps are not bounded
with a positive constant M and we cannot adapt the technicalities presented
in the proof of Proposition 4.1. More precisely, if (7 (-|[data],)) satisfies the
LDP, by the Lundberg’s inequality (4.2) we can derive upper bounds for

1
lim sup — log/ P(Tyn (A, £) < oco)(dA, d|[dataly,)
(0,00) X M1[0,00)

n—oo M

and

n—oo T

lim sup 1 log/ P(Tq (n)\, lf) < oo) w(d\, dl|[datal],)
(0,00)x M1[0,00) n

by Varadhan’s Lemma and contraction principle. On the other hand we
cannot derive lower bounds for

1
lim inf X log / P(Tyn(A ) < o0)m(dA, df|[datal,)
(0,00) X M1[0,00)

n—o0o n

and

lim inf 1 log / P(Tq (n)\, le) < oo)w(d)\,dﬂ[data]n).
(0,00)x M1[0,00) n

n—oo 1,

We recall that (4.5) provides a closed form expression for the ruin proba-
bility P(Tg (A, £) < oo) when £ = exp(f). On the other hand, when it is not
possible to find a constant M > 0 such that 1 — M > M for all (A, B)
in a set of probability 1 with respect to the prior distribution, the lower
bounds cannot be derived. For instance the natural (conjugate) choice of
products of Gamma distributions on (), ) is supported on (0, 00) x (0, 00),

but it cannot solve the problem since limg_, M =1 (for each fixed
A > 0) and limy_o 2O2E) — 1 (for each fixed 5 > 0).

One way to overcome the problem is to assume 8 = kA for some k& > 0
in a way that

w(A, exp(B)) w(hexp(kA)) . g1
l- =1 —— = {—,1}
3 5 ming >0
which does not depend on \; then the inequality 1 — M > M holds
as an equality with M= min{ﬁ, 1}.
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Assuming k£ > 0 to be known, A becomes the only unknown parameter.
Considering the n-sample

[da‘ta‘]n = ((Bl,Tl)a ceey (BnaTn))
the likelihood becomes
L()\|[datal,) = kATFABIN™ATL L g \~kABn \o=ATn — fn\2no=AnlkBn+Tn]

where B, = 130 By and T, = 130 | T}, are the empirical means of
{Bi1,...,By} and of {T1,...,T,} respectively; thus kB, + T, is a sufficient
statistics.
With the conjugate G g prior distribution on X the posterior distribution
becomes

Ga,p(|[data]y) = Ga, g,

where o, = a +2n and 3, = 8+ n(kB, +T,).

Let us prove the LDP for posterior distributions.

LEMMA 4.3. Let k > 1, p1,...,pr > 0 such that Elepi =1 and let us
consider the prior distribution m = ZlepiGa(i)’g(i) on \. Assume kB, +
T, — % as n — oo. Then (w(-|[datal,)) satisfies the LDP with good rate
function I5 defined by

H (Gy31Gan) i A >0,

I5(X) = sup[yA — Az (7)] = { o if A <0.

vER

PROOF. Let v € R be arbitrarily fixed. Then, since kB,, + T, —
n — oo, for any conjugate prior distribution G, g we have

as

>

1 o0
Av(y) = Tim L log /0 G 5(d [datal,) =

A n—oo N

a+2n B4An(kBn+Thr) . — —
~ lim { - log(ﬂ+n(k§n+Tn)_n'Y> it ny <p+n(kB,+T))

oo | 0o if ny > B+n(kBp+Ty)
2
by 2
_ 2<% 7) lf’y<:\~,
00 if v > 2

Furthermore

o0
lim - log / e r(dA[[datal,) = As ()
0

n—oo N
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by Lemma 2.1. Then, by Gértner Ellis Theorem, (7(-|[datal,)) satisfies the
LDP with good rate function I5 = A; defined by

H (Gy31Gon) i A>0,

A5 () = suplyA — Az (7)] = { 5 if A <0,

vER

where the latter equality follows from (2.3) with & = 2 and 8 = % O

We conclude this subsection with the estimation of level crossing proba-
bilities for which the following function (of ¢ > 0) is useful:

—[@(, exp(kX))](q) = sup [—qw(A,exp(kA)) -H (GQ,lez,A)} :

PROPOSITION 4.2. Let k > 1, p1,...,pr > 0 such that Zlepi =1

and let us consider the prior distribution m = ZlepiGa(i)ﬁ(i). Assume
kB, +T, — % as n — 0o. Then, for all ¢ > 0, we have

lim 2+ log /0 P\ exp(kA)) < oo)m(dA|[datal)

= —[@(X, exp(kA))](q)

and

n—oo N

lim - log /0  PUT,(n, exp(nk)) < co)r(d)|[data],)

= @, exp(kN))](a).
PROOF. Set M = min{ﬁ, 1} and let n > 1 be arbitrarily fixed. Then,
by (4.5), we have
Mefw()\,exp(k)\))qn < P(an(A,exp(k)\)) < OO) < efw(/\,exp(k)\))qn
and

Mefnw(/\,exp(k/\))q < P(Tq(n)\,exp(nk)\)) < OO) < efnw(/\,exp(k/\))q;
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for the latter we take into account w(n,exp(nkX)) = nw(\, exp(k))).
In conclusion we obtain

— [, eXp(kA))](Q)

<hnn_1>}>1gfn log P(Tyn (A, exp(kX)) < oo)m(dA|[dataly,)
<hmsup log P(Tyn (X, exp(kX)) < oo)m(dA, |[dataly,)
n—o0

< —[@(}, exp(kim()

and
— [w(X, exp(kX

NI(a)
<liminf — log/ P(T,(nA, exp(nkX)) < oo)m(dA|[datal,)

n—oo 1,

<limsup — log/ P(T,(nA, exp(nkX)) < oo)m(dA, |[datal,)

< — [w(X, exp(kA))](9)

by Lemma 4.3 and by Varadhan’s Lemma applied to the continuous function
A= w(\ exp(kX)). O

5 Bayesian Versus Frequentist: Some Typical Features

In this section we underline some typical features that distinguish Bayes-
ian from frequentist results when LDP and estimation of level crossing prob-
abilities are concerned.

Starting from the LDP it is worth noting that the rate functions for pos-
terior distributions can be expressed in terms of the same relative entropy
H(:|") used for the rate function concerning a suitable sequence of suffi-
cient statistics (7),([datal],)). In the latter case, however, the roles played
by the arguments of H(-|-) are interchanged. This result can be explained
with the different role played by the parameter 8 and by the data in the
Bayesian and frequentist approaches with respect to a suitable statistical
model (X, Bx, (F(0) : 0 € ©)). In fact, in the LDP of the sufficient statis-
tics we ask how likely it is for the sufficient statistics to be close to some
¢ when the true value of the parameter is 6 and the rate function is of the
form 0 — Iy(0) = H(F(0)|F(F)). On the other hand, in the LDP of poste-
rior distributions we ask how likely it is for the true value of the parameter
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to be close to € given that we observe the sufficient statistics close to some

~

¢ and the rate function is of the form 0 — I5(0) = H(F(0)|F(0)).

Let us denote the interior and the closure of C' by C° and C respectively.
Then we have

lim Py(T,([data],) € C) =0 if ¢ C

n—o0

(where Py corresponds to the distribution function F'(#)) and

lim 7(C|[datal,) =0 if ¢ C.

n—oo
By the LDPs of sufficient statistics and of posterior distributions we can say
that Py(T,([data],) € C) and 7(C|[data],) go to zero exponentially with n
(as m — 00) under suitable hypotheses.

o Assume Ip(C) = infj_, Iy(0) and Iy(C) = Iy(C°) = Ip(C) € (0,00)

(we remark that Iy(C) > 0 since 6§ ¢ C). Then, for all ¢ > 0, there
exists n. > 1 such that for all n > n.:

e "Us(O)+e) < py(Ty, ([datal,) € C) < e ™MIo(C)=2),
e Assume [67(0) = infpcco Ia(g) andAIGA(C_) = IQA(CO) = [67(6) € (0,00)
(we remark that I3(C) > 0 since § ¢ C). Then, for all ¢ > 0, there
exists n. > 1 such that for all n > n.:

e~ "U5(O)Fe) < n(C|[data),) < e M 5(C)=2),

The second difference is related to the level crossing probabilities esti-
mation. To see this, it is important to recall the following limits as n — oo,
necessary to ‘define’ the frequentist estimation of level crossing probabilities.
Let ¢ > 0 be arbitrarily fixed, then:

e for the Brownian motion case we have

1 1
lim —log P(an(m,r_l) < o00) = lim —log P(T,(m, (m")_l) < 00)

n—oo n n—oo N

= —qu(m,r)

by (3.1);
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e for the compound Poisson process case, with £ concentrated on [0, M]
for some M > 0 we have

.1 .1 1
nll)rgo - log P(Tyn (M, 0) < 00) = nll)rgo - log P(Ty, (n)\, EE) < 00)
= —q’LU()\, e)

by (4.4), since € > 0 is arbitrary;

e for the compound Poisson process case, with £ = exp() we have

lim 1 log P(Ty, (A, exp(f)) < 00)

n—oo N,

= lim llogP(Tq (nA,exp(nﬁ)) < 00)

n—oo N

= — quw(A, exp(p))
by (4.5), where for the second limit we consider the identity

w(nA, exp(nkX)) = nw(X, exp(kX)).

It is worth noting that in all the cases considered the limits have the same
expression —qw(#), with

w(f) = sup{'y >0: logE[eA’Zq < 0},

being a linear function of ¢ > 0 for each fixed possible value of the parameter
f € 0O.

~

The frequentist estimates of the above limits are —qw(6) (when we plug
0 into —qw(0)) where 6 is the almost sure limit of the sufficient statistics.
In the Bayesian framework considered in sections 3 and 4, the estimates are

~

—~[@(0)](g) = sup[—qu(6) — H(F(B)|F(6))], (5.1)
0co

where (X, Bx, (F(f) : 0 € ©)) is the above statistical model.

~

Comparing —[E(§)](q) with —qw(60) it is easy to check that —[@(5)](q) -
(—qw(0)) is nonnegative by (5.1) and is nondecreasing function of ¢ > 0 (see
Proposition 4 of Macci, 2004). This consideration leads to point out that the
Bayesian estimates of level crossing probabilities are asymptotically guaran-
teed to be more conservative to a degree which becomes more pronounced
as ¢ increases.
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Appendix: Gartner Ellis Theorem and Varadhan’s Lemma

As in subsection 2.1 let 2 be a Hausdorff topological space with Borel
o-algebra Bg and let (v,) be sequence of probability measures on (€2, Bg).

GARTNER ELLIS THEOREM. Let us consider (,Bq) = (R™,Bgrm) and
assume that, for all v € R™, there exists the limit

1 )

A(y) = lim —log/ " Ty, (dx)
n—oo N, m

as an extended real number. Then, if A is an essentially smooth and lower

semicontinuous function, then the LDP holds with the good rate function

A" R™ — [0, 00] defined by

A*(@) = sup [y'z — A()).
yeR™

For completeness we also recall the definition of essentially smooth function.
Let A : R™ — (—o00,00] be a convex function, let Dy be the set

Dy ={yeR": A(y) < 0}

and let D} be the interior of Dy. Then A is an essentially smooth function
if: (¢) D} is non-empty; (i7) A is differentiable throughout DY ; the function
A is steep, i.e. lim, o |VA(y,)| = co whenever (v,,) in D} converging to a
boundary point of Dj.

LEMMA 5.1 (VARADHAN’S LEMMA). Assume (vy,) satisfies the LDP with
the good rate function I : Q — [0,00] and let ¢ : Q@ — R be a continuous
function. Assume further either the tail condition

N 1
lim lim supalog/Qe”¢(“)1{¢(w)2M}Vn(dw) = —00

—0 noxo

or the following moment condition for some v > 1

1
lim sup — log/ "Wy, (dw) < 0.
n Q

n—oo

Then
lim 1 log/ ", (dw) = suplp(w) — I(w)].
Q

n—oo N, weN
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In our applications of Varadhan’s Lemma the moment condition holds triv-
ially; indeed ¢ is non-positive and, for all v > 0, we have

1
lim sup — log/ @)y, (dw) < 0.
n Q

n—0o0
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