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A Poisson Approximation for Coloured GraphsUnder Ex
hangeabilityAnnalisa Cerquetti and Sandra FortiniUniversit�a Bo

oni, Milano, ItalyAbstra
tWe introdu
e random graphs with ex
hangeable hidden 
olours and provean asymptoti
 result on the number of times a �xed graph appears as asubgraph of su
h a random graph. In parti
ular, we give ne
essary andsuÆ
ient 
onditions for the number of subgraphs isomorphi
 to a given graphto 
onverge, under a negligibility assumption on the frequen
ies of 
olours.Moreover, we prove that the limiting law, when it exists, is a mixture ofPoisson distributions. Our proofs rely on Stein-Chen method for Poissonapproximations of sums of weakly dependent random variables. Finally, wedis
uss an appli
ation of the asymptoti
 result in Bayesian modeling.AMS (2000) subje
t 
lassi�
ation. Primary 60F05; se
ondary 05C80, 62F99.Keywords and phrases. Ex
hangeability, Poisson approximation, randomgraphs, subgraph enumeration.1 Introdu
tionThe systemati
 study of random graphs was started by Erd}os and R�enyiin a series of seminal papers in 1950s and 1960s. In its simplest version, the
lassi
al (�nite, undire
ted, loopless) random graph G(n; p), is de�ned bytaking a �nite set of verti
es f1; : : : ; ng and then randomly sele
ting ea
h ofthe �n2� possible edges with probability p independently of all other edges.As pointed out in Newman (2003), Erd}os-R�enyi model fails to des
ribe manyreal-world networks, due to its intrinsi
 la
k of edge 
orrelation. In manydi�erent �elds like mole
ular biology, e
ology or information-te
hnology, ob-served network stru
tures frequently show 
lustering, i.e., verti
es are morelikely to be 
onne
ted when they have a 
ommon neighbour. Hen
e in thelast de
ade, an in
reased interest in random graph theory, has produ
ed



184 A. Cerquetti and S. Fortinigeneralizations of the Erd}os-R�enyi model allowing 
orrelation between edges(see Penman, 1998, Biggins, 2002, Biggins and Penman, 2003, Canningsand Penman, 2003 and S�oderberg, 2003). One of the most appealing gen-eralization is obtained by randomly 
olouring verti
es a

ording to a 
olourdistribution and realizing edges independently with 
olour dependent prob-abilities.An interesting 
lass of results in random graph theory 
on
erns the prob-lem of 
ounting the number of times a �xed subgraph H appears in a ran-dom graph. (For a general introdu
tion to random graphs see e.g., Bollobas,1985). Let G(n; p) be the Erd}os-R�enyi model, and let W be the number of
opies of H in G(n; p). Barbour et al. (1992) establish an upper bound forthe total variation distan
e between the law of W and a Poisson law witha suitable mean. Their proofs rely upon the Stein-Chen method, whi
h is ageneral method to establish Poisson approximations for the sum of weaklydependent indi
ator random variables, with small o

urren
e probabilities.The main virtues of the Stein-Chen method is that it gives expli
it upperbounds on the total variation distan
e.In randomly 
oloured random graphs, subgraph enumeration was origi-nally introdu
ed by Janson (1986, 1987) as an alternative formulation of thefamous birthday problem (Von Mises, 1939). Let � be a randomly 
olouredrandom graph obtained by 
olouring the verti
es of a 
omplete graph G, atrandom and independently, and then deleting the edges with di�erent 
oloursat the endpoints. If verti
es represent people and 
olours represent people'sbirthdays, then an edge arises in � for every pair of people sharing the samebirthday, so that the number of edges W 
orresponds to the number of pairsof people born in the same day. In Barbour et al. (1992), Theorem 5.G, theStein-Chen method is used to approximate W by a Poisson random variablewith mean � = �n2�Pr p2r, where pr is the probability of being born on dayr, and n is the number of people.Here we extend the above result in two di�erent dire
tions. First we relaxthe hypothesis that verti
es 
olours are independent by assuming that theyare ex
hangeable. This extension is motivated by potential appli
ations inBayesian statisti
s (see Se
tion 4). A
tually, in order to exploit de Finetti'srepresentation theorem, we make the stronger assumption that the sequen
eof 
olours 
an be extended to an in�nite ex
hangeable sequen
e. Moreoverwe 
onsider the numberW of o

urren
es of a general 
onne
ted subgraphH.In this framework we prove that, under suitable negligibility assumptions,



Random graphs with ex
hangeable 
olours 185the probability distribution of W 
an be well approximated by a mixture ofPoisson laws, if the order of G is large.The above mentioned results 
an be applied in a Bayesian perspe
tive tomodel the number of 
oin
iden
es arising in large networks. Consider a largenetwork in whi
h a random 
hara
teristi
 is asso
iated to ea
h node, in su
ha way that di�erent nodes are homogeneous with respe
t to it. It may be, forexample, a parti
ular 
hoi
e or interest in a so
ial network. Suppose thatwe want to �x a model for the number of 
oin
iden
es among 
onne
tednodes in the network. In a Bayesian approa
h, if the distribution of the
hara
teristi
 is not known, a prior distribution is assigned to it. A

ordingto de Finetti's representation theorem, this is equivalent to assume that thenodes are ex
hangeable with respe
t to the above mentioned 
hara
teristi
.Our asymptoti
 results on random graphs with ex
hangeable 
olours implythat, if 
oin
iden
es 
an be 
onsidered as ex
eptional events, a Poisson modelwith a random mean 
an be employed.The paper is organized as follows. In Se
tion 2 we �x some notationsand introdu
e basi
 de�nitions. Moreover we state a property of randomgraphs with independent hidden 
olours exploited in the subsequent se
tion.In Se
tion 3 we present the asymptoti
 result with some examples, remarksand 
omments. In Se
tion 4 we apply the asymptoti
 result to dis
uss aBayesian version of the birthday problem.2 Notations and Preliminary ResultsBefore introdu
ing the de�nition of random graph with ex
hangeablehidden 
olours, we �x some notations. For basi
 de�nition on graph theorysee e.g. Diestel (2000). Let G = (V;E) be a graph: we 
an always takeV = f1; : : : ; ng. Let jGj denote the number of verti
es of G. Subgraphs of agraph G will often be denoted by Greek letters �; �, et
. We write � � Gto denote � being a subgraph of G. If a subgraph � of G is isomorphi
 toa �xed graph H, � is 
alled a 
opy of H in G. The set of 
opies of H (in a�xed graph G) is denoted by AH . We use B�;r to denote the set of 
opies ofH in G having r verti
es in 
ommon with �, a parti
ular 
opy of H:B�;r = f� 2 AH : j� \ �j = rg: (2.1)Let mr = 1jAH j X�2AH jB�;rj: (2.2)



186 A. Cerquetti and S. FortiniSupposeG is a graph with n verti
es, and ea
h vertex i re
eives a random
olour Xi from a list of k <1 
olours, where (X1; : : : ;Xn) have some jointdistribution. A random subgraph � of G with hidden 
olours is the graphwith vertex set V (G) and edges those edges ij of G for whi
h Xi = Xj .More generally, if (Gn) is a sequen
e of graphs, with jGnj = n, supposeea
h vertex of Gn is 
oloured with one of kn < 1 
olours, the 
olour ofvertex i being Xi;n in Gn. We form a sequen
e (�n) of random subgraphswith hidden 
olours in the same way.The key 
ase for us is when the (Xi;n), 1 � i � n, are i.i.d. 
onditionalon a random probability Qn:P (X1;n 2 A1; : : : ;Xn;n 2 AnjQn) = nYi=1Qn(Ai): (2.3)Then de Finetti's theorem (see e.g., Aldous, 1985) implies that the jointdistribution of the sequen
e of vertex 
olours is ex
hangeable:P (X1;n 2 A1; : : : Xn;n 2 An) = P (X1;n 2 A�(1); : : : Xn;n 2 A�(n))for all subsets As of the set of k 
olours for Gn, all � a permutation off1; : : : ; ng. Moreover, the �nite sequen
e 
an be extended to an in�nite ex-
hangeable sequen
e. Note Qn is de�ned by a kn-ve
tor (Qn(1); : : : ; Qn(kn))whi
h we write as Qn = (Q1;n; : : : ; Qkn;n). In this 
ase we 
all the resultingrandom graphs (�n) random graphs with ex
hangeable hidden 
olours. Aspe
ial 
ase is when the 
olours are independent: these are a parti
ular 
aseof the random randomly 
oloured graphs introdu
ed in Penman (1998) andS�oderberg (2003) independently.Let � be a random graph on an underlying graph G and let H be agraph. The number of 
opies of H in � is the random variableW = X�2AH I�;where I� = 1f� � �g:Here, for every B, 1(B) is the indi
ator fun
tion of B.If � is a random graph with hidden 
olours and (Xi) is its sequen
e ofrandom 
olours, thenW = X�2AH 1(\ij2V(�)fXi = Xjg):



Random graphs with ex
hangeable 
olours 187Let the Poisson distribution with parameter � > 0 be denoted by Po�.We in
lude in the last 
lass the degenerate distribution on 0 as the Po 0distribution.The asymptoti
 results of next se
tion are based on the following theo-rem.Theorem 1. Let � be a random graph on G with independent andidenti
ally distributed 
olours X1;X2; : : : and 
olour spa
e f1; : : : ; kg. LetH be a 
onne
ted graph with jHj > 1. Then the number of 
opies of H in� satis�esdTV (L(W ); P o�) � 1^(1�e��)0�PjHj�1r=1 mr + 1AH �+ jHj�1Xr=1 mrPki=1 q2jHj�riPki=1 qjHji 1A ;where dTV denotes the total variation distan
e, qi = P (X1 = i) for every i,and � = jAH jPki=1 qjHji .Proof. The random variables fI� : � 2 Ag are disso
iated (see Barbouret al. (1992) p. 34). Theorem 2.N in Barbour et al. (1992) then impliesdTV (L(W ); P o�) � 1� e��� X�2AH0�(EI�)2 + jHj�1Xr=1 X�2B�;r((EI�)2 + (EI�I�))1A :Moreover E(I�) = Pki=1 qjHji = �=jAH j while E(I�I�) = Pki=1 q2jHj�ri if �and � have r 
ommon verti
es (1 � r � jHj � 1) 2Let Xi be a sequen
e of i.i.d. random variables su
h that P (Xi = j) = qjfor all i and j.Corollary 2. Let w : f1; : : : ; kgn ! f0; 1; : : : g be de�ned byw(x1; : : : ; xn) = X�2AH Yij2V(�) 1fxi = xjg:and � = jAH jPki=1 qjHji . Then������ Xx1;:::;xn2f1;:::;kg 1fw(x1; : : : ; xn) 2 Ag nYi=1 qxi � Po�(A)������� 1 ^ (1� e��)0�PjHj�1r=1 mr + 1AH �+ jHj�1Xr=1 mrPki=1 q2jHj�riPki=1 qjHji 1A : (2.4)



188 A. Cerquetti and S. Fortini3 Poisson ApproximationIn this se
tion we use Corollary 2 to show that, under a suitable neg-ligibility assumption, the asymptoti
 distribution of (Wn) is a mixture ofPoisson laws.Let � be a probability distribution on the Borel sigma-algebra on [0;+1).A probability measure � satisfying�(A) = Z[0;+1) Po�(A)d�(�)is 
alled a mixture of Poisson laws with mixing measure �. The followingtheorem asserts that � uniquely determines �.Theorem 3. Let � 0 and � 00 be mixtures of Poisson laws with mixingmeasures �0 and �00, respe
tively. If � 00 = � 0, then �00 = �0.The proof is obvious (see e.g., Kallenberg, 1986, Corollary 3.2).In the following, we will assume that (Qn) satis�es the following negligi-bility assumption:(mr;n + 1)Pkni=1Q2jHj�ri;nPkni=1QjHji;n P! 0 as n!1; for every r = 1; : : : ; jHj � 1;(3.1)where P! means 
onvergen
e in probability,mr;n = 1jAH;nj X�2AH;n jB�;r;nj (3.2)and B�;r;n = f� 2 AH;n : j� \ �j = rg:Remark 1. A suÆ
ient 
ondition for (3.1) is(mr;n + 1)1=(jHj�r)maxi Qi;n P! 0 for every r = 1; : : : ; jHj � 1; (3.3)as n!1.Remark 2. Assumption (3.1) implies that (I�;n) are uniformly asymp-toti
ally negligible, that is max� P (I�:n = 1) goes to zero, as n ! 1. Infa
t, sin
e Pkni=1Qi;n = 1,knXi=1 Q2jHj�ri;n �  knXi=1 QjHji;n! 2jHj�r�1jHj�1 �  knXi=1 QjHji;n!2 :



Random graphs with ex
hangeable 
olours 189Moreover, if � is a �xed 
opy of H in Gn, E(I�;n) =Pkni=1QjHji;n . Hen
e,max�2AH;n P (I�;n = 1) = E(P (I�;n = 1jQn))= E(PiQjHji;n ) � E�Pkni=1Q2jHj�ri;nPkni=1QjHji �If (3.1) holds, the last term in the inequality tends to zero, as n!1. Noti
ethat the number of 
olours kn must go to in�nity for (3.1) to hold.On the other hand, the probability distribution of (Wn) might fail to
onverge to a mixture of Poisson laws, if (3.1) does not hold, even under thehypothesis that (I�;n) are uniformly asymptoti
ally negligible. See Exam-ple 1.Theorem 4. Let (�n) be a sequen
e of random graphs with ex
hangeablehidden 
olours on a sequen
e of graphs (Gn), with jGnj = n. Let H be a
onne
ted graph with jHj > 1 and let AH;n, mr;n and Qn be de�ned as abovewith jAH;nj ! 1 as n!1. Suppose that (3.1) holds and let�n = jAH;njXi QjHji;n : (3.4)Then (Wn) 
onverges in distribution if and only if (�n) 
onverges in dis-tribution. In this 
ase, the limiting distribution of (Wn) is a mixture ofPoisson laws, the mixing measure being the limiting law of (�n). Moreoverthe representation is unique.Proof. Let wn(x1; : : : ; xn) = X�2AH;n Yi;j2� 1fxi = xjg:Then Wn = wn(X1;n; : : : ;Xn;n). MoreoverP (Wn 2 AjQn) = Xx1;:::;xn 1fwn(x1; : : : ; xn) 2 Ag nYi=1Qxi;n P-a.s.It follows from (2.3) and (2.4) that, for every Borel set A,jP (Wn 2 AjQn)�Po�n(A)j� 1 ^��PjHj�1r=1 mr;n + 1�Pkni=1QjHji;n +PjHj�1r=1 mr;nPkni=1Q2jHj�ri;nPkni=1QjHji;n �� 1 ^�PjHj�1r=1 (mr;n + 1)Pkni=1QjHji;n +PjHj�1r=1 mr;nPkni=1Q2jHj�ri;nPkni=1 QjHji;n � P-a.s.(3.5)



190 A. Cerquetti and S. FortiniBy (3.1) and Remark 2, we see that the random ve
tor (m1;n+1)knXi=1QjHji;n ; : : : ; (mjHj�1;n+1)knXi=1QjHji;n ;m1;nPkni=1Q2jHj�1i;nPkni=1QjHji;n ; : : : ;mjHj�1;nPkni=1QjHj+1i;nPkni=1QjHji;n !
onverges in distribution to the zero ve
tor, as n!1. Sin
e1 ^0�jHj�1Xr=1 (mr;n + 1) knXi=1 QjHji;n + jHj�1Xr=1 mr;nPkni=1Q2jHj�ri;nPkni=1QjHji;n 1Ais a bounded, 
ontinuous fun
tion of it,jP (Wn 2 A)�E(Po�n(A))j � EjP (Wn 2 AjQn)� Po�n(A)j ! 0 (3.6)as n!1.If �n 
onverges in distribution to a random variable �, thenjE(Po�n(A)) �E(Po�(A))j ! 0and, therefore the probability distribution of Wn 
onverges, as n ! 1, toE(Po�).Conversely, suppose that Wn d!W;as n ! 1. For every n, let �n denote the probability distribution of �n.Let us prove that (�n) is tight. By Chebyshev's inequality, for every � > 0,Po�[0; �=2) � 4�:Suppose that (�n) is not tight and let a < 1 be su
h that, for every R > 4,there exists an in
reasing sequen
e of integers (nm), depending on R, su
hthat, for every m, pnm = P (�nm � 2R) < a. ThenPo�nm [0; R℄ � Po�nm [0; R℄1f�nm < 2Rg+ Po�nm [0; R℄1f�nm � 2Rg� 1f�nm < 2Rg+ Po�nm [0;�nm=2℄1f�nm � 2Rg� 1f�nm < 2Rg+ 4=�nm1f�nm � 2Rg)� 1f�nm < 2Rg+ 2=R1f�nm � 2Rg:



Random graphs with ex
hangeable 
olours 191Sin
e R > 4,E(Po�nm [0; R℄) � pnm + 2=R(1� pnm) � (a+ 1)=2:From (3.6), P (Wnm � R)�E(Po�nm [0; R℄)! 0;as m!1. Let m0 be su
h that, for every m � m0,jP (Wnm � R)�E(Po�nm [0; R℄)j � 1=4� a=4:Then, for every m � m0,P (Wnm � R) � (3 + a)=4 < 1:Con
luding, if �n is not tight, there exists b < 1 su
h that, for every R > 4,P (Wn � R) � b for some n. Hen
e Wn fails to 
onverge in distribution,whi
h 
ontradi
ts the hypothesis.We have thus proved that (�n) is tight. Re
all (Billingsley, 1995, The-orem 25.10) that this implies every subsequen
e has a subsequen
e whi
h
onverges to a probability measure, and the 
orollary that, if (�n) is tight,with ea
h subsequen
e that 
onverges weakly at all 
onverging weakly to theprobability measure �, then (�n) 
onverges in distribution to �. Let (�n0)and �n00 be subsequen
es 
onverging to �0 and �00, respe
tively. Then, bythe �rst part of the proof, the limiting distributions of Wn0 and Wn00 areR Po��0(d�) and R Po��00(d�), respe
tively. Sin
eWn 
onverges in distribu-tion, Z Po��0(d�) = Z Po��00(d�):It follows from Theorem 1 that �0 = �00. 2Assumption (3.1) of Theorem 4 
an not be suppressed, as proved inExample 1.Example 1. For every n, let Kn be the 
omplete graph with n verti
esand kn = n3. For every n, let �n be a random graph on Gn with independentand identi
ally distributed 
olours X1;n; : : : ;Xn;n, taking values 1; : : : ; n3with probabilities, 1=n; 1=(n3+n2+n); 1=(n3+n2+n); : : : ; 1=(n3+n2+n), re-spe
tively. Let H be an edge. Then jAH;nj = �n2� and �n = �n2�Pn3j=1Q2j;n !1, as n!1. On the other hand, (3.1) does not hold in this 
ase, sin
e(m1;n + 1)Pn3i=1Q3i;nPn3i=1Q2i;n = (2n� 3)n�3 + (n3 � 1)(n3 + n2 + n)�3n�2 + (n3 � 1)(n3 + n2 + n)�2 6! 0;



192 A. Cerquetti and S. Fortinias n ! 1. We show the limiting distribution, if it exists, is not a mixtureof Poisson laws by showing that, as n!1,P (Wn = 1)! e�1=2; P (Wn = 2)! 0: (3.7)To prove (3.7), let Cn be the number of verti
es with 
olour 1 in �n. ThenCn � Bin(n; 1=n) so asymptoti
ally Cn � Po1. Now, for w � 2P (Wn = w) = 2X
=0 P (Wn = wjCn = 
)P (Cn = 
)Let W (
)n be the number of edges in a random graph with independent
olours, on a 
omplete graph with n � 
 verti
es, with all n3 � 1 
oloursbeing equally likely. It is easy to 
he
k dire
tly (or by Theorem 3) that W (
)nhas a limiting Po0 distribution soP (Wn = wjCn = 
) = P (W (
)n = w)! 0 for w = 1; 2; 
 = 0; 1P (Wn = 1jCn = 2) = P (W (
)n = 0)! 1P (Wn = 2jCn = 2) = P (W (
)n = 1)! 0;as n!1.Example 2. Let Gn be the 
omplete graph with n verti
es and let �n bea random graph with ex
hangeable hidden 
olours taking values 1; : : : ; n2.Let (an) be a sequen
e of real numbers su
h thatPn2i=1 ain2 ! �1 > 0Pn2i=1 a2in2 ! �2 > 0 9=; as n!1: (3.8)Suppose that the random ve
tor (Q1;n; : : : ; Qn2;n) has Diri
hlet distributionwith parameters (a1; : : : ; an2) (see e.g. Wilks, 1962). We prove that thedistribution of the number of edges in �n,Wn, 
onverges to the Po(�1+�2)=2�21 .This will follow from Theorem 4, if we 
an prove that(m1;n + 1)Pn2i=1Q3i;nPn2i=1Q2i;n P! 0 (3.9)and jAH;nj n2Xi=1 Q2i;n P! �1 + �22�21 (3.10)



Random graphs with ex
hangeable 
olours 193as n!1. (3.9) and (3.10) will follow from the fa
t that there is a sequen
e(Yi;n)i=1;:::;n2;n=1;2;::: of i.i.d. random variables with Gamma distributionsu
h that Qi;n = Yi;n=Pn2i=1 Yi;n (see Wilks, 1962, Theorem 7.7.1). Hen
e(m1;n + 1)Pn2i=1Q3i;nPn2i=1Q2i;n = 2(n� 2) + 1n2 � Pn2i=1 Y 3i;nn2Pn2i=1 Yi;nn2 � Pn2i=1 Y 2i;nn2and jAH;nj n2Xi=1 Q2i;n = n� 12n � Pn2i=1 Y 2i;nn2�Pn2i=1 Yi;nn2 �2 :Sin
e E Pn2i=1 Y 2i;nn2 ! = Pn2i=1 ai(ai + 1)n2 ! �1 + �2and V  Pn2i=1 Y 2i;nn2 ! = Pn2i=1 ai(ai + 1)(4ai + 6)n4 ! 0;as n ! 1, then Pn2i=1 Y 2i;nn2 
onverges in probability to �1 + �2, as n ! 1.Moreover E Pn2i=1 Yi;nn2 ! = Pn2i=1 ain2 ! �1and V  Pn2i=1 Yi;nn2 ! = Pn2i=1 ain4 ! 0;as n!1. Hen
e �Pn2i=1 Yi;nn2 �2 P! �21, as n!1. Sin
e Pn2i=1 Y 3i;nn2 is unlikelyto ex
eed the mean of Y 3i;n by mu
h, (3.9) follows as the 2(n � 2)=n2 termpulls the expression to zero.In the above example, the random parameter of the limiting Poisson lawhas a degenerate probability distribution. Hen
e the mixture distributionredu
es to a Poisson law. The following example shows a situation in whi
hthe limiting law of Wn is a proper mixture of Poisson laws.



194 A. Cerquetti and S. FortiniExample 3. Let s be a �xed positive integer and let Kn be the 
ompletegraph with n verti
es. Consider a sequen
e of random graphs (�n) on Knwith 
olours f1; : : : ; s
ng, where 
n = bn2=s
. Let (Z1; : : : ; Zs) be a randomve
tor with Zi � 0 for every i and Psi=1 Zi = 1 and letQi;n = Zj=
n for every i = (j � 1)
n + 1; : : : ; j
n (j = 1; : : : ; s):Let Wn be the number of edges in �n. Then jHj = 2, jAH;nj = �n2� andm1;n = 2(n� 2). Moreover (3.1) holds. In fa
t(m1;n + 1)Ps
ni=1Q3i;nPs
ni=1Q2i;n = (2(n� 2) + 1)
nPsj=1 Z3j =
3n
nPsj=1 Z2j =
2n P! 0as n!1. Sin
e �n = �n2� s
nXi=1 Q2i;n = �n2� sXj=1 
nZ2j
2n
onverges in distribution to � = sPsj=1 Z2j =2, as n ! 1, the limitingdistribution of the number of edges in �n 
onverges to a mixture of Poissonlaws, the mixing measure being the probability distribution of �.4 A Bayesian Version of the Birthday ProblemAs a variant of the birthday problem, 
onsider a group of n people withvarious so
ial ties, and letW be the number of pairs who are a
quainted andshare the same birthday. As suggested in Barbour et al. (1992), this problem
an be ta
kled by random graphs with hidden 
olours. In a graph G with Nedges, let verti
es represent people and edges represent so
ial ties. Considerthe random graph obtained by 
olouring verti
es with people's birthdaysand then deleting edges with di�erent 
olours at the endpoints. The numberof remaining edges represents the number W of pairs of people who area
quainted and have the same birthdays. If the birthday distribution isuniform on k days, k and N are both large but pN=k is small, then W hasdistribution approximately Poisson (Nk ) (see Barbour et al., 1992, pp. 104-107). Hen
e P (no mat
hes) := e��, where � = N=k. If k = 365, the 
han
eof a mat
h is approximately 0:5 for N = 253. In the 
ase of a 
ompletegraph, 253 edges 
orrespond to 23 verti
es, whi
h is the 
lassi
al answer tothe birthday problem, i.e. 23 persons are required to obtain a probability 0:5of a mat
h. Dia
onis and Holmes (2002) point out that, due to seasonal andother e�e
ts, the probability Qi of a person being born on day i may di�er
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olours 195from 1=k. Therefore, in a Bayesian approa
h, one should treat the Qi's asunknown and spe
ify a prior distribution for the random ve
tor (Q1; : : : ; Qk).Dia
onis and Holmes (2002) give an expli
it formula for the probability ofa mat
h under a symmetri
 Diri
hlet prior with parameters (
; : : : ; 
), whenthe graph G is 
omplete. If 
 is small, then the prior distribution assignshigh probability far from (1=k; : : : ; 1=k), and this makes a mat
h more likely.For example, under a uniform prior, (
 = 1), only 17 individuals are neededfor a 50-50 
han
e of a mat
h.Suppose now that G has N edges but is otherwise arbitrary. If theassumptions of Theorem 4 hold, then the number of mat
hes has an approx-imate Poisson distribution with random parameter� = NXi Q2i = Nk +NXi �Qi � 1k�2 : (4.1)It is easily seen from (4.1) that � has both a deterministi
 
omponent� = N=k, 
orresponding to the basi
 assumption of the 
lassi
al birthdayproblem, and a random 
omponent. It follows that we 
an write� = �(1 + V )where V = kPi(Qi� 1=k)2 is a non-negative random variable whose distri-bution depends only on the prior andPr(no mat
hes) = E(e��) = e��E(e��V ):For example if V has a Gamma (a; b; 0) distribution (see e.g. Johnson andKots, 1970) Pr(no mat
hes) = e��(1 + �b)�a:In what follows, we 
onstru
t a prior distribution whi
h satis�es the hy-potheses of Theorem 4, and su
h that V follows, approximately, a Gamma(a; b; 0) distribution. LetQi = YiPnj=1 Yj (i = 1; : : : ; k)with Y1; : : : ; Yk i.i.d. Generalized Gamma (a=k; 2; 1=k;pb=k) (see e.g. John-son and Kots, 1970), let N and k diverge in su
h a way that N=k ! � andlet (m1 + 1)=pN ! 0 as N !1 (see (2.2) for the de�nition of m1). Then,for k !1, kXi Q2i d! 1 + V (4.2)



196 A. Cerquetti and S. Fortiniwith V � Ga(a; b; 0) and (m1 + 1)PiQ3iPiQ2i P! 0: (4.3)In fa
t, kXi Q2i = k Pi Y 2i(Pi Yi)2 :Moreover, Pi Yi P! 1 as k !1, kPi(Yi � 1=k)2 � Ga(a; b; 0) andkXi Y 2i = kXi �Yi � 1k�2 + 2Xi Yi � 1;proving (4.2). Now, (4.3) holds sin
e(m1 + 1)Xi Q3i = (m1 + 1) kPi Y 3i(Pi Yi)(kPi Y 2i )and E(kPi Y 3i ) = o(1=(m1 + 1)), as k !1.The following table shows how varying a and b a�e
ts the N needed toobtain probability 0:5 of a mat
h.b = 0:2 0:04 0:008 0:0016 0:00032a = 1 213 243 251 253 2532 183 234 249 252 2535 129 211 243 251 25310 86 181 234 249 252Noti
e that the answer to the 
lassi
al birthday problem is re
overed forb! 0.A
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