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Bayesian Consisten
y for Markov Pro
essesSubhashis GhosalNorth Carolina State University, U.S.A.Yongqiang TangSUNY Brooklyn, U.S.A.Abstra
tRe
ently, Walker (2004) developed a martingale based te
hnique for posterior
onsisten
y giving a useful alternative to the 
lassi
al te
hnique based onhypothesis testing for i.i.d. data. In this arti
le, we extend some of hisresults to ergodi
 Markov pro
esses.AMS (2000) subje
t 
lassi�
ation. Primary 62G07, 62G20.Keywords and phrases. Markov pro
ess, martingale, posterior 
onsisten
y,transition density. 1 Introdu
tionLet fXn;n = 0; 1; 2; : : :g be an ergodi
 Markov pro
ess on a state spa
eS with transition density f(yjx) and stationary density �(x) with respe
t tosome �-�nite measure �. The pro
ess fXng need not be stationary. Let fbelong to a 
lass F of transition densities, whi
h need not be a parametri
family. Let � be a prior distribution for f . Let �(�jX0; : : : ;Xn) stand forthe posterior distribution of f given X0; : : : ;Xn. In our set up, we assumethat either X0 is �xed or it has a known initial distribution. By the Bayestheorem, the posterior is given by the relation�(BjX0; : : : ;Xn) = RBQni=1 f(XijXi�1)d�(f)RF Qni=1 f(XijXi�1)d�(f) : (1.1)Note that the predi
tive density of Xn+1 at y given X0; : : : ;Xn is obtainedas E(f(yjXn)jX0; : : : ;Xn), and hen
e a

urate estimation of f is important.Let f0 stand for the true transition density and �0 the true stationary den-sity. All the probability statements are given relative to the true distribution.



228 S. Ghosal and Y. TangSuppose that a topology on F has been spe
i�ed. Then posterior distribu-tion is said to be 
onsistent at f0 if for every neighborhood U of f0, we havethat �(U 
jX0; : : : ;Xn)! 0 a.s. For i.i.d. observations, a 
lassi
al theory ofposterior 
onsisten
y has been developed by S
hwartz (1965), Barron et al.(1999) and Ghosal et al. (1999) based on the assumptions that the prior as-signs positive probabilities to ea
h neghborhood of the true density de�nedby the Kullba
k-Leibler divergen
e number and there exists a sequen
e ofuniformly 
onsistent test for testing f = f0 against f 2 U 
 \ Fn, whereFn � F are sieves with �(F
n) exponentially small. The theory of 
onsis-ten
y has been re
ently extended to independent non-identi
ally distributed
ase by Amewou-Atisso et al. (2003) and Choudhuri et al. (2004), and toMarkov pro
ess by Tang and Ghosal (2007). Rates of 
onvergen
e for gen-eral dependent 
ases have been investigated by Ghosal and van der Vaart(2007). However, the 
onstru
tion of appropriate sieves and uniformly 
on-sistent tests on them is often diÆ
ult. It is therefore of interest to explorealternative suÆ
ient 
onditions for 
onsisten
y. Walker (2003, 2004) re
entlyformulated a martingale based approa
h for the study of 
onsisten
y for i.i.d.observations. In this arti
le, we extend some of his results to ergodi
 Markovpro
esses.It may be observed that 
onsisten
y results easily generalize to higherorder pro
esses, where the 
onditional distribution given history dependsonly on the k most re
ent values. All (non-linear) autoregressive time seriessatisfy the 
ondition. If Xn is a pro
ess satisfying the 
ondition, then it iswell known that Yn = (Xn; : : : ;Xn�k+1) is a Markov pro
ess with state spa
eSk, where S is the state spa
e of Xn. Marginalizing to the �rst 
omponent,
on
lusions 
an be obtained about the 
onditional distribution of Xn given(Xn�1; : : : ;Xn�k+1). 2 Main ResultsLet Rn(f) = nYi=1 f(XijXi�1)f0(XijXi�1) ; n � 1; (2.1)stand for the likelihood ratio andIn = ZF Rn(f)d�(f) (2.2)
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esses 229stand for the integrated likelihood ratio. Set R0(f) = 1 = I0. LetK(f0; �) = �f : Z Z �0(x)f0(yjx) log(f(yjx)=f0(yjx))d�(y) d�(x) < ��(2.3)stand for the Kullba
k-Leibler neighborhood of f0. We say that f0 is in theKullba
k-Leibler support of � or the Kullba
k-Leibler property holds at f0 if�(K(f0; �)) > 0 for all � > 0.Note that �(U 
jX0; : : : ;Xn) = I�1n ZU
 Rn(f)d�(f): (2.4)Assume that the Kullba
k-Leibler property holds at f0. Similar to the i.i.d.
ase, it follows from the strong law of large numbers for ergodi
 Markovpro
esses and Fatou's lemma thatfor all � > 0; en�In !1 a.s.; (2.5)see (2.1) of Tang and Ghosal (2007). In other words,for all 
 > 0; In > e�n
 for all suÆ
iently large n a.s.; (2.6)or lim infn!1 n�1 log In � 0 a.s. (2.7)In order to show that �(AjX0; : : : ;Xn)! 0 a.s. for some subset A of F , ittherefore suÆ
es to show thatLn = Ln;A = ZARn(f)d�(f) � e�n
 (2.8)for all suÆ
iently large n a.s. for some 
 > 0. Following Walker's (2004)approa
h, we give a suÆ
ient 
ondition for (2.8).For a given set A, letfn;A(yjx) = RA f(yjx)Qni=1 f(XijXi�1)d�(f)RAQni=1 f(XijXi�1)d�(f) = RA f(yjx)Rn(f)d�(f)RARn(f)d�(f) :(2.9)Note that, fn;A is also the posterior expe
tation of f given that f belongs toA, that is, the posterior expe
tation of f when the prior is �A | the prior
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ted to A. In parti
ular, if A is 
losed and 
onvex, fn;A 2 A. Let Anstand for the �-�eld generated by the observations X0; : : : ;Xn.Similar to Walker (2004), 
onsisten
y results are obtained from the basi
identityLn+1Ln = RA f(Xn+1jXn)f0(Xn+1jXn)Rn(f)d�(f)RARn(f)d�(f) = fn;A(Xn+1jXn)f0(Xn+1jXn) ; (2.10)for n = 0; 1; : : :.The following theorem generalizes the 
on
lusions of Lemma 1 and The-orems 1, 2 and 2� of Walker (2004) from i.i.d. observations to Markov pro-
esses.Theorem 2.1. Let T : [0;1)! R be a stri
tly in
reasing fun
tion su
hthat T (x) � b log x for some 
onstant b > 0 andE(T (f(Xn+1jXn)=f0(Xn+1jXn))jAn) = �d(f0(�jXn); f(�jXn)jXn); (2.11)where d(f1(�jx); f2(�jx)jx) is a distan
e-like measure on the 
onditional den-sities given x. Assume that the Kullba
k-Leibler property holds at f0 and1Xn=1n�2var(T (Ln+1=Ln)) <1: (2.12)ThenN�1 N�1Xn=0fT (Ln+1=Ln) + d(f0(�jXn); fn;A(�jXn)jXn)g ! 0 a.s. (2.13)Consequently, lim supN!1 N�1 N�1Xn=0 T (Ln+1=Ln) < 0 a.s. (2.14)if and only iflim infN!1 N�1 N�1Xn=0 d(f0(�jXn); fn;A(�jXn)jXn) > 0 a.s. (2.15)In parti
ular, �(AjX0; : : : ;Xn)! 0 a.s. if (2:15) holds.
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esses 231Remark 2.1. By a distan
e-like measure d on F , we mean a non-negativefun
tion on F � F su
h that d(f0(�jx); f(�jx)jx) = 0 if and only if f(�jx) =f0(�jx). The 
ommon 
hoi
e T (x) = 2(px� 1) leads tod(f0(�jx); f(�jx)jx) = Z (pf0(yjx)�pf(yjx))2d�(y); (2.16)the squared Hellinger distan
e between 
onditional densities, while T (x) =log x leads tod(f0(�jx); f(�jx)jx) = Z f0(yjx) log(f0(yjx)=f(yjx))d�(y); (2.17)the Kullba
k-Leibler divergen
e between the 
onditional densities.More generally, for T (x) = (x��1)=�, we have d(f0(�jx); f(�jx)jx) = (1�R f1��0 (yjx)f�(yjx)d�(y))=�. The 
hoi
e � = �1 yields T (x) = 1�1=x, andthe obtained distan
e is the 
hi-squared distan
e R (f20 (yjx)=f(yjx))d�(x)�1.However, this T does not dominate b log x for any b > 0.Remark 2.2. If T (x) = px � 1, the 
ondition (2.12) is automati
allysatis�ed be
ause by (2.10), for n = 0; 1; : : :,var(T (Ln+1=Ln)) � E(Ln+1=Ln) = Z fn;A(yjXn)d�(y) = 1:Remark 2.3. The Kullba
k-Leibler property is a 
lassi
al 
ondition ap-pearing in S
hwartz's (1965) theory of 
onsisten
y for i.i.d. observations.Priors su
h as Diri
hlet mixtures or Polya trees for densities satisfy theKullba
k-Leibler property under appropriate 
onditions in the i.i.d. 
ase. Inthe 
ontext of Markov pro
esses, the 
ondition has been veri�ed in Tangand Ghosal (2007) for a spe
i�
 type of Diri
hlet mixture of normal priorfor transition densities.Proof of Theorem 2.1. By (2.10),E[T (Ln+1=Ln)jAn℄ = E[T (fn;A(Xn+1jXn)=f0(Xn+1jXn))jAn℄= �d(f0(�jXn); fn;A(�jXn)jXn) (2.18)and thereforeMN = N�1Xn=0 [T (Ln+1=Ln) + d(f0(�jXn); fn;A(�jXn)jXn)℄ (2.19)



232 S. Ghosal and Y. Tangis an fANg-martingale. Note that1Xn=1 E((Mn+1 �Mn)2jAn)n2 = 1Xn=1 var(T (Ln+1=Ln)jAn)n2 <1 (2.20)a.s., be
ause by (2.12),E" 1Xn=1n�2var(T (Ln+1=Ln)jAn)# = 1Xn=1n�2E[var(T (Ln+1=Ln)jAn)℄� 1Xn=1n�2var(T (Ln+1=Ln)) <1:Hen
e, by a result on 
onvergen
e of a martingale (see, for instan
e, Shiryayev,1984, page 487), we have that MN=N ! 0 a.s., whi
h is a re-statement of(2.13). Clearly, the equivalen
e of (2.14) and (2.15) is now immediate.Now, if (2.15) holds, we have that0 > lim supN!1 N�1 N�1Xn=0 T (Ln+1=Ln) � b lim supN!1 N�1 N�1Xn=0 log(Ln+1=Ln)� b lim supN!1 N�1 logLN ;whi
h implies that, for some 
 > 0, we have Ln = RARn(f)d�(f) < e�n
 forall suÆ
iently large n a.s. As dis
ussed in the beginning of this se
tion, thisimplies �(AjX0; : : : ;Xn)! 0 a.s. 2Corollary 2.1 (Predi
tive 
onsisten
y). Letfn(yjXn) = E(f(yjXn)jX0; : : : ;Xn) (2.21)stand for the predi
tive density of Xn+1 at y given X0; : : : ;Xn. Under the
onditions of Theorem 2:1, fn 
onverges to the true transition density f0 inthe sense that N�1 N�1Xn=0 d(f0(�jXn); fn(�jXn)jXn)! 0 a.s. (2.22)In parti
ular, when d is the squared Hellinger distan
e, 
onsisten
y of thepredi
tive density in this sense holds only under the Kullba
k-Leibler prop-erty.
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esses 233Proof. Note that fn = fn;A for A = F , and Ln = In = RF Rn(f)d�(f).By (2.13) and non-negativity of d, we havelim supN!1 N�1 N�1Xn=0 T (In+1=In) = � lim infN!1 N�1 N�1Xn=0 d(f0(�jXn); fn(�jXn)jXn)� 0 a.s.However, as T (x) � b log x,lim infN!1 N�1 N�1Xn=0 T (In+1=In) � b lim infN!1 N�1 N�1Xn=0 log(In+1=In) (2.23)= b lim infN!1 N�1 log IN � 0 (2.24)by (2.7). Thus N�1PN�1n=0 T (In+1=In) ! 0 a.s., and hen
e (2.22) followsfrom (2.13). 2In some situtaions, it may be reasonable to 
onsider 
onsisten
y relativeto a system of neighborhoods whi
h depends on the observations. Notethat the sense of 
onvergen
e implied by (2.22) is also based on a sampledependent neighborhood system. In the following result, we allow the set Ain Theorem 2.1 to depend on n as well as on the sample X0; : : : ;Xn. Theresult is new even in the 
ontext of i.i.d. data.Let h2(f1(�jx); f2(�jx)jx) = R (pf1(yjx)�pf2(yjx))2d�(y) stand for the
onditional squared Hellinger distan
e between transition densities.Theorem 2.2. Let the Kullba
k-Leibler property hold at f0. Assume thatAn � An+1 and Iff 2 Ang is an An-measurable random variable for all n.If lim infN!1 N�1 N�1Xn=0 h2(f0(�jXn); fn;An(�jXn)jXn) > 0 a.s., (2.25)then �(AnjX0; : : : ;Xn)! 0 a.s.Proof. Put L0 = 1 and Ln = RAn Rn(f)d�(f), n � 1. As An+1 � An,it follows thatLn+1Ln � RAn Rn+1(f)d�(f)RAn Rn(f)d�(f) = fn;An(Xn+1jXn)f0(Xn+1jXn) : (2.26)
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e, with T (x) = 2(px� 1), we haveE[T (Ln+1=Ln)jAn℄ � �h2(f0(�jXn); fn;An(�jXn)jXn) (2.27)and thatMN = N�1Xn=0 �T �fn;An(Xn+1jXn)f0(Xn+1jXn) �+ h2(f0(�jXn); fn;An(�jXn)jXn)� (2.28)is an AN -martingale. Also, MN=N ! 0 a.s. by the arguments given inTheorem 2.1 and Remark 2.2. As in Theorem 2.1, this implies thatlim supN!1 N�1 N�1Xn=0 T (Ln+1=Ln) � lim supN!1 N�1 N�1Xn=0 T �fn;An(Xn+1jXn)f0(Xn+1jXn) � < 0whenever (2.25) holds. 2In appli
ations to 
onsisten
y, where A is typi
ally the 
omplement ofa neighborhood, it is often diÆ
ult to satisfy (2.15) be
ause of the la
k of
onvexity in A. The result 
an be modi�ed easily to the 
ase when A is theunion of �nitely many 
onvex sets. However, unless 
ompa
tness holds, the
omplement of a neighborhood may not be expressible as a �nite union ofsmall balls.Walker (2004) 
onsidered a 
ountable 
overing with an additional restri
-tion on the prior probabilities of the sets in the 
over. The following resultgives an analog of Theorem 4 of Walker (2004) for Markov pro
esses. Inthe i.i.d. 
ase, if A is the 
omplement of the Hellinger �-neighborhood of f0and Aj's are Hellinger Æ-balls 
entered in A with Æ < �, then (2.29) belowholds with 
 = �� Æ. Thus our result is a generalization of Walker's (2004)Theorem 4.Theorem 2.3. Let the Kullba
k-Leibler property hold. Let A be a set oftransition densities su
h that A � [1j=1Aj, where P1j=1p�(Aj) < 1 andfor some 
 > 0, infx infj h2(f0(�jx); fn;Aj (�jx)jx) � 
: (2.29)Then �(AjX0; : : : ;Xn)! 0 a.s.Remark 2.4. When x ranges over a 
ompa
t set, infx h2(f0(�jx); f(�jx)jx)� 
 may often follow by 
ontinuity in x. If the transition densities are ob-tained by non-linear autoregressive model f(yjx) = g(y� (x)) and f0(yjx) =g0(y� 0(x)), then h2(f0(�jx); f(�jx)jx) = h2(g0(�); g(�� (x)+ 0(x))) whi
hremains bounded away from zero if g0 is not a lo
ation shift of g.
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esses 235Proof of Theorem 2.3.As in the proof of Theorem 4 of Walker (2004), we have�(AjX0; : : : ;Xn) � 1Xj=1q�(Aj jX0; : : : ;Xn)= I�1=2n 1Xj=1q�(Aj) ZAj Rn(f)d�Aj (f)!1=2= I�1=2n 1Xj=1q�(Aj)L1=2n;Aj ;so it suÆ
es to show that P1j=1p�(Aj)L1=2n;Aj tends to 0 exponentially fasta.s. To this end, note that by an appli
ation of (2.18) with T (x) = px, wehaveE24 1Xj=1q�(Aj)L1=2n;Aj35= 1Xj=1q�(Aj)E[E(L1=2n;Aj jAn�1)℄� 1Xj=1q�(Aj)E[(1� h2(f0(�jXn�1); fn�1;Aj (�jXn�1)jXn�1))L1=2n�1;Aj ℄� 1Xj=1q�(Aj)E[(1� 
)L1=2n�1;Aj ℄ � 1Xj=1q�(Aj)(1� 
)n;whi
h 
on
ludes the proof. 23 Appli
ationsExample 3.1. Let the �0-integrated weak topology be de�ned by thebasi
 open sets whi
h are �nite interse
tions of sets of the form�f : ����Z Z  (y)f(yjx)d�(y)�0(x)d�(x)� Z Z  (y)f0(yjx)d�(y)�0(x)d�(x)���� < �� ;



236 S. Ghosal and Y. Tangwhere  is a bounded 
ontinuous fun
tion and � > 0. Let F be 
ompa
twith respe
t to the sup-Hellinger metri
 de�ned byds;H(f1; f2) = supx2R �Z (pf1(yjx)�pf2(yjx))2d�(y)�1=2 ; (3.1)and let the Kullba
k-Leibler property hold at f0. Then the posterior is
onsistent with respe
t to the �0-integrated weak topology.To show 
onsisten
y, 
learly it is enough to show that �(AjX0; : : : ;Xn)!0 a.s., whereA = �f : Z Z  (y)f(yjx)d�(y)�0(x)d�(x)� Z Z  (y)f0(yjx)d�(y)�0(x)d�(x) + �� :As A is 
losed and 
onvex, we only need to 
he
k thatlim infN!1 N�1 N�1Xn=0 h2(f0(�jXn); f(�jXn)jXn) > 0 a.s. (3.2)uniformly for all f 2 A.For a �xed f 2 A, let Z(f; x) = h(f0(�jx); f(�jx)jx). We haven�1 nXi=1 Z(f;Xi)! Z Z (pf(yjx)�pf0(yjx))2d�(y)�0(x)d�(x) a.s. (3.3)by the strong law of large numbers for ergodi
 Markov pro
esses. NowZ ����Z  (y)f(yjx)d�(y) � Z  (y)f0(yjx)d�(y)���� �0(x)d�(x)� k k1 Z Z jf(yjx)� f0(yjx)jd�(y)�0(x)d�(x)� k k1 �Z Z jpf(yjx)�pf0(yjx)j2d�(y)�0(x)d�(x)�1=2 ;so that for every f 2 A, the right hand side of (3.3) is bounded away from0. To 
on
lude (3.2), it thus only remains to show that the 
onvergen
e in(3.3) is uniform.
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esses 237We shall apply the uniform strong law of large numbers under bra
ketinggiven by Theorem 2.4.1 of van der Vaart and Wellner (1996). Note thatthe argument of the theorem is appli
able even though the variables are noti.i.d., be
ause the me
hanism only helps to uniformize a fun
tion-wise stronglaw. As F is 
ompa
t under the sup-Hellinger metri
 ds;H de�ned by (3.1),given any � > 0, there exist �nitely many transition densities f1; : : : ; fk 2 Fsu
h that for any f 2 F , there is l, l = 1; : : : ; k, with the property thath(f(�jx); fl(�jx)jx) � ds;H(f; fl) < � for all x. Therefore, as Z(f; x) � 2 forall f ,jZ(f; x)� Z(fl; x)j = jZ1=2(f; x)� Z1=2(fl; x)jjZ1=2(f; x) + Z1=2(fl; x)j� 2p2jh(f(�jx); f0(�jx)jx) � h(fl(�jx); f0(�jx)jx)j� 2p2�for all x by the traingle inequality. This gives that fZ(fl; x) � 2p2� : l =1; : : : ; kg is a L1(�0)-bra
keting of size 4p2� for fZ(f; �) : f 2 Fg. ThusfZ(f; �) : f 2 Fg is a Glivenko-Cantelli 
lass of fun
tions, and hen
e therequired uniform 
onvergen
e in (3.3) holds.In fa
t, as F is 
ompa
t with respe
t to ds;H and the topology of ds;H isstronger than the �0-integrated weak topology, it easily follows that the twotopologies 
oin
ide on F . Thus the 
onvergen
e a
tually holds under ds;H .Tang and Ghosal (2007) showed that the 
ompa
tness 
onditions hold forthe Diri
hlet mixture prior if its dynami
 auto-regressive fun
tion is boundedand the random e�e
t 
oeÆ
ients lie in a 
ompa
t set.Example 3.2. The 
ompa
tness assumption with respe
t to ds;H in thelast example is arguably strong. It is therefore of interest to know whetherthe assumption 
ould be relaxed to give some similar 
on
lusion. Below we
onsider a random sequen
e of neighborhoods to de�ne a 
onvergen
e.Let m be arbitrary but �xed. De�ne AN = \Nn=1Bn, whereBn = (f : n�1 nXi=1 Z  (y)f(yjXi)�(y)dy� n�1 nXi=1 Z  (y)f0(yjXi)�(y)dy + �)for n > m and the whole spa
e of transition densities for n � m. Clearly,AN 's are de
reasing, 
losed, 
onvex random sets su
h that I(f 2 AN ) is



238 S. Ghosal and Y. TangAN -measurable. With Pn(�) the empiri
al distribution of X1; : : : ;Xn, wehave Z ����Z  (y)f(yjx)d�(y) � Z  (y)f0(yjx)d�(y)���� dPn(x)� k k1 Z Z jf(yjx)� f0(yjx)jd�(y)dPn(x)� k k1�Z Z jpf(yjx)�pf0(yjx)j2d�(y)dPn(x)�1=2 :Hen
e N�1PN�1n=0 h2(f(�jXn); f0(�jXn)jXn) is bounded away from 0 for allf 2 AN , N > m. As An is 
onvex, fn;An 2 An � Bn for all n so that(2.25) follows. In 
ontrast, derivation of the analogous 
ondition (2.15)for a non-random neighborhood required 
ompa
tness in the last example.However, the 
on
lusion of Theorem 2.2 is weaker in that it only 
on
ludes�(AnjX0; : : : ;Xn) ! 0 instead of the more desirable 
on
lusion �(BnjX0;: : : ;Xn)! 0.Example 3.3. Consider a Markov pro
ess with transition density f(yjx)= g(y��x), where g is a density fun
tion on [0; 1℄ and �1 < � < 1 is known.Let g0 be the true value of g, assumed to be 
ontinuous and bounded awayfrom 0. The 
orresponding Markov pro
ess is then ergodi
.Let �0(u) = 1 and �j(u) = p2 
os(j�x), j � 1. Clearly, f�jg is anorthonormal basis for L2[0; 1℄. Consider a prior for g given by the in�nitedimensional exponential familyg(u) = exp8<: 1Xj=0 �j�j(u)� 
(�)9=; ; (3.4)where independently �j � N(0; j�2�q), q > 0, and 
(�) is a normalizer. ByBarron et al. (1999) and Walker (2004), and the fa
t that the Kullba
k-Leibler and Hellinger distan
es are una�e
ted by transformations, it followsthat(i) f is a.s. a transition density,(ii) the Kullba
k-Leibler property holds at f0(yjx) = g0(y � �x),(iii)P1j=0pPr(f 2 Bj) < 1 for Bj = fg(y � �x) : g 2 Ajg, where Aj 'sare 
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