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Abstract

Recently, Walker (2004) developed a martingale based technique for posterior
consistency giving a useful alternative to the classical technique based on
hypothesis testing for i.i.d. data. In this article, we extend some of his
results to ergodic Markov processes.
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1 Introduction

Let {X,;n =0,1,2,...} be an ergodic Markov process on a state space
S with transition density f(y|z) and stationary density 7(z) with respect to
some o-finite measure v. The process {X,,} need not be stationary. Let f
belong to a class F of transition densities, which need not be a parametric
family. Let IT be a prior distribution for f. Let II(:|Xj,...,X,) stand for
the posterior distribution of f given Xy,..., X,. In our set up, we assume
that either X is fixed or it has a known initial distribution. By the Bayes
theorem, the posterior is given by the relation

_ Jp Il f(Xi|Xi1)dII(f)
STy F(XG] XG0 dTI(f)

Note that the predictive density of X, 1 at y given X, ..., X, is obtained
as E(f(y|Xn)|Xo,--.,Xn), and hence accurate estimation of f is important.
Let fy stand for the true transition density and 7y the true stationary den-
sity. All the probability statements are given relative to the true distribution.

(B|Xo,. .., Xn) (1.1)
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Suppose that a topology on F has been specified. Then posterior distribu-
tion is said to be consistent at fj if for every neighborhood U of fy, we have
that II(U¢| Xy, ..., X,) — 0 a.s. For i.i.d. observations, a classical theory of
posterior consistency has been developed by Schwartz (1965), Barron et al.
(1999) and Ghosal et al. (1999) based on the assumptions that the prior as-
signs positive probabilities to each neghborhood of the true density defined
by the Kullback-Leibler divergence number and there exists a sequence of
uniformly consistent test for testing f = fp against f € U°N F,, where
Fn C F are sieves with II(Ff) exponentially small. The theory of consis-
tency has been recently extended to independent non-identically distributed
case by Amewou-Atisso et al. (2003) and Choudhuri et al. (2004), and to
Markov process by Tang and Ghosal (2007). Rates of convergence for gen-
eral dependent cases have been investigated by Ghosal and van der Vaart
(2007). However, the construction of appropriate sieves and uniformly con-
sistent tests on them is often difficult. It is therefore of interest to explore
alternative sufficient conditions for consistency. Walker (2003, 2004) recently
formulated a martingale based approach for the study of consistency for i.i.d.
observations. In this article, we extend some of his results to ergodic Markov
processes.

It may be observed that consistency results easily generalize to higher
order processes, where the conditional distribution given history depends
only on the & most recent values. All (non-linear) autoregressive time series
satisfy the condition. If X, is a process satisfying the condition, then it is
well known that Y, = (X,,,..., X,—k+1) is a Markov process with state space
Sk, where S is the state space of X,,. Marginalizing to the first component,
conclusions can be obtained about the conditional distribution of X,, given
(Xn—t1,-+ s Xp_py1)-

2 Main Results

Let

Rn(f)znm, n>1, (2.1)

I = /f R (f)dII(f) (22)
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stand for the integrated likelihood ratio. Set Ry(f) =1 = Iy. Let

K = {1+ [ [ mola) ol st o) ool () (o) <
(2.3)
stand for the Kullback-Leibler neighborhood of fy. We say that fj is in the
Kullback-Leibler support of Il or the Kullback-Leibler property holds at fy if
II(K (fo,€)) > 0 for all € > 0.

Note that

MU Yoy, X0) = 1 [ Ru(f)a(s), (2.4)

Assume that the Kullback-Leibler property holds at fy. Similar to the i.i.d.
case, it follows from the strong law of large numbers for ergodic Markov
processes and Fatou’s lemma, that

for all 8 > 0, eI, — 0 as.; (2.5)

see (2.1) of Tang and Ghosal (2007). In other words,

for all ¢ > 0, I, > e "¢ for all sufficiently large n a.s., (2.6)
or
liminfn 'logI,, > 0 a.s. (2.7)
n—oo

In order to show that II(A|Xo,...,X,) — 0 a.s. for some subset A of F, it
therefore suffices to show that

L,=Lya= /ARn(f)dH(f) <e ¢ (2.8)

for all sufficiently large n a.s. for some ¢ > 0. Following Walker’s (2004)
approach, we give a sufficient condition for (2.8).

For a given set A, let

b gl a0 T SO D) [, S y|m )dH(f)
’ fA i= 1fX|Xz 1)dII(f) fA (f)
(2.9)
Note that, f, 4 is also the posterior expectation of f given that f belongs to
A, that is, the posterior expectation of f when the prior is I — the prior
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IT restricted to A. In particular, if A is closed and convex, f, 4 € A. Let A,
stand for the o-field generated by the observations Xj,..., X,,.

Similar to Walker (2004), consistency results are obtained from the basic

identity

Lo Jat thz'f;’; Ry <f>dH<f> _ (X1 |Xa)

L Ju Ba( (f)  fo(Xng1]Xn)

forn=0,1,....

(2.10)

The following theorem generalizes the conclusions of Lemma 1 and The-
orems 1, 2 and 2* of Walker (2004) from i.i.d. observations to Markov pro-
cesses.

THEOREM 2.1. Let T : [0,00) — R be a strictly increasing function such
that T'(xz) > blogz for some constant b > 0 and

E(T(f (Xn41]1Xn)/ fo(Xn411Xn))[An) = —=d(fo(-|Xn), f([Xn)|Xn), (2.11)

where d(f1(-|z), f2(-|z)|x) is a distance-like measure on the conditional den-
sities given x. Assume that the Kullback-Leibler property holds at fy and

Zn var(T(Lp+1/Ln)) < co. (2.12)
Then
N-1
N~ Z{T(LnJrl/Ln) + d(f0(|Xn)a fn,A(|Xn)|Xn)} — 0 a.s. (2'13)
n=0
Consequently,
N—-1
limsup N1 Y " T(Lpi1/Ln) <0 as. (2.14)
N—oo n—0
if and only if
N-1
liminf N1 d(fo(|Xn), fr,a(-1X0)| X0) > 0 a.s. (2.15)
N—o0 0

In particular, II(A|Xo,...,Xn) = 0 a.s. if (2.15) holds.
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REMARK 2.1. By a distance-like measure d on F, we mean a non-negative
function on F x F such that d(fo(-|z), f(-|z)|z) = 0 if and only if f(-|z) =
fo(:]z). The common choice T'(z) = 2(y/z — 1) leads to

d(fol¢1z), £ () |z) = / (VFolle) — VI 2dv(y), (2.16)

the squared Hellinger distance between conditional densities, while T'(z) =
log x leads to

d(fo(-|x), f(-]x)]z) = /fo(ylfb“) log(fo(ylz)/f (ylx))dv(y), (2.17)

the Kullback-Leibler divergence between the conditional densities.

More generally, for T'(z) = (z®—1)/a, we have d(fo(:|z), f(-|z)|z) = (1—
[ fo~%(yl|z) f*(y|z)dv(y))/a. The choice @ = —1 yields T'(z) = 1—1/z, and
the obtained distance is the chi-squared distance [(f(y|z)/f(y|z))dv(z)—
However, this T' does not dominate blogz for any b > 0.

REMARK 2.2. If T'(x) = y/z — 1, the condition (2.12) is automatically
satisfied because by (2.10), for n = 0,1, ...,

var(T(Lns1/In)) < B(Lny1/Ln) = / FuA (W1 Xn)d(y) =

REMARK 2.3. The Kullback-Leibler property is a classical condition ap-
pearing in Schwartz’s (1965) theory of consistency for i.i.d. observations.
Priors such as Dirichlet mixtures or Polya trees for densities satisfy the
Kullback-Leibler property under appropriate conditions in the i.i.d. case. In
the context of Markov processes, the condition has been verified in Tang
and Ghosal (2007) for a specific type of Dirichlet mixture of normal prior
for transition densities.

PROOF OF THEOREM 2.1. By (2.10),

E[T(Ln+1/Ln)|~An] = E[T(fn,A(Xn+1|Xn)/f0(Xn+1|Xn))|-’4n]
= _d(fO('|Xn)afn,A('|Xn)|Xn) (2'18)

and therefore

N-1

My = Y [T(L1/Ln) + d(fo(1Xn), fo,a(1X0) 1 X0)] (2.19)

n=0
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is an {Apy }-martingale. Note that

Z Myt — i var(T n+1/L ) An) < 0 (2.20)

n=1 n=1

a.s., because by (2.12),

Zn var(T(Lp41/Ln)|An)| = ZanE[var(T(Ln+1/Ln)|An)]

n=1
o0

Z n~2var(T(Lyy1/Ly)) < oco.

n=1

IN

Hence, by a result on convergence of a martingale (see, for instance, Shiryayev,
1984, page 487), we have that My /N — 0 a.s., which is a re-statement of
(2.13). Clearly, the equivalence of (2.14) and (2.15) is now immediate.

Now, if (2.15) holds, we have that

N-1 N-1
0 > limsup N ! ZT Lyuy1/Ly) > blimsup Nt Zlog Lyy1/Ly)
N—o0 n=0 N—oo n—=0

v

blimsup N *log Ly,

N—oo

which implies that, for some ¢ > 0, we have L, = [, Rn(f)dII(f) < e " for
all sufficiently large n a.s. As discussed in the beginning of this section, this
implies IT(A4| Xy, ..., Xp) — 0 a.s. O

COROLLARY 2.1 (PREDICTIVE CONSISTENCY). Let
fn(ylXn) = E(f (y|Xn)| X0, ..., Xn) (2.21)

stand for the predictive density of Xn41 at y given Xo,...,X,. Under the
conditions of Theorem 2.1, f, converges to the true transition density fo in
the sense that

N-1

N7 d(fo1Xn), f(1Xn) | Xn) = 0 as. (2.22)

n=0

In particular, when d is the squared Hellinger distance, consistency of the
predictive density in this sense holds only under the Kullback-Leibler prop-
erty.
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PROOF. Note that f, = f, 4 for A= F, and L, = I,, = [ Rn(f)dIL(f).
By (2.13) and non-negativity of d, we have

N—-1 N—-1
. -1 IR I —1 . .
lim sup ¥ ZO T(Int1/In) = = liminf N X% d(fo(1Xn), fu(1Xn)| Xn)
<0 a.s.

However, as T'(z) > blog z,

N-1 N-1
liminf N=' Y T(L41/1) > bliminf N™" Y " log(lns1/1n) (2.23)
n=0 n=0

N—00 N—0

= bliminf N 'log Iy >0 (2.24)

N—oo

by (2.7). Thus N=' SN T(1,41/1,) = 0 a.s., and hence (2.22) follows
from (2.13). O

In some situtaions, it may be reasonable to consider consistency relative
to a system of neighborhoods which depends on the observations. Note
that the sense of convergence implied by (2.22) is also based on a sample
dependent neighborhood system. In the following result, we allow the set A
in Theorem 2.1 to depend on n as well as on the sample Xg,...,X,. The
result is new even in the context of i.i.d. data.

Let h2(f1 (o), fo(clo)|2) = [(/Frlw) — v/Falyla))2dv(y) stand for the

conditional squared Hellinger distance between transition densities.

THEOREM 2.2. Let the Kullback-Leibler property hold at fy. Assume that
Ap D Apy1 and I{f € A,} is an Ay,-measurable random variable for all n.

If

N-1
liminf N~ Z h2(f0('|Xn)afn,An('|Xn)|Xn) >0 a.s., (2.25)
N—o00 ne0

then II(A,| X0, ..., Xpn) = 0 a.s.

PROOF. Put Ly = 1 and Ly, = [, Ru(f)dII(f), n > 1. As A,11 C Ap,
it follows that

Ln+1 < fAn Rn+1(f)dn(f) — fn,An(Xn+1|Xn)
L, — fAn Rn(f)dH(f) fO(Xn+1|Xn)

(2.26)
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Hence, with T'(z) = 2(y/z — 1), we have

BT (Lny1/Ln)lAn] < =B (fo(-1Xn), fn.a, (-1X0)| Xn) (2.27)
and that

N-1
_ fn,An(Xn+1|Xn) 2 . .
My = 3 [ (B ) g1, o, X010 229

n=0

is an Apy-martingale. Also, My/N — 0 a.s. by the arguments given in
Theorem 2.1 and Remark 2.2. As in Theorem 2.1, this implies that

li N1 NX:IT(L /L) < i Nt NZIT (f"’A”(X“”X”)) <0
im sup 1 < lim sup

N —o0 n—=0 mt " N—o00 n=0 fO(Xn+1|Xn)
whenever (2.25) holds. O

In applications to consistency, where A is typically the complement of
a neighborhood, it is often difficult to satisfy (2.15) because of the lack of
convexity in A. The result can be modified easily to the case when A is the
union of finitely many convex sets. However, unless compactness holds, the
complement of a neighborhood may not be expressible as a finite union of
small balls.

Walker (2004) considered a countable covering with an additional restric-
tion on the prior probabilities of the sets in the cover. The following result
gives an analog of Theorem 4 of Walker (2004) for Markov processes. In
the i.i.d. case, if A is the complement of the Hellinger e-neighborhood of f
and A;’s are Hellinger d-balls centered in A with § < €, then (2.29) below
holds with v = € — d. Thus our result is a generalization of Walker’s (2004)
Theorem 4.

THEOREM 2.3. Let the Kullback-Leibler property hold. Let A be a set of
transition densities such that A C U2, A;, where Z;’il VII(A}) < oo and
for some v > 0,

infint (ol ), fua, (o)) 2 . (2.29)

Then II1(A| Xo,...,X5) = 0 a.s.

REMARK 2.4. When x ranges over a compact set, inf, h2(fo(:|z), f(-|z)|x)
> v may often follow by continuity in z. If the transition densities are ob-
tained by non-linear autoregressive model f(y|z) = g(y—(x)) and fo(y|z) =

go(y—ho(w)), then h?(fo(-|2), f (|2)|z) = h*(go(-), 9(- —1(w) +4ho (x))) which
remains bounded away from zero if gy is not a location shift of g.
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PrROOF OF THEOREM 2.3.

As in the proof of Theorem 4 of Walker (2004), we have

o0
M(A|Xo, ..., Xn) < \/H(Aj|X0, o X))
j=1

00 1/2
— 7-1/2 , .
I, ; V1I(4)) < /A ]_ Ry (f)dIT s, (f))
_ [;I/Qi,/n(Aj)L;{f]j,
j=1

so it suffices to show that » 22, \/H(Aj)L:L/ ij tends to 0 exponentially fast

a.s. To this end, note that by an application of (2.18) with T'(z) = /z, we
have

j=1

VIADE[(L = B2 (Fo(1Xn 1), fu 1, (C1Xn 1) [ Xn )L 4]

j=1

oo

IN

< S OVHANEA—NLZ ] <D0 A )",
j=1 /

Jj=1

which concludes the proof. O
3 Applications

ExamPLE 3.1. Let the mg-integrated weak topology be defined by the
basic open sets which are finite intersections of sets of the form

<e},

{r ‘ [ [ @ snitm@ae)
- [ [v@ntlodvwm@ine)
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where 1) is a bounded continuous function and ¢ > 0. Let F be compact
with respect to the sup-Hellinger metric defined by

1/2

sfxﬁ,b)—igp{/kv%uyu>—\/humwﬁdu@> LB

and let the Kullback-Leibler property hold at fy. Then the posterior is
consistent with respect to the mp-integrated weak topology.

To show consistency, clearly it is enough to show that IT(A| X, ..., X,) —

0 a.s., where
{ | [ ewitloawm @)

> [ [swsitlonmmwie) +<}.

As A is closed and convex, we only need to check that
N—o0

N—
liminf N~ " h2(fo(-|Xn), £ (-1 X0n)|Xn) > 0 as. (3.2)

uniformly for all f € A.
For a fixed f € A, let Z(f,x) = h(fo(-|z), f(:]z)|z). We have

nt X; Z2(f, Xi) = //(\/f(y|37) —V folylz))?dv(y)mo(z)dv(z) as. (3.3)

by the strong law of large numbers for ergodic Markov processes. Now

(ﬂ/¢ Fdnavty) — [ v olylnivt)

swm/]V@M—hmmw@mmwm
1/2
gwm(//hﬁwm—Jhwmwwwmmwa ,

mo () dv ()

so that for every f € A, the right hand side of (3.3) is bounded away from
0. To conclude (3.2), it thus only remains to show that the convergence in
(3.3) is uniform.
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We shall apply the uniform strong law of large numbers under bracketing
given by Theorem 2.4.1 of van der Vaart and Wellner (1996). Note that
the argument of the theorem is applicable even though the variables are not
i.i.d., because the mechanism only helps to uniformize a function-wise strong
law. As F is compact under the sup-Hellinger metric d, i defined by (3.1),
given any € > 0, there exist finitely many transition densities fy,..., fr € F
such that for any f € F, thereis [, [ = 1,...,k, with the property that
h(f(-|z), fi-|z)|z) < ds,u(f, fi) < € for all z. Therefore, as Z(f,z) < 2 for
all f,

Z(f,0) = Z(fr,0)l = |Z'2(f,2) = 2P (fr.0)| 2V (f,2) + 22 (fi, )]
< 2V2((f(le), fo(l2)lz) = h(ful-|2), fol-lx)le)]
< 2V2€

for all by the traingle inequality. This gives that {Z(f;,z) + 2v2¢ : | =
1,...,k} is a Li(m)-bracketing of size 4v/2¢ for {Z(f,-) : f € F}. Thus
{Z(f,) : f € F} is a Glivenko-Cantelli class of functions, and hence the
required uniform convergence in (3.3) holds.

In fact, as F is compact with respect to ds 7 and the topology of d, r is
stronger than the my-integrated weak topology, it easily follows that the two
topologies coincide on F. Thus the convergence actually holds under d; 5.

Tang and Ghosal (2007) showed that the compactness conditions hold for
the Dirichlet mixture prior if its dynamic auto-regressive function is bounded
and the random effect coefficients lie in a compact set.

EXAMPLE 3.2. The compactness assumption with respect to ds i in the
last example is arguably strong. It is therefore of interest to know whether
the assumption could be relaxed to give some similar conclusion. Below we
consider a random sequence of neighborhoods to define a convergence.

Let m be arbitrary but fixed. Define Ay = ﬂ,ly:an, where
n
B, = {f : n‘lz/w(y)f(lei)V(y)dy
i=1

> n_lzl/¢(y)f0(y|Xi)V(y)d3/+€}

for n > m and the whole space of transition densities for n < m. Clearly,
Ap’s are decreasing, closed, convex random sets such that I(f € Ay) is
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Apn-measurable. With P, (-) the empirical distribution of Xy,...,X,,, we

have
[ | #tost0am) - [ v stsiaran)| aee)

< bl / / Fle) — folyl)ldv(y)dPy ()
1/2
< Il ( /] I\/f(ylw)—\/fo(ylx)IZdV(y)dPn(x)> |

Hence N ! EN "h2(f(-1X0), fo(-|X,)| Xp) is bounded away from 0 for all

f € Ay, N > m. As A, is convex, f, 4, € A, C B, for all n so that

(2.25) follows. In contrast, derivation of the analogous condition (2.15)

for a non-random neighborhood required compactness in the last example.

However, the conclusion of Theorem 2.2 is weaker in that it only concludes

(A, |Xo,-..,Xn) — 0 instead of the more desirable conclusion II(B,|Xo,
L Xn) — 0.

ExAMPLE 3.3. Consider a Markov process with transition density f(y|z)
= g(y — px), where g is a density function on [0,1] and —1 < p < 1 is known.
Let go be the true value of g, assumed to be continuous and bounded away
from 0. The corresponding Markov process is then ergodic.

Let ¢o(u) = 1 and ¢j(u) = V2cos(jrz), j > 1. Clearly, {¢;} is an
orthonormal basis for Ls[0,1]. Consider a prior for g given by the infinite
dimensional exponential family

u) =expq ¥ 0¢;(u) —c(6) ¢, (3.4)
j=0

where independently 6; ~ N(0,57279), ¢ > 0, and ¢(f) is a normalizer. By
Barron et al. (1999) and Walker (2004), and the fact that the Kullback-
Leibler and Hellinger distances are unaffected by transformations, it follows
that

(i) f is a.s. a transition density,

(ii) the Kullback-Leibler property holds at fo(y|z) = go(y — pz),

(iii) ] —0 \/m ) < oo for Bj = {g(y — pz) : g € A;}, where A;’s
are constructed as in pages 2037 2038 of Walker (2004) for densities.
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Then by Theorem 2.3, it follows that for any given € > 0, the posterior
probability of the set {f(y|z) = g(y — pz) : h(go,g) > €} goes to 0 a.s.
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