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Abstract

We provide sufficient conditions under which a Dirichlet location-scale mix-
ture of normal prior achieves weak and strong posterior consistency at a true
density. Our conditions involve both the prior and the true density from
which observations are obtained. We consider it to be a significant improve-
ment over the existing results since our conditions cover the case of fat tailed
densities like the Cauchy, with a standard choice for the base measure of
the Dirichlet process. This provides a wider choice for using these popu-
lar mixture priors for nonparametric density estimation and semiparametric
regression problems.
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1 Introduction

Priors based on Dirichlet location-scale mixture of normals are widely
used to model densities as mixtures of normal kernels. A random density f
arising from such a prior can be expressed as

f(y) = (φ ∗ P )(y) =
∫

1
σ
φ

(
y − θ

σ

)
dP (θ, σ), (1.1)

where φ(·) is the standard normal density and the mixing distribution P
follows a Dirichlet process. These priors were first introduced in Ferguson
(1983) and Lo (1984) and have been extensively investigated and applied by
many in the subsequent years (see, for example, West et al., 1994, MacEach-
ern, 1994, Escobar and West, 1995, Liu, 1996, Müller et al., 1996).

Ghosal et al. (1999) initiated a theoretical study of these priors for the
problem of density estimation. They showed that if a density f0 satisfies
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certain conditions, then a Dirichlet location mixture of normals achieves
posterior consistency at f0. Their conditions can be best summarized as f0

having a moment generating function on an open interval containing [−1, 1].
Ghosal and van der Vaart (2001) extended these results to rate calcula-
tions for the more general Dirichlet location-scale mixture prior. However,
they restricted the scale parameter σ to a compact interval [σ, σ] ⊂ (0,∞).
Amewou-Atisso et al. (2003) generalized the results of Ghosal et al. (1999) to
the case of not identically distributed (non iid) random variables and derived
similar consistency results for regression problems.

Unfortunately, none of these consistency results applies if the true density
has heavy tails. For example, the family of t densities and in particular the
Cauchy density are not covered. It was conjectured in Amewou-Atisso et al.
(2003) that one needs a Dirichlet location-scale mixture of normal prior with
full support for σ to cover the case of fat tailed densities. In this paper we
prove this conjecture to be true for both density estimation and regression
and derive the conditions that have to be satisfied by the underlying Dirichlet
process.

Our main result states that a Dirichlet location-scale mixture, with some
regularity condition on the tail of its base measure, achieves posterior con-
sistency at f0 if

∫
|x|ηf0(x)dx < ∞ for some η > 0. The tail conditions are

automatically satisfied by the popular normal-inverse gamma base measures.
We also establish a more general result that under other reasonable priors on
the mixing distribution P , posterior consistency is achieved at f0 satisfying∫
|x|2+ηf0(x)dx <∞ for some η > 0.

In Sections 2 to 4, we present the new ideas and constructions needed
to make the above extensions feasible. The portions of the proofs which
have major overlaps with the arguments presented in Ghosal et al. (1999)
and Amewou-Atisso et al. (2003) are provided in the appendix. A brief
introduction to the concepts of posterior consistency is provided in Section 2.

We end this discussion by noting that posterior consistency at a large
set of parameter values serves as an objective validation of the choice of a
prior (see Ghosh and Ramamoorthi, 2003, Ch. 4 for more details). Since
consistency of the posterior for a nonparametric prior is hard to establish,
we hope that our results make a strong case for the use of Dirichlet location-
scale mixture priors for density estimation and regression problems.
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2 Preliminaries

To make this paper relatively self-contained, we recall the definitions of
posterior consistency in the context of density estimation and regression.
These definitions formalize the concept that in order to achieve consistency,
the posterior should concentrate on arbitrarily small neighborhoods of the
true model when more observations are made available.

Posterior Consistency for Density Estimation. Suppose X1, X2, · · · are
independent and identically distributed according to an unknown density
f0. We take the parameter space as F - a set of probability densities on
the space of the observations and consider a prior distribution Π on F .
Then the posterior distribution Π(·|X1, · · · , Xn) given a sample X1, · · · , Xn

is obtained as,

Π(A|X1, · · · , Xn) =

∫
A

∏n
i=1 f(Xi)dΠ(f)∫

F
∏n
i=1 f(Xi)dΠ(f)

.

We say that the posterior achieves weak (or strong) posterior consistency at
f0 if for any weak (or L1) neighborhood U of f0, Π(U |X1, X2, · · · , Xn) → 1
almost surely as n→∞.

Posterior Consistency for Regression. Suppose one observes Y1, Y2, · · ·
from the model Yi = α0 + β0xi + εi, where xi’s are known non-random
covariate values and εi’s are independent and identically distributed with
an unknown symmetric density f0. The regression coefficients α0, β0 are
also unknown. Here, it is appropriate to consider the parameter space as
Θ = F∗ × R × R, where F∗ is a set of symmetric probability densities on
R with a prior Π on Θ. The posterior distribution Π(·|Y!, · · · , Yn) is then
computed as,

Π(A|Y1, · · · , Yn) =

∫
A

∏n
i=1 f(Yi − α− βxi)dΠ(f, α, β)∫

×
∏n
i=1 f(Yi − α− βxi)dΠ(f, α, β)

.

We say that the posterior achieves weak consistency at (f0, α0, β0) if for any
weak neighborhood U of f0 and any δ > 0,

Π((f, α, β) : f ∈ U, |α− α0| < δ, |β − β0| < δ|Y1, Y2, · · · , Yn) → 1

almost surely as n→∞.

In this paper, we restrict ourselves to one dimensional covariates to main-
tain clarity of exposition. However, the arguments can be easily extended
to the case of multiple regression; see the discussion given in Section 1 of
Amewou-Atisso et al. (2003).
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3 Density Estimation: Weak Consistency

We start with weak posterior consistency for the problem of density es-
timation. Our main tool is the following theorem due to Schwartz (1965).

Theorem 3.1. A prior Π achieves weak posterior consistency at a den-
sity f0, if

∀ε > 0, Π
(
f ∈ F :

∫
f0(x) log

f0(x)
f(x)

dx < ε

)
> 0 (3.1)

Remark 3.1. We use the notation f0 ∈ KL(Π) to indicate that a density
f0 satisfies (3.1).

3.1. General mixture priors. First consider the case when the mixing
distribution P in (1.1) follows some general distribution Π̃, not necessarily
a Dirichlet process. It is reasonable to assume that the weak support of Π̃
contains all probability measures on R×R+ that are compactly supported.
The next lemma reveals the implication of this property.

Lemma 3.1. Consider an f0 ∈ F such that
∫
x2f0(x)dx < ∞. Suppose

f̃ = φ ∗ P̃ is such that P̃ ((−a, a) × (σ, σ)) = 1 for some a > 0, 0 < σ < σ.
Then for any ε > 0, there exists a weak neighborhood W of P̃ such that for
any f = φ ∗ P with P ∈W ,∫

f0(x) log
f̃(x)
f(x)

dx < ε

The proof of this lemma is similar to the proof of Theorem 3 of Ghosal
et al. (1999) and we present it in the appendix. Here we state and prove the
main result.

Theorem 3.2. Let f0(x) be a continuous density on R satisfying:

1. f0 is nowhere zero and bounded above by M <∞.

2.
∣∣∫

R f0(x) log f0(x)dx
∣∣ <∞.

3.
∫

R f0(x) log f0(x)
ψ1(x)dx <∞ where ψ1(x) = inft∈[x−1,x+1] f0(t) .

4. ∃η > 0 such that
∫

R |x|
2(1+η)f0(x)dx <∞.

Then, f0 ∈ KL(Π).
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Remark 3.2. Assumption 4 provides the important moment condition
on f0. Assumption 2 is satisfied by most of the common densities and as-
sumption 3 can be viewed as a regularity conditions. The interval [x−1, x+1]
that appears in assumption 3 can be replaced by [x−a, x+a] for any a > 0.

Proof of Theorem 3.2. Note that,∫
f0(x) log

f0(x)
f(x)

dx =
∫
f0(x) log

f0(x)
f̃(x)

dx+
∫
f0(x) log

f̃(x)
f(x)

dx.

Therefore, the result would follow if for any ε > 0, we can find an f̃ which
makes

∫
f0 log f0

f̃
dx < ε/2 and also satisfies the condition of Lemma 3.1.

Next we show how to construct such an f̃ .

Consider the densities fn = φ ∗ Pn, n ≥ 1, with Pn’s constructed as,

dPn(θ, σ) = tnI(θ∈[−n,n])f0(θ)δσn(σ)

where σn = n−η, tn = (
∫ n
−n f0(y)dy)−1, IA is the indicator function of a set

A and δx is the point mass at a point x. Note that fn can be simply written
as,

fn(x) = tn

∫ n

−n

1
σn
φ

(
x− θ

σn

)
f0(θ)dθ.

Find a positive constant ξ such that
∫ ξ
−ξ φ(t)dt > 1−ε. Now fix an x ∈ R.

For sufficiently large n such that [x− ξσn, x+ ξσn] ⊂ [−n, n], one obtains,

inf
y∈(x−ξσn,x+ξσn)

f0(y)(1− ε) <
fn(x)
tn

< sup
y∈(x−ξσn,x+ξσn)

f0(y) +Mε (3.2)

Since tn → 1 and σn → 0, (3.2) would imply that fn(x) → f0(x) as n→∞
by continuity of f0. Therefore one can conclude,

log
f0(x)
fn(x)

→ 0 for all x ∈ R (3.3)

Since tn is a decreasing sequence and f0(θ) < M for all θ ∈ R, one can
readily see that for all n ≥ 1 and all x ∈ R,

fn(x) = tn

∫ n

−n

1
σn
φ

(
x− θ

σn

)
f0(θ)dθ ≤Mtn ≤Mt1. (3.4)
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Now, fix an x ∈ R. Since, |x− θ| ≤ |x|+ n for all θ ∈ [−n, n] and tn ≥ 1, it
follows that for all n ≤ |x|,

fn(x) ≥
1
σn
φ

(
|x|+ n

σn

)
= nηφ(nη(|x|+ n)) ≥ |x|ηφ(2|x|1+η).

The last inequality follows from the fact that τηφ(τη(|x|+ τ)) is decreasing
in τ for τ ≥ 1.

Let ψn(x) = inft∈[x−σn,x+σn] f0(t). It may be noted that the function
ψ1(x) of assumption 3 is consistent with this definition. Let An = [−n, n] ∩
[x− σn, x+ σn] and c =

∫ 1
0 φ(t)dt < 1. Observe that for all n > |x|,

fn(x) ≥ tn

∫
An

1
σn
φ

(
x− θ

σn

)
f0(θ)dθ ≥ tnψn(x)

∫
An

1
σn
φ

(
x− θ

σn

)
dθ (3.5)

Since tn ≥ 1, ψn(x) ≥ ψ1(x) and
∫
An

1
σn
φ(x−θσn

)dθ ≥
∫ 1
0 φ(t)dt = c for all

n ≥ 1 and all x ∈ R it follows from (3.5) that fn(x) ≥ cψ1(x) for all n > |x|..
Therefore,

fn(x) ≥
{

cψ1(x) |x| < 1
min(|x|ηφ(2|x|1+η), cψ1(x)) |x| ≥ 1

(3.6)

A little algebraic manipulation with (3.4) and (3.6) produces, ∀n ≥ 1,∣∣∣∣log
f0(x)
fn(x)

∣∣∣∣ ≤ log
Mt1
f0(x)

+ log
f0(x)
cψ1(x)

+ I{|x|>1} log
f0(x)

|x|ηφ(2|x|1+η)

From the assumptions of Theorem 3.3, it can be easily verified that
the function on the right hand side of the above display is f0 integrable.
Therefore an application of DCT on (3.3) implies that,

lim
n→∞

∫
f0(x) log

f0(x)
fn(x)

dx = 0.

Therefore we can simply choose f̃ = fn0 for some large enough n0. 2

3.2. Dirichlet mixture of normals. Next we consider Π̃ = Dir(αG0), a
Dirichlet process with parameter αG0. Here α is a positive constant and G0

is a probability measure on R× R+.
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Lemma 3.2. Suppose f0 ∈ F satisfies the following property: For any
0 < τ < 1, ε > 0, there exist a set A and a positive number x0 such that
Π̃(A) > 1− τ and for any f = φ ∗ P with P ∈ A,∫

|x|>x0

f0(x) log
f0(x)
f(x)

dx < ε.

Then, f0 ∈ KL(Π).

The proof of this lemma uses some tools developed by Ghosal et al. (1999)
and is given later in the appendix. Here we move on to our main result. Note
that the moment condition of Theorem 3.2 is substantially reduced.

Theorem 3.3. Let f0 be a density on R satisfying

1.
∫
f0(x) log f0(x)dx <∞.

2. ∃ η ∈ (0, 1) such that
∫
|x|ηf0(x)dx <∞.

Further assume that there exist σ0 > 0, 0 < β < η, γ > β and b1, b2 > 0
such that for large x > 0

3. max
(
G0

([
x− σ0x

η
2 ,∞

)
× [σ0,∞)

)
,

G0

(
[0,∞)× (x1− η

2 ,∞)
))

≥ b1x
−β

4. G0

(
(−∞, x)× (0, e|x|

η− 1
2 )
)
> 1− b2|x|−γ .

and for large x < 0,

3 ′. max
(
G0

((
−∞, x+ σ0|x|

η
2

]
× [σ0,∞)

)
,

G0

(
(−∞, 0]× (|x|1−

η
2 ,∞)

))
≥ b1|x|−β

4 ′. G0

(
(x,∞)× (0, e|x|

η− 1
2 )
)
> 1− b2|x|−γ .

then f0 ∈ KL(Π).
Remark 3.3. Other than the important moment condition on f0 this

theorem also requires some regularity in the tail of the base measure G0.
For example, assumption 3, 3 ′ requires the tail of G0 not to decay faster
than a polynomial rate for the scale parameter σ. This condition seems very
reasonable since the Cauchy density itself can be written as a scale mixture of
normals with the mixing density having a polynomial decay towards infinity.
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Remark 3.4. A standard choice for G0 is the conjugate normal-inverse
gamma distribution (see Escobar and West, 1995), under which, θ|σ ∼
N(0, ξσ2) and σ−2 ∼ Gamma(r, λ), for some ξ, r, λ > 0. For such a G0

with r ∈ (1/2, 1), one can show that the conditions of Theorem 3.3 hold
true with η ∈ (2r/(1 + r), 1), β = r(2 − η) and γ = 2r. For example, the
conditions in Assumptions 3, 3 ′ are satisfied since,

G0

(
[0,∞)×(x1− η

2 ,∞)
)

=
1
2

Pr(σ−2 ≤ x−(2−η))

= c

∫ x−(2−η)

0
vr−1e−λvdv ≤ c′x−r(2−η),

for some positive constants c, c′. To see that the conditions of Assumptions
4, 4 ′ also hold, note that,

1−G0

(
(−∞, x)× (0, e|x|

η− 1
2 )
)
≤ Pr(θ > x) + Pr(σ−2 < e−2|x|η+1).

An argument similar to the one provided above shows that the second term,
namely, Pr(σ−2 < e−2|x|η+1) is bounded by a constant times e−2r|x|η+r.
Therefore, this term can be made smaller than c|x|−γ for a suitable con-
stant c. Now, using the inequality 1 − Φ(x) ≤ (1/x)φ(x), where Φ(·) and
φ(·) are the standard normal distribution and density functions, we obtain

Pr(θ > x) ≤ c

x

∫ ∞

0
vr−1/2−1e

−(x2

2ξ
+λ)v

dv=
c′

x(x2

2ξ+λ)r−1/2
≤ c′′

x2r

for some positive constants c, c′, c′′. The desired inequality follows from
these two bounds. Therefore, such a choice of G0 would lead to posterior
consistency, for example, when f0 is a Cauchy density.

Proof of Theorem 3.3. We simply need to show that such an f0

satisfies the condition of Lemma 3.2. Let w(x) = exp(−xη), x ≥ 0. Define
a class of subsets of R× R+ indexed by x ∈ R, as follows:

Kx =
{

(θ, σ) ∈ R× R+ :
1
σ
φ

(
x− θ

σ

)
≥ 1

(2π)1/2
w(|x|)

}
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These sets are of particular interest, since for f = φ ∗ P ,∫
|x|>x0

f0(x) log
f0(x)
f(x)

dx

≤
∫
|x|>x0

f0(x) log
f0(x)∫

Kx

1
σφ
(
x−θ
σ

)
dP (θ, σ)

dx

≤
∫
|x|>x0

f0(x) log
f0(x)

1
(2π)1/2w(|x|)P (Kx)

dx

≤
∫
|x|>x0

f0(x)

{
log f0(x)+|x|η+ log

(2π)1/2

P (Kx)

}
dx. (3.7)

By the assumptions of the Theorem, this quantity can be made arbitrarily
small for a suitably large x0 if we can show that P (Kx) > c1 exp(−c2|x|η)
for all |x| > x0 for some fixed constants c1, c2 > 0. Therefore it suffices to
prove that,

Lemma 3.3. For any τ > 0 there exists an x0 > 0 and a set A with
Π̃(A) > 1 − τ such that P ∈ A ⇒ P (Kx) ≥ (1/2) exp(−2|x|η/b1) for all
|x| > x0.

The proof of this Lemma is fairly technical. It makes an extensive use of
the tail behavior of a random probability P arising from a Dirichlet process.
For clarity of reading, we present details of the proof in the appendix. 2

4 Density Estimation: Strong Consistency

We establish L1-consistency of a Dirichlet location-scale mixture of nor-
mal prior Π by verifying the conditions of Theorem 8 of Ghosal et al. (1999)
(similar conditions are derived in Barron et al., 1999, see also Walker, 2004).
This theorem is reproduced below.

Theorem 4.1. Let Π be a prior on F such that f0 ∈ KL(Π). If there is
a δ < ε/4, c1, c2 > 0, β < ε2/8 and Fn ⊆ F such that for all n large,

1. Π(Fc
n) < c1e

−nc2,

2. J(δ,Fn) < nβ,

then Π achieves strong posterior consistency at f0.
Remark 4.1. Here J(δ,G) denotes logarithm of the covering number of

G by L1 balls of radii δ.
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We first show how to calculate J(δ,G) for certain type of sets G.
Lemma 4.1. For some a > 0, u > l > 0 define

Fa,l,u = {f = φ ∗ P : P ((−a, a]× (l, u]) = 1}

Then,

J(2κ,Fa,l,u) ≤ b0

(
b1
a

l
+ b2 log

u

l
+ 1
)
.

where b0, b1 and b2 depend upon κ but not on a, l or u.

Proof. Let φθ,σ denote the normal density with mean θ and standard
deviation σ. For σ2 > σ1 > σ2/2, it can be shown that,

‖φθ1,σ1 − φθ2,σ2‖ ≤ ‖φθ1,σ2 − φθ2,σ2‖+ ‖φθ1,σ1 − φθ1,σ2‖

≤
(

2
π

)1/2 |θ2 − θ1|
σ2

+ 3
σ2 − σ1

σ1
. (4.1)

Let ζ = min(κ/6, 1). Define σm = l(1 + ζ)m, m ≥ 0. Let M be the
smallest integer such that σM = l(1 + ζ)M ≥ u. This implies M ≤ (1 +
ζ)−1 log(u/l) + 1. For 1 ≤ j ≤ M , let Nj =

⌈(
32
π

)1/2
a/(κσj−1)

⌉
. For

1 ≤ i ≤ Nj ; 1 ≤ j ≤M , define

Eij =
(
−a+

2a(i− 1)
Nj

, −a+
2ai
Nj

]
× (σj−1, σj ].

Then, (θ, σ), (θ′, σ′) ∈ Eij ⇒
∥∥φθ,σ − φθ′,σ′

∥∥ < κ. Take N =
∑M

j=1Nj and
let

PN =

(P11, · · · , PN11, · · · , P1M , · · · , PNMM ) : Pij ≥ 0,
∑
ij

Pij = 1


be the N dimensional probability simplex and P∗N be a κ-net in PN . Let
τj ’s be as before and θij = −a + 2a(i − 1/2)/Nj , 1 ≤ i ≤ Nj , 1 ≤ j ≤ M .
So (θij , σj) ∈ Eij ∀i, j. It can be shown by following an argument similar to
the one presented in the proof of Lemma 1 of Ghosal et al. (1999) that ,

F


M∑
j=1

Nj∑
i=1

P ∗ijφθij ,σj
: P ∗ ∈ P∗N


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is a 2κ-net in Fa,l,u and consequently,

J(2κ,Fa,l,u) ≤ J(κ,PN ) ≤ N

(
1 + log

1 + κ

κ

)
.

But,

N ≤
M∑
j=1

((
32
π

)1/2 a

σj−1κ
+ 1

)
=
(

32
π

)1/2 a

lκ

M−1∑
j=0

(1 + ζ)−j +M

≤
(

32
π

)1/2 a

l

1 + ζ

κζ
+

1
1 + ζ

log
u

l
+ 1

= b1
a

l
+ b2 log

u

l
+ 1 (4.2)

From this inequality, the result follows with b0 = 1 + log 1+κ
κ . 2

Lemma 4.2. Let Fκ
a,l,u = {f = φ ∗ P : P ((−a, a]× (l, u]) ≥ 1− κ}. Then

J(3κ,Fκ
a,l,u) ≤ J(κ,Fa,l,u).

Proof. Let f = φ∗P ∈ Fκ
a,l,u. Consider the probability measure defined

by P ∗(A) = P (A ∩ (−a, a] × (l, u])/P ((−a, a] × (l, u]). Then the density
f∗ = φ ∗ P ∗ clearly belongs to Fa,l,u and further satisfies ‖f − f∗‖ < 2κ.
This proves the lemma. 2

Theorem 4.2. Suppose for each κ > 0, β > 0, there exist sequences
of positive numbers an, un ↑ ∞, ln ↓ 0 with ln < un and constant β0, all
depending on κ and β such that

1. Π̃ ({P : P ((−an, an]× (ln, un]) < 1− κ}) < e−nβ0,

2. an/ln < nβ, log(un/ln) < nβ.

then f0 ∈ KL(Π) implies that Π achieves strong posterior consistency at f0.

Proof. Take Fn = Fκ
an,ln,un

. Then the conditions of Theorem 4.1 are
easily verified using Lemma 4.2 for a suitable choice of κ > 0. 2

Remark 4.2. If Π̃ = Dir(αG0), verification of conditions 1 and 2 be-
comes particularly simple. For example, if G0 is a product of a normal on θ
and an inverse gamma on σ2, then the conditions of theorem 4.2 are satisfied
if an = O(

√
n), ln = O(1/

√
n) and un = O(en).
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5 Posterior Consistency: Regression

For regression we consider the simple linear regression model outlined in
Section 2 with nonrandom covariates xi’s. A location-scale mixture prior
Π = Π∗ × µ is defined on the parameter space Θ = F∗ × R × R by taking
a (symmetrized) location-scale mixture prior Π∗ on F∗ and any prior µ on
(α, β). The symmetrization of Π∗ can be obtained by defining the random
densities as f = φ ∗ P s where dP s(θ, σ) = .5dP (θ, σ) + .5dP (−θ, σ), P ∼
Dir(αG0).

Following Amewou-Atisso et al. (2003), we start with two necessary as-
sumptions on the covariates and some useful notations.

Assumption A. There exists ε0 > 0 such that

lim inf
n→1

1
n

n∑
i=1

I{xi < −ε0} > 0 , lim inf
n→1

n∑
i=1

I{xi > ε0} > 0.

Assumption B. For some L, |xi| < L for all i.

Notations. Define,

fα,β,i(y) = fα+βxi
(y) = f(y − α− βxi)

with f0i = f0,α0,β0,i. For any two densities f and g, let

K(f, g) =
∫
f log

f

g
, V (f, g) =

∫
f

(
log+

f

g

)2

.

and put

Ki(f, α, β) = K(f0i, fα,β,i), Vi(f, α, β) = V (f0i, fα,β,i).

The main tool in assessing weak posterior consistency for this non iid case
is the following variant of Schwartz theorem presented in Amewou-Atisso et
al. (2003).

Theorem 5.1. If

1. Assumptions A and B hold
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2. For all δ > 0,

Π

{
(f, α, β) : Ki(f, α, β) < δ ∀i,

n∑
i=1

Vi(f, α, β)
i2

<∞

}
> 0,

then Π has weak posterior consistency at (f0, α0, β0).

Our main result that verifies the conditions of the above theorem for
f0 with flat tails is given in Theorem 5.2. But first we present an impor-
tant lemma which is similar in nature to lemma 6.1 in Amewou-Atisso et
al. (2002), but the higher moment condition on the true density has been
relaxed.

Lemma 5.1. Fix a P , and take f(x) = φ ∗ P . If

1.
∫
f0(x)(log f0(x))2dx <∞.

2. ∃ η > 0 such that
∫
|x|2ηf0(x)dx <∞.

3. σP =
∫

((2π)1/2σ)−1dP (θ, σ) <∞.

4. ∃M, b1, b2, η (all positive) such that ∀|x| > M,

f(x) > b1 exp(−b2|x|η),

then,

(a) limt→0

∫
f0(y) log f0(y)

ft(y)
dy =

∫
f0(y) log f0(y)

f(y) dy,

(b) limt→0

∫
f0(y)

(
log f0(y)

ft(y)

)2
dy =

∫
f0(y)

(
log f0(y)

f(y)

)2
dy.

The proof of this lemma is presented in the appendix. Here we state
our main result which uses assumptions similar to the assumptions of The-
orem 3.3.

Theorem 5.2. Suppose Π = Π∗ × µ be a location-scale mixture prior
induced by a symmetrized Dirichlet location scale mixture on the densities.
Let G0 be the base measure of the underlying Dirichlet process prior. Assume
that,

1. Assumptions 3, 3 ′, 4 and 4 ′ of Theorem 3.3 hold for G0 for some
0 < β < η, γ > β.
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2.
∫
f0(x)(log f0(x))2dx <∞.

3.
∫
|x|2ηf0(x)dx <∞.

4. σP =
∫

(1/σ)dP (θ, σ) <∞ almost surely.

Then, Π achieves weak posterior consistency at (f0, α0, β0) provided (α0, β0)
is in the support of µ.

Proof. Following the arguments presented in Lemma 3.3 it can be
shown that for any δ > 0 there exist some positive constants b1, b2, x0 > 0
such that

Π∗
(
f : f(x) ≥ b1e

−b2|x|η ∀|x| > x0

)
> 0

This combined with assumptions 2 and 4 gives

Π∗ {f : K(f0, f) < δ, V (f0, f) <∞} > 0. (5.1)

As can be seen from the proof of Lemma 3.3, with probability 1, condition
4 of lemma 5.1 would be satisfied (these constants would depend on P ). This
property and assumption 4 of this theorem ensures that the results a) and
b) of lemma 5.1 hold almost surely. Put θi = α − α0 + (β − β0)xi. Hence,
applying lemma 5.1 we get that there exists an δf > 0 such that for |θi| < δf ,

Ki(f, α, β) =
∫
f0i log

f0i

fα,β,i
=
∫
f0 log

f0

fθi

=
∫
f0 log

f0

f
+
∫
f0 log

f

fθi

< K(f0, f) + δ (5.2)

and

Vi(f, α, β) =
∫
f0i

(
log

f0i

fα,β,i

)2

=
∫
f0

(
log

f0

fθi

)2

≤ 2
∫
f0

[(
log

f0

f

)2

+
(

log
f

fθi

)2
]

< 2V (f0, f) + 2δ (5.3)

Thus, combining (5.1) with (5.2) and (5.3) above we see that condition 2 of
theorem 5.1 is satisfied if the prior puts positive probabilities on |θi| < δ for
all small δ > 0. But this is ensured by assumption B and the assumption
that µ puts positive probability on neighborhoods of (α0, β0). This proves
the theorem. 2
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Appendix: Proofs

Proof of Lemma 3.1. Denote by G the set (−a, a)× (σ, σ). Choose
k > a + σ such that

∫
|x|>k(|x| + a)2/(2σ2)f0(x)dx < ε/2 (possible since∫

|x|2f0(x)dx < ∞). Take V = {P : P (G) > σ/σ}. Then V is weak
neighborhood of P̃ and for any f = φ ∗ P with P ∈ V ,∫

|x|>k
f0(x) log

f̃(x)
f(x)

dx ≤
∫
|x|>k

f0(x) log

∫
G

1
σφ
(
x−θ
σ

)
dP̃ (θ, σ)∫

1
σφ(x−θσ )dP (θ, σ)

dx

≤
∫
|x|>k

f0(x) log
1
σφ
(
|x|−a
σ

)
1
σφ( |x|+aσ )P (G)

dx

≤
∫
|x|>k

f0(x)
{

(|x|+ a)2

2σ2

}
dx <

ε

2
(A.1)

An almost exact repetition of the arguments given in the proof of Theo-
rem 3 of Ghosal et al. (1999) shows that there exists a weak open neighbor-
hood U of P̃ such that for any f = φ ∗ P with P ∈ U ,∫

|x|≤k
f0(x) log

f̃(x)
f(x)

dx < ε/2.

This proves the lemma with W = V ∩ U . 2

Proof of Lemma 3.2. Fix 0 < τ < 1 and ε > 0 and find x0 and A
using the property of f0, such that Π̃(A) > 1− τ and∫

|x|>x0

f0(x) log
f0(x)
f(x)

dx < ε/2 (A.2)

Let g0 be the density obtained by truncating f0 to the interval [−x0, x0].
It follows from the arguments presented in Remark 3 of Ghosal et al. (1999),
that ∃σ1 > 0 such that∫ x0

−x0

f0(x) log
f0(x)∫ x0

−x0

1
σ1
φ(x−θσ1

)f0(θ)dθ
dx

=
1
t0

∫
g0(x) log

g0(x)∫
1
σ1
φ(x−θσ1

)g0(θ)dθ
dx <

ε

4
(A.3)

Let P0 be such that such that dP0 = f0 × δσ1 . Fix a 0 < κ and find
λ > 0 such that 1 − λ/(κ2(1 − λ)2) > τ . Choose a big compact set K
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such that [−x0, x0] × {σ1} ⊂ K and G0(K) > 1 − λ, P0(K) > 1 − λ. Let
B = {P : |P (K)/P0(K)− 1| < κ}. Since P (K) ∼ Beta(αG0(K), αG0(Kc)),
an application of Chebyshev’s inequality obtains,

Π̃(B) ≥ 1− E(P (K)− P0(K))2

κ2P0(K)2
≥ 1− λ

κ2(1− λ)2
> τ

Thus, Π(A ∩ B) > 0.

Following Ghosal et al. (1999), it can be shown that there exists a set C
such that Π̃(A ∩ B ∩ C) > 0. and P ∈ B ∩ C ⇒∫ x0

−x0

f0(x) log

∫
K

1
σφ(x−θσ )dP0∫

K
1
σφ(x−θσ )dP

dx <
κ

1− κ
+ 2κ < ε/4 (A.4)

by a suitable choice of κ. But, for f = φ ∗ P with P ∈ A ∩ B ∩ C,

∫
f0(x) log

f0(x)
f(x)

dx ≤
∫ x0

−x0

f0(x) log
f0(x)∫ x0

−x0

1
σ1
φ(x−θσ1

)f0(θ)dθ
dx

+
∫ x0

−x0

f0(x) log

∫
K

1
σφ(x−θσ )dP0∫

K
1
σφ(x−θσ )dP

dx

+
∫
|x|>x0

f0(x) log
f0(x)
f(x)

dx

< ε (A.5)

by (A.3), (A.4) and (A.2). This concludes the proof of theorem 3.3. 2

Proof of Lemma 3.3. We will show how to do this for x > 0, the
same argument can be repeated for x < 0. Note that, one can also represent
Kx as:

Kx

{
(θ, σ) : x− τx(σ) ≤ θ ≤ x+ τx(σ), 0 < σ ≤ 1

w(x)

}
where

τx(σ) = (−2σ2 log (σw(x)))1/2, 0 < σ ≤ 1/w(x),

is the varying width of Kx. It follows from simple calculations that for a
fixed x, τx(σ) → 0 when σ → 0 or σ → 1/w(x) and the maximum value of
τx(σ) is attained at σ = exp(−1/2)/w(x). This gives Kx a balloon shape
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and makes it difficult to work with. To tackle this problem we further define
for x ≥ 0:

Ax =


R× R+, x ≤ t0

{[x− τx(σ0),∞)× [σ0,∞)}
⋃{

[0,∞)× (x1−η/2,∞)
}
, x > t0

and

Bx =


R× R+, x = 0

{(x,∞)× (σ0,∞)}
⋃{

[0,∞)× (e|x|
η−1/2,∞)

}
, x > 0

where t0 is such that the function ψ(x) = x− τx(σ0), defined on {x : w(x) <
σ−1

0 }, is monotonically increasing for x > t0. Existence of such a t0 can
be directly verified by differentiating ψ(x). We summarize the connections
between Ax, Bx and Kx in the following lemma which we would prove later.

Lemma A.1. For a suitable choice of t0,

1) Bx ⊆ Ax,∀x ≥ 0. (A.6)
2) 0 < x < y ⇒ Acx ⊂ Acy and Bc

x ⊂ Bc
y. (A.7)

3) Ac0 = Bc
0 = φ and Acx, B

c
x ↑ R× R+ as x ↑ ∞. (A.8)

4) Ax \Bx ⊂ Kx. (A.9)

Lemma A.1 ensures that FA(x) = P (Acx) and FB(x) = P (Bc
x) are ran-

dom distribution functions on [0,∞), following Dir(αGA0 ) and Dir(αGB0 )
respectively, where these parameters are given by GA0 ([0, x]) = G0(Acx) and
GB0 ([0, x]) = G0(Bc

x). It follows from Doss and Sellke (1982) (see Ghosal et
al., 1999), that

Pr
(

lim sup
x→∞

P (Bx)
h1(G0(Bx))

= 0
)

= 1

and

Pr
(

lim inf
x→∞

P (Ax)
h2(G0(Ax))

= ∞
)

= 1

where h1(t) = exp(−1/(t| log t|2)) and h2(t) = exp(−2 log | log t|/t) for small
positive values of t. An application of Egoroff’s theorem to the above yields
that there exist an x1 > 0 and a set A with Π(A) > 1− τ/2, such that

P ∈ A ⇒
{
P (Bx) < h1(G0(Bx))
P (Ax) > h2(G0(Ax))

∀x > x1.
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Therefore P ∈ A implies that for all x > x1,

P (Kx) ≥ P (Ax \Bx) ≥ h2(G0(Ax))− h1(G0(Bx))

= exp
(
−2 log | logG0(Ax)|

G0(Ax)

)
− exp

(
− 1
G0(Bx)(logG0(Bx))2

)
= exp(−l(x))− exp(−u(x)) (A.10)

where

l(x) = (2 log | logG0(Ax)|)/(G0(Ax))

and

u(x) = 1/(G0(Bx)(logG0(Bx))2).

By assumption 3 and the inequality x − σ0x
η/2 > x − τx(σ0) for large

x > 0, that we would establish later during the proof of Lemma A.1 (see
relation (A.11)), we conclude G0(Ax) ≥ b1x

−β for large x > 0. On the other
hand, by assumption 4, G0(Bx) ≤ G0

({
(−∞, x)× (0, ex

η−1/2)
}c) ≤ b2x

−γ

for large x > 0. Hence, for large x > 0,

l(x)
u(x)

≤ 2b2
b1
xβ−γ log |β log x− log b1| (γ log x− log b2)2

and so, l(x)/u(x) → 0 as x → ∞ because β < γ. Therefore, ∃x0 > x1 > 0
such that P ∈ A and x > x0 implies

P (Kx) ≥
1
2

exp(−l(x)) ≥ 1
2

exp(− 2
b1
xβ log |β log x− log 2|) ≥ 1

2
exp(− 2

b1
xη)

since β < η. This completes the proof. 2

Proof of Lemma A.1.

1. Note that, x > x − τx(σ0) for all x such that the second term is
defined. Also, exp(xη − 1/2) ≥ x1−η/2 for large enough x > 0. Hence
(A.6) follows.

2. Proof of (A.7) follows directly by monotonicity of exp(xη−1/2), x1−η/2

and x− τx(σ0) for x > t0.
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3. It is straightforward to see that Ac0 = Bc
0 = φ and Bc

x → R × R+. A
direct calculation also shows that,

x− σ0x
η/2 > x− τx(σ0) > x− 2σ0x

η/2. (A.11)

for large x > 0. From this it follows that Acx → R × R+ since x −
2σ0x

η/2 →∞ as x→∞. This completes the proof of (A.8).

4. Note that for large x, x1−η/2 < exp(xη − 1/2) = exp(−1/2)/w(x)
which means τx(x1−η/2) is well defined and x− τx(x1−η/2) = x−x(2−
(2− η)(log x/xη))1/2 < 0. Therefore,

Ax \Bx =

{
(θ, σ) : x− τx(σ0) ≤ θ ≤ x, σ0 < σ ≤ e−1/2

w(x)

}⋃
{

(θ, σ) : 0 ≤ θ ≤ x, x1−η/2 < σ ≤ e−1/2

w(x)

}

⊂

{
(θ, σ) : x− τx(σ0) ≤ θ ≤ x, σ0 < σ ≤ e−1/2

w(x)

}⋃
{

(θ, σ) : x− τx(x1−η/2) ≤ θ ≤ x, x1−η/2 < σ ≤ e−1/2

w(x)

}

⊂ Kx. (A.12)

The last inclusion follows because τx(σ) takes its maximum value at
h = e−1/2/w(x) and this ensures that for a fixed h′ < e−1/2/w(x),

x− τx(σ) ≤ x− τx(σ′) ∀ σ ∈

[
h′,

e−1/2

w(x)

]
.

2

Proof of Lemma 5.1. Under assumption 3, f(x) is a continuous
function. This follows from the fact that

(1/σ)φ ((y − θ − t)/σ) → (1/σ)φ ((y − θ)/σ) as t→ 0,

and if we consider the collection of functions (1/σ)φ ((y − θ − t)/σ) indexed
by t, it has a P -integrable upper bound in the function 1/((2π)1/2σ). So
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Dominated Convergence Theorem applies in establishing that f(y − t) →
f(y) as t→ 0. This means that for each fixed y, as t→ 0,

log
f0(y)
ft(y)

→ log
f0(y)
f(y)

and
(

log
f0(y)
ft(y)

)2

→
(

log
f0(y)
f(y)

)2

. (A.13)

Fix a t0 > 0. By assumption 4, ∀|y| > M + t0,∀|t| < t0,

ft(y) = f(y − t) > b1 exp(−b2|y − t|η) ≥ b1 exp(−b2(|y|+ |t0|)η).

It is clear from the definition of f that cP := inf{f(x) : |x| ≤M + 2t0} > 0.
Then ∀|y| ≤M + t0,∀|t| < t0,

ft(y) = f(y − t) ≥ cP .

We also have the obvious bound that ∀y,∀|t| < t0,

ft(y) ≤
∫

(1/σ)dP (θ, σ) = σP <∞.

Hence ∀y,

|log ft(y)| ≤ max (| log σP |, | log cP |, | log b1|+ b2(|y|+ |t0|)η) . (A.14)

Denote the RHS of (A.14) by ξ(y). Then,
∫
ξ(y)2f0(y)dy <∞, by assump-

tion 2 and ∀y,∀|t| < t0,∣∣∣∣log
f0(y)
ft(y)

∣∣∣∣ < | log f0(y)|+ ξ(y)

and (
log

f0(y)
ft(y)

)2

< 2
(
(log f0(y))2 + (ξ(y))2

)
.

Hence by assumption 1 and 2, DCT applies to (A.13) proving the lemma. 2
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