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Abstract

We provide sufficient conditions under which a Dirichlet location-scale mix-
ture of normal prior achieves weak and strong posterior consistency at a true
density. Our conditions involve both the prior and the true density from
which observations are obtained. We consider it to be a significant improve-
ment over the existing results since our conditions cover the case of fat tailed
densities like the Cauchy, with a standard choice for the base measure of
the Dirichlet process. This provides a wider choice for using these popu-
lar mixture priors for nonparametric density estimation and semiparametric
regression problems.

AMS (2000) subject classification. Primary 62G07, 62G08, 62G20.
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1 Introduction

Priors based on Dirichlet location-scale mixture of normals are widely
used to model densities as mixtures of normal kernels. A random density f
arising from such a prior can be expressed as

s =P = [ o (20) are.o) (1)
where ¢(-) is the standard normal density and the mixing distribution P
follows a Dirichlet process. These priors were first introduced in Ferguson
(1983) and Lo (1984) and have been extensively investigated and applied by
many in the subsequent years (see, for example, West et al., 1994, MacEach-
ern, 1994, Escobar and West, 1995, Liu, 1996, Miiller et al., 1996).

Ghosal et al. (1999) initiated a theoretical study of these priors for the
problem of density estimation. They showed that if a density fy satisfies
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certain conditions, then a Dirichlet location mixture of normals achieves
posterior consistency at fy. Their conditions can be best summarized as fj
having a moment generating function on an open interval containing [—1, 1].
Ghosal and van der Vaart (2001) extended these results to rate calcula-
tions for the more general Dirichlet location-scale mixture prior. However,
they restricted the scale parameter o to a compact interval [0, 7] C (0, 00).
Amewou-Atisso et al. (2003) generalized the results of Ghosal et al. (1999) to
the case of not identically distributed (non iid) random variables and derived
similar consistency results for regression problems.

Unfortunately, none of these consistency results applies if the true density
has heavy tails. For example, the family of ¢ densities and in particular the
Cauchy density are not covered. It was conjectured in Amewou-Atisso et al.
(2003) that one needs a Dirichlet location-scale mixture of normal prior with
full support for o to cover the case of fat tailed densities. In this paper we
prove this conjecture to be true for both density estimation and regression
and derive the conditions that have to be satisfied by the underlying Dirichlet
process.

Our main result states that a Dirichlet location-scale mixture, with some
regularity condition on the tail of its base measure, achieves posterior con-
sistency at fo if [ |z|7fo(x)dz < oo for some n > 0. The tail conditions are
automatically satisfied by the popular normal-inverse gamma base measures.
We also establish a more general result that under other reasonable priors on
the mixing distribution P, posterior consistency is achieved at fy satisfying
[ |z|?* fo(z)dx < oo for some 7 > 0.

In Sections 2 to 4, we present the new ideas and constructions needed
to make the above extensions feasible. The portions of the proofs which
have major overlaps with the arguments presented in Ghosal et al. (1999)
and Amewou-Atisso et al. (2003) are provided in the appendix. A brief
introduction to the concepts of posterior consistency is provided in Section 2.

We end this discussion by noting that posterior consistency at a large
set of parameter values serves as an objective validation of the choice of a
prior (see Ghosh and Ramamoorthi, 2003, Ch. 4 for more details). Since
consistency of the posterior for a nonparametric prior is hard to establish,
we hope that our results make a strong case for the use of Dirichlet location-
scale mixture priors for density estimation and regression problems.
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2 Preliminaries

To make this paper relatively self-contained, we recall the definitions of
posterior consistency in the context of density estimation and regression.
These definitions formalize the concept that in order to achieve consistency,
the posterior should concentrate on arbitrarily small neighborhoods of the
true model when more observations are made available.

Posterior Consistency for Density Estimation. Suppose X1, Xo,--- are
independent and identically distributed according to an unknown density
fo- We take the parameter space as F - a set of probability densities on
the space of the observations and consider a prior distribution II on F.
Then the posterior distribution II(-| X7y, -+, X,,) given a sample X3, -, X,
is obtained as,

_ Ja Ty f(XG)dII(f)
S I F(X3)dII(f)
We say that the posterior achieves weak (or strong) posterior consistency at

fo if for any weak (or L;) neighborhood U of fy, II(U| X1, X2, -+, X,) — 1
almost surely as n — oo.

A Xy, -+, X))

Posterior Consistency for Regression. Suppose one observes Yi,Ya, -
from the model Y; = ag + Box; + €, where x;’s are known non-random
covariate values and ¢;’s are independent and identically distributed with
an unknown symmetric density fy. The regression coefficients «q, 3y are
also unknown. Here, it is appropriate to consider the parameter space as
O = F* x R x R, where F* is a set of symmetric probability densities on
R with a prior I on ©. The posterior distribution II(:|Y},--,Y},) is then
computed as,

_ S ITis, F(Ys — a = Ba;)dII(f, o, B)
fx H?:l f(Y; —a— ﬁw’b)dn(f7 O[,,B) '

We say that the posterior achieves weak consistency at ( fo, ao, fo) if for any
weak neighborhood U of fy and any § > 0,

H((f,oz,ﬂ):fGU,]a—a(ﬂ <5a’/6_ﬁ0| <6‘Y17Y25 7Yn) —1

almost surely as n — oo.

In this paper, we restrict ourselves to one dimensional covariates to main-
tain clarity of exposition. However, the arguments can be easily extended
to the case of multiple regression; see the discussion given in Section 1 of
Amewou-Atisso et al. (2003).
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3 Density Estimation: Weak Consistency

We start with weak posterior consistency for the problem of density es-
timation. Our main tool is the following theorem due to Schwartz (1965).

THEOREM 3.1. A prior I achieves weak posterior consistency at a den-
SZty f07 Zf

fo(x)
f(z)

Ve > 0, H(fef:/fo(w)log dx <e> >0 (3.1)

REMARK 3.1. We use the notation fy € K L(II) to indicate that a density
fo satisfies (3.1).

3.1.  General mizture priors. First consider the case when the mixing
distribution P in (1.1) follows some general distribution II, not necessarily
a Dirichlet process. It is reasonable to assume that the weak support of II
contains all probability measures on R x RT that are compactly supported.
The next lemma reveals the implication of this property.

LEMMA 3.1. Consider an fy € F such that [ 2°fo(z)dz < co. Suppose
f = ¢ P is such that P((—a,a) x (0,7)) = 1 for some a > 0,0 < o < 7.
Then for any € > 0, there exists a weak neighborhood W of P such that for
any f = ¢*x P with P e W,

5@ 40
/ fole) o 2 <

The proof of this lemma is similar to the proof of Theorem 3 of Ghosal
et al. (1999) and we present it in the appendix. Here we state and prove the
main result.

THEOREM 3.2. Let fo(z) be a continuous density on R satisfying:

1. fo is nowhere zero and bounded above by M < oo.
2. | [z fo(z)log fo(z)dz| < co.

3. fR fo(x)log 77];?((2)) dx < oo where ¥1(x) = infcjp_1 z41) fo(t) -

4. 3n >0 such that [, |z fo(z)dz < cc.

Then, fo € KL(II).
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REMARK 3.2. Assumption 4 provides the important moment condition
on fp. Assumption 2 is satisfied by most of the common densities and as-
sumption 3 can be viewed as a regularity conditions. The interval [x—1, z+1]
that appears in assumption 3 can be replaced by [x — a,x + a] for any a > 0.

ProOOF OF THEOREM 3.2. Note that,

/f long;: /f 1g~;d+/f log

Therefore, the result would follow if for any € > 0, we can find an f which
makes [ folog %dl’ < €/2 and also satisfies the condition of Lemma 3.1.

Next we show how to construct such an f.

Consider the densities f, = ¢ * P,, n > 1, with P,,’s constructed as,

dPn(G, U) = tn[(QE[—n,n})fO(e)dan (J)

where o, = n™7, t, = (" fo(y)dy)™", I4 is the indicator function of a set
A and §, is the point mass at a point x. Note that f,, can be simply written

) fw =t [ o (1) iy

Find a positive constant £ such that ffé ¢(t)dt > 1—e. Now fix an x € R.
For sufficiently large n such that [x — oy, + {o,] C [—n,n], one obtains,

inf Joy)(1—e) <——= < sup foly) + Me  (3.2)
ye(x—fan,x—i-fan) tn ye(x_£O-7L7‘r+§o—TL)

Since t,, — 1 and o,, — 0, (3.2) would imply that f,(z) — fo(z) as n — oo
by continuity of fy. Therefore one can conclude,

fo(x)
log Io()

— 0 forallz e R (3.3)

Since t,, is a decreasing sequence and fo(6) < M for all § € R, one can
readily see that for all n > 1 and all z € R,

Fulz) = tn /_n 01 ¢< - )fo(e)de < Mt, < Mt,. (3.4)
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Now, fix an € R. Since, | — 0| < |z| +n for all § € [-n,n] and ¢, > 1, it
follows that for all n < |z|,

|x| +n

fule) 2 1¢<

On

) = (" (J2] +n)) > |6 (2]]+7).

n

The last inequality follows from the fact that 77¢(7"(|z| + 7)) is decreasing
in 7 for 7 > 1.

Let ¢, (2) = inficiy_o, a40,] fo(t). It may be noted that the function
Y1 (z) of assumption & is consistent with this definition. Let A, = [—n,n]N
[ — op,x + 0] and ¢ = fol ¢(t)dt < 1. Observe that for all n > |z|,

fo) 2t [ Lo(E0) a0 2 o) [ Lo () a0 (35)

A, On n A, On On

Since t, > 1, ¥p(x) > ¢1(x) and fAn %qﬁ(%)d@ > fol o(t)dt = ¢ for all
n > 1 and all x € R it follows from (3.5) that f,,(x) > cy(z) for all n > |x|..
Therefore,

c1(x) x| <1
fnl@) 2 { wmin(e 16220, cpr(2))  Ja] > 1 (3.6)

A little algebraic manipulation with (3.4) and (3.6) produces, ¥Yn > 1,

fb(x)‘ < log Mty fo(z) fo(z)

Fulw) | =1 Fom) T8 Gy () T I 08 g oy

log

From the assumptions of Theorem 3.3, it can be easily verified that
the function on the right hand side of the above display is fy integrable.
Therefore an application of DCT on (3.3) implies that,

. fo(z)
lim [ fo(z)log dx = 0.
n—o0 ( ) fn (];)
Therefore we can simply choose f = fn,o for some large enough nyg. O

8.2.  Dirichlet mizture of normals. Next we consider II = Dir(aGy), a
Dirichlet process with parameter aGGy. Here « is a positive constant and Gy
is a probability measure on R x R*.
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LEMMA 3.2. Suppose fo € F satisfies the following property: For any
0 <7< 1e>0, there exist a set A and a positive number xg such that

II(A) >1—7 and for any f = ¢« P with P € A,

fo(z)
/|x>x0 fo(x)log @) dr < e.

Then, fo € KL(II).

The proof of this lemma uses some tools developed by Ghosal et al. (1999)
and is given later in the appendix. Here we move on to our main result. Note
that the moment condition of Theorem 3.2 is substantially reduced.

THEOREM 3.3. Let fy be a density on R satisfying

1. [ fo(x)log fo(z)dz < oco.
2. 3n € (0,1) such that [ |z|"fo(z)dz < co.

Further assume that there exist o9 > 0, 0 < B <1, v > B and by,bs > 0
such that for large x > 0

3. max (GO ([m — ng%, oo) X [Uo,oo)> ,
Go ([0,00) X (xlfg,oo)>> > bz P

J. Go ((—oo,a:) x (o,e\xl"*%)) > 1 bylz| 7.
and for large x < 0,

3. max (Gg ((—oo,x —|—ao|x|g} X [Uo,oo)) ,
Go ((~00,0] x (Ja]'~#,00)) ) = bala] =

4'. Gy ((;U,oo) X (O,e‘xln_%)) > 1 —balz|™7.

then fo € KL(II).

REMARK 3.3. Other than the important moment condition on fy this
theorem also requires some regularity in the tail of the base measure Gj.
For example, assumption 3, 3’ requires the tail of Gy not to decay faster
than a polynomial rate for the scale parameter o. This condition seems very
reasonable since the Cauchy density itself can be written as a scale mixture of
normals with the mixing density having a polynomial decay towards infinity.
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REMARK 3.4. A standard choice for Gy is the conjugate normal-inverse
gamma distribution (see Escobar and West, 1995), under which, f|oc ~
N(0,60?) and 0=2 ~ Gammal(r, ), for some &7, A > 0. For such a Gy
with » € (1/2,1), one can show that the conditions of Theorem 3.3 hold
true with n € (2r/(1 +7r),1), 6 = r(2 —n) and v = 2r. For example, the
conditions in Assumptions 3, 3’ are satisfied since,

n
2

Go ([0,oo)><(x1_ ,oo)) = %Pr(g_Q <z~ ()

z—(2—m)
— C/ Ur—le—AUdU < Clx—r(Q—n)’
0

for some positive constants ¢, . To see that the conditions of Assumptions
4, 4" also hold, note that,

1 -Gy ((—oo,a:) X (O,e\xln—%)) < Pr( > z) + Pr(o—2 < e 2al"+1),

An argument similar to the one provided above shows that the second term,
namely, Pr(c=2 < e21#I"*1) is bounded by a constant times e~2"1#"+".
Therefore, this term can be made smaller than c|z|~ for a suitable con-
stant c¢. Now, using the inequality 1 — ®(x) < (1/z)¢(x), where ®(-) and
¢(+) are the standard normal distribution and density functions, we obtain

c [ 2? |y J !
Pr(6 > z) < / o121 (5 F )”dUZQ— < —
z Jo 2 (G +A)—1/2 x?r

for some positive constants c¢,c’,¢”. The desired inequality follows from
these two bounds. Therefore, such a choice of Gy would lead to posterior
consistency, for example, when fy is a Cauchy density.

PROOF OF THEOREM 3.3. We simply need to show that such an fy
satisfies the condition of Lemma 3.2. Let w(z) = exp(—z"), x > 0. Define
a class of subsets of R x RT indexed by z € R, as follows:

K, = {(9,0) ERxRT: %b (x_9> > (1)1/210(\«’””}

o 2



98 S.T. Tokdar

These sets are of particular interest, since for f = ¢ % P,

fo()
/. folw)log 75y dr

o Jfo(@)
§/|75>960f( lgf[(ac 1¢( ) (9 U)

fola)
§/|x>xof°(x“0g ———r VT

(271’)1/2
§/|a:>ac0 fo(z) {log fo(x)+|z|"+ log BK,) }dm. (3.7)

By the assumptions of the Theorem, this quantity can be made arbitrarily
small for a suitably large x( if we can show that P(K,) > cj exp(—cz|z|7)
for all |x| > zo for some fixed constants c¢1,ca > 0. Therefore it suffices to
prove that,

~ LEMMA 3.3. For any 7 > 0 there exists an zg > 0 and a set A with
II(A) > 1 — 7 such that P € A = P(K,) > (1/2)exp(—2|x|"/b1) for all
|z| > zo.

The proof of this Lemma is fairly technical. It makes an extensive use of
the tail behavior of a random probability P arising from a Dirichlet process.
For clarity of reading, we present details of the proof in the appendix. O

4 Density Estimation: Strong Consistency

We establish Li-consistency of a Dirichlet location-scale mixture of nor-
mal prior II by verifying the conditions of Theorem 8 of Ghosal et al. (1999)
(similar conditions are derived in Barron et al., 1999, see also Walker, 2004).
This theorem is reproduced below.

THEOREM 4.1. Let II be a prior on F such that fo € KL(IT). If there is
ad<eld, ci,co>0,0<e?/8 and F,, C F such that for all n large,

1. TI(FE) < cremee,
2. J(6,F,) < np,

then II achieves strong posterior consistency at fo.

REMARK 4.1. Here J(d,G) denotes logarithm of the covering number of
G by L4 balls of radii 4.
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We first show how to calculate J(d,G) for certain type of sets G.
LEMMA 4.1. For some a >0, u > 1> 0 define
Foju={f=0¢*P:P((—a,a] x (l,u]) =1}
Then,

J(26, Fay) < bo (bl% + by log% +1).

where by, by and by depend upon k but not on a,l or u.

PROOF. Let ¢y, denote the normal density with mean 6 and standard
deviation o. For o9 > 01 > 09/2, it can be shown that,

H¢91701 - ¢92,U2H < ||¢91,U2 - ¢92702H + ||¢91,U1 - ¢91,U2H
2\ 210, — 0 -
<> 02 =61] | go2 =01 (4.1)

7r 09 o1

Let ( = min(k/6,1). Define o, = (1 4+ ()™, m > 0. Let M be the
smallest integer such that oy = I(1 + ¢)™ > w. This implies M < (1 +
¢()"tlog(u/l) + 1. For 1 < j < M, let N; = [(%)Uza/(maj_l)-‘. For
1<i< Nj; 1 <5< M, define

2a(i — 1) 2ai

E’L] = (—a+ TJ s —a + N7:| X (O'jfl,O'j].

Then, (0,0), (¢',0') € Eij = H¢9,0 — Qg o7
let

< k. Take N = Zjﬂil N; and

Pn =14 (P, Pny1,-+ P, Payyn) s Py 2 0,) Py =1
ij

be the /N dimensional probability simplex and Py be a s-net in Py. Let
7;’s be as before and 6;; = —a + 2a(i —1/2)/N;, 1 <i < N;, 1 <j <M.
So (0;5,05) € Eyj Vi, j. It can be shown by following an argument similar to
the one presented in the proof of Lemma 1 of Ghosal et al. (1999) that ,

M Nj
FIY N Pide,., : PPy

j=1i=1
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is a 2k-net in F,;, and consequently,

1
J (2, Faru) < J(r,Pn) < N <1 +log — “) .

K
But,
M 1/2 12 M-1
32 a 32 a
N — 1] == —- 1 -4 M
- Z((?‘l’) a]_1ﬁ+> (7‘(’) ZIQZ( O
j=1 Jj=0
32\"?al+¢ 1 u
< = - ——log—+1
= <7r> I "¢ T13C %77
a u
= blj + by log 7 +1 (4.2)
From this inequality, the result follows with by = 1 + log HTE O

LEMMA 4.2. Let FF

a,l,u

JBr, Foyu) < I (6 Fatu)-

={f=¢xP:P((—a,a] x (I,u]) >1—~k}. Then

PRrROOF. Let f = ¢*P € FJ, . Consider the probability measure defined
by P*(A) = P(AN (—a,a] x 7(i,u])/P((—a, a] x (I,u]). Then the density
f* = ¢ x P* clearly belongs to Fq;, and further satisfies ||f — f*|| < 2k.
This proves the lemma. |

THEOREM 4.2. Suppose for each k > 0,8 > 0, there exist sequences
of positive numbers an,u, T 0o,l, | 0 with l,, < u, and constant By, all
depending on k and (8 such that

1. TP : P((—an, an] X (In,un]) <1 —k}) < e 00,

2. an/l, < np, log(u,/l,) < np.

then fo € KL(I1) implies that I1 achieves strong posterior consistency at fj.

Proor. Take F,, = ]:;n Lt - Then the conditions of Theorem 4.1 are

easily verified using Lemma 4.2 for a suitable choice of k > 0. O

REMARK 4.2. If II = Dir(aGy), verification of conditions 1 and 2 be-
comes particularly simple. For example, if G is a product of a normal on 6
and an inverse gamma on o2, then the conditions of theorem 4.2 are satisfied

if a, = O(y/n),l, = O(1/y/n) and u, = O(e").



DIRICHLET LOCATION-SCALE MIXTURE OF NORMALS 101
5 Posterior Consistency: Regression

For regression we consider the simple linear regression model outlined in
Section 2 with nonrandom covariates x;’s. A location-scale mixture prior
IT = IT* x p is defined on the parameter space © = F* x R x R by taking
a (symmetrized) location-scale mixture prior IT* on F* and any prior p on
(v, B). The symmetrization of IT* can be obtained by defining the random
densities as f = ¢ * P* where dP*(0,0) = .5dP(0,0) + .5dP(—0,0), P ~
Dir(aGy).

Following Amewou-Atisso et al. (2003), we start with two necessary as-
sumptions on the covariates and some useful notations.

Assumption A. There exists ¢y > 0 such that
1 n n
hnm_}{lfﬁ Z;I{wz < =€} >0 h%n_}{lfz;f{wi > eg} > 0.
1= 1=

Assumption B. For some L, |z;| < L for all i.

Notations. Define,

fa,8i(¥) = fatpe;(y) = fly — a — Bx;)

with fo; = f0,a0,80,- For any two densities f and g, let

K(f.9)= [ flog?. V<f,g>:/f<1og+ Z)Q

and put

Ki(fvaaﬁ) = K(f(]ivfocﬂ,i)v V;l(faaaﬁ) = V(fOi)fa7ﬁ7i)'

The main tool in assessing weak posterior consistency for this non iid case
is the following variant of Schwartz theorem presented in Amewou-Atisso et
al. (2003).

THEOREM 5.1. If

1. Assumptions A and B hold



102 S.T. Tokdar

2. For all § >0,
~ Vi(f,q,
H{(f7a7ﬁ) : Ki(f7avﬂ> < 5vzvz(fzgam < OO} > 07
i=1
then 11 has weak posterior consistency at (fo, o, 5o)-

Our main result that verifies the conditions of the above theorem for
fo with flat tails is given in Theorem 5.2. But first we present an impor-
tant lemma which is similar in nature to lemma 6.1 in Amewou-Atisso et
al. (2002), but the higher moment condition on the true density has been
relaxed.

LEMMA 5.1. Fiz a P, and take f(x) = ¢ x P. If

1. [ fo(z)(log fo(z))?dz < .
2. 31> 0 such that [ |z|*" fo(z)dz < cc.

3. op = [((27)'/26)71dP(0,0) < .
4. AM,by,be,n (all positive) such that V|z| > M,

f(x) > by exp(—ba|x|"),

then,

(a) limy o [ fo(y)log 24 dy = [ fo(y) log L& dy,

(8) im0 J foly) (1og 22)" dy = [ folw) (10 551) " ay.

The proof of this lemma is presented in the appendix. Here we state
our main result which uses assumptions similar to the assumptions of The-
orem 3.3.

THEOREM 5.2. Suppose II = II* x u be a location-scale mixture prior
nduced by a symmetrized Dirichlet location scale mixture on the densities.

Let Gy be the base measure of the underlying Dirichlet process prior. Assume
that,

1. Assumptions 3, 3', 4 and 4’ of Theorem 3.3 hold for Gy for some
0<pB<ny>p.
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2. [ fo(z)(log fo(z))?dx < oo.
8. [z fo(x)dz < oo.
4. op = [(1/0)dP(8,0) < oo almost surely.

Then, 11 achieves weak posterior consistency at (fo, o, Bo) provided (o, Bo)
s in the support of .

Proor. Following the arguments presented in Lemma 3.3 it can be
shown that for any & > 0 there exist some positive constants by, b, zg > 0
such that

I (f L f(2) > b2l wig| > x(]) >0

This combined with assumptions 2 and 4 gives

I {f - K(fo, f) <6, V(fo, f) < o0} >0. (5.1)

As can be seen from the proof of Lemma 3.3, with probability 1, condition
4 of lemma 5.1 would be satisfied (these constants would depend on P). This
property and assumption 4 of this theorem ensures that the results a) and
b) of lemma 5.1 hold almost surely. Put 6; = o — ag + (5 — [o)z;. Hence,
applying lemma 5.1 we get that there exists an §y > 0 such that for |6;| < 6y,

I S r
Ki(f / for log fam - / folog 72 / falog 22 + / folog -
< K(fo,f)+ (5.2)

N2 2
Vilf,a,8) = /f(n' <log ff);) :/fo <10gj:;>

2
/fo [(log fO) <log fJ;> ]

< 2V(fo,f)+26 (5.3)

and

IN

Thus, combining (5.1) with (5.2) and (5.3) above we see that condition 2 of
theorem 5.1 is satisfied if the prior puts positive probabilities on |6;| < ¢ for
all small 6 > 0. But this is ensured by assumption B and the assumption
that p puts positive probability on neighborhoods of (g, 5y). This proves
the theorem. O
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Appendix: Proofs

PrOOF OF LEMMA 3.1. Denote by G the set (—a,a) x (g,7). Choose
k > a + @ such that f\:v|>k:(’x‘ + a)?/(20?) fo(x)dx < €/2 (possible since
[z fo(z)dx < oc). Take V.= {P : P(G) > o/5}. Then V is weak
neighborhood of P and for any f = ¢ P with P € V,

g 1@ Pioe Jo 70 (550 d
/|x|>kf0( )1 gf(:c)d < /|I>kfo( ) log =%

1 <|x:“
/|x>k ol toe Lo(tE)p(G) "

/|z>k fole) {W}dx < % (A1)

An almost exact repetition of the arguments given in the proof of Theo-
rem 3 of Ghosal et al. (1999) shows that there exists a weak open neighbor-
hood U of P such that for any f = ¢ * P with P € U,

f(@)
/x|<k fo(x)log o) dx < €/2.

This proves the lemma with W =V NU. O

IA

IN

PrOOF OF LEMMA 3.2. Fix 0 <7 <1 and € > 0 and find zp and A
using the property of fp, such that II(A4) > 1 — 7 and

fo(z)
/x|>xo fo(x)log (o) dx < €/2 (A.2)

Let go be the density obtained by truncating fy to the interval [—zg, x¢].
It follows from the arguments presented in Remark 3 of Ghosal et al. (1999),
that Jo; > 0 such that

" X ) 10 fO(x) X
L oles G
_ 1 o go(x) o €
) L e A B

Let Py be such that such that dPy = fo X d,,. Fix a 0 < x and find
A > 0 such that 1 — A\/(k?(1 — A)?) > 7. Choose a big compact set K
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such that [—zo,z0] x {1} C K and Go(K) > 1 — X\, Py(K) > 1 — A Let
B={P:|P(K)/Py(K)—1| < k}. Since P(K) ~ Beta(aGy(K),aGy(K°)),
an application of Chebyshev’s inequality obtains,

E(P(K) — Py(K))? A

M= "opme 2! ey

Thus, II(ANB) > 0.

Following Ghosal et al. (1999), it can be shown that there exists a set C
such that I(ANBNC)>0. and P BNC =

20 Lop(=2)dP,
folz) log Ji 70055 0d9:< "ok <e/d (A.4)

o [ 20(552)dP 1—x

by a suitable choice of k. But, for f = ¢ * P with P € ANBNC,

~—

X

fo(z) 0 fo(
[ fotaton Tl < [ feon e at e
20 Lo(=2)dpr,
+ . fo(z)log ff; To(i0)ap Od:p
fol(x)

+/Ix>x0 fo(z)log @) dx
< € (A.5)
by (A.3), (A.4) and (A.2). This concludes the proof of theorem 3.3. O

ProoF oF LEMMA 3.3. We will show how to do this for > 0, the

same argument can be repeated for z < 0. Note that, one can also represent
K, as:

Kx{(e’a):gg_”(a) <0<z +7(0), 0<0< w(lx)}

where
T(0) = (—20?log (aw(x)))l/Q, 0<o< 1/w(x),

is the varying width of K,. It follows from simple calculations that for a
fixed =, 7,(0c) — 0 when 0 — 0 or 0 — 1/w(x) and the maximum value of
7:(0) is attained at o = exp(—1/2)/w(x). This gives K, a balloon shape
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and makes it difficult to work with. To tackle this problem we further define
for x > 0:

R x RT, x <t
A, =
{[x — 72(00), ) X [00,00)} U {[0,00) X (xlf’]/2,oo)}, x>ty
and
R x R*, z=0
B, =

{(z,00) x (00, 00)} U {[0, 00) x (e'x‘n_l/Q,oo)}, x>0

where t( is such that the function ¢(x) = x — 7, (0¢), defined on {z : w(x) <
oy 1}, is monotonically increasing for x > 3. Existence of such a #y can
be directly verified by differentiating ¢ (x). We summarize the connections
between A, B, and K, in the following lemma which we would prove later.

LEMMA A.1. For a suitable choice of tg,

1) B, C Ay, Vx> 0. (A.6)
2) 0<z<y= A7 C A, and By C By, (A.7)
3) A5 =B§=¢ and A5, B TR xRY as z 1 cc. (A.8)
4) Az \ By C K,. (A.9)

Lemma A.1 ensures that F4(z) = P(AS) and FB(z) = P(B¢) are ran-
dom distribution functions on [0, 00), following Dir(aG§') and Dir(aGE)
respectively, where these parameters are given by G{'([0,z]) = Go(AS) and
GEB([0,z]) = Go(BE). Tt follows from Doss and Sellke (1982) (see Ghosal et

al., 1999), that
. P(By) )
Pr{limsup———=—=0] =1
( xﬂoop hl(GO(Bz))

and

Pr (et g~ ) =

where hy(t) = exp(—1/(t|1ogt|?)) and ho(t) = exp(—2log |log t|/t) for small
positive values of t. An application of Egoroff’s theorem to the above yields
that there exist an ;1 > 0 and a set A with II(A) > 1—7/2, such that

P(B;) < hi(Go(By))

P(A)) > ha(Go(Ay)) Vo > .

PEA:>{
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Therefore P € A implies that for all x > z1,

P(K;) = P(Az\ Bz) = h2(Go(Az)) — hi(Go(Bz))
L e ~ 2log|log Go(As)| e [ 1
B p< Go(Az) ) p< Go(Bz)(logGo(Bx))2>
= exp(—l(x)) — exp(—u(x)) (A.10)

where
l(z) = (2log |log Go(Az)|)/(Go(Az))

and
u(x) = 1/(Go(Bx)(log Go(Bx))?).

By assumption 3 and the inequality = — ggz"/? > x — 7,(0¢) for large

x > 0, that we would establish later during the proof of Lemma A.1 (see
relation (A.11)), we conclude Go(A) > byz—? for large 2 > 0. On the other
hand, by assumption 4, Go(By) < Gy ({(—oo,a:) x (0, e”"‘l/Q)}c) < box™7
for large = > 0. Hence, for large = > 0,

l 2b

ﬂ < S22 log |3log = — log by | (ylogx — log by)?

u(xz) = by
and so, [(z)/u(x) — 0 as x — oo because § < «y. Therefore, Jzg > 1 > 0
such that P € A and = > xo implies

1 1 2 1 2
P(K,) > = exp(—l(z)) > = exp(——z" log |3log z — log 2|) > = exp(——a")

2 2 by 2 by
since B < 7. This completes the proof. a

Proor or LEMMA A.1.

1. Note that, z > x — 7,(0¢) for all x such that the second term is
defined. Also, exp(z” — 1/2) > 2'~"/2 for large enough = > 0. Hence
(A.6) follows.

2. Proof of (A.7) follows directly by monotonicity of exp(z" —1/2), 21~"/2
and z — 7, (0¢) for z > t.
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3. It is straightforward to see that A = B§ = ¢ and B — R x RT. A
direct calculation also shows that,

x — ooz"? >z — 1,(00) > x — 20022, (A.11)

for large z > 0. From this it follows that AS — R x R since x —
2002"/% — 00 as & — oo. This completes the proof of (A.8).

4. Note that for large z, z'~"/2 < exp(z" — 1/2) = exp(—1/2)/w(z)
which means 7, (' ~"/2) is well defined and = — 7, (z'~"/2) = z — (2 —
(2 —n)(log z/2"))'/? < 0. Therefore,

w(z)

~1/2
{(9,0): 0§9§1’,$1_n/2<0§6 }

—1/2
A\ B, = {(9,0):m—Tx(Uo)gegl‘,ao<0§e }

w(z)

w(z)

~1/2
C{(9,0)2$—T$(UO)§0§$,00<O’§€ }U

~1/2
. _ 1-1/2y « g < 1-n/2 < €
{(9,0) x — Ty(x ) <0<z <a_w(:c)
C K. (A.12)

The last inclusion follows because 7,(o) takes its maximum value at
h = e1/2 Jw(z) and this ensures that for a fixed ' < e~ /2 /w(x),

’ /6_1/2
x—T1p(0) <x—T1(0") VUG[h,w(x)].

PrOOF OF LEMMA 5.1.  Under assumption 3, f(z) is a continuous
function. This follows from the fact that

(1/o)p((y =0 —1)/o) = (1/0)6 ((y = 0)/0) ast — 0,

and if we consider the collection of functions (1/0)¢ ((y — 6 — t)/o) indexed
by t, it has a P-integrable upper bound in the function 1/((27)'/2¢). So
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Dominated Convergence Theorem applies in establishing that f(y —t) —
f(y) as t — 0. This means that for each fixed y, as t — 0,

foly) . fov) wd (10 fo(y) 2_) o fo@)\?
8Ty T ) M (1 gft(y)> (l : f(y)) - A1)

Fix a tg > 0. By assumption 4, V|y| > M + tg, V|t| < to,

fily) = fly — 1) > brexp(=baly — [") = by exp(=ba(ly| + [t0])")-

It is clear from the definition of f that cp := inf{f(z) : |z| < M + 2tp} > 0.
Then V|y| < M + to, V|t| < to,

fi(y) = fly —t) > cp.

We also have the obvious bound that Yy, V|t| < to,

fi(y) < /(1/0)dP(9,a) =op < .
Hence Vy,

log fi(y)| < max (|logop|,|logcpl, |logbi| + ba(|y| + |to])") . (A.14)

Denote the RHS of (A.14) by &(y). Then, [£&(y)?fo(y)dy < oo, by assump-
tion 2 and Vy, V|t| < to,

fo(y)
‘log fi(y)

\ < |log foly)| + €v)

and

2
<10g {;Og))) <2 ((log fo)? + (€))?) .

Hence by assumption 1 and 2, DCT applies to (A.13) proving the lemma. O
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