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Abstract

Estimation of a quantile in a mixture model of exponential distributions is
considered. For quadratic loss and specified extreme quantiles, better estima-
tors than the best affine equivariant procedure are established. In particular,
improved estimators for a quantile of an exponential-inverse Gaussian distri-
bution and the multivariate Lomax distribution with unknown location and
scale parameters are derived.
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1 Introduction

In this paper, we consider the data set X = (X1, Xo,...,X,), n > 2,
where, given 7 > 0, X1, Xo,..., X, are i.i.d. with common exponential dis-
tribution E(u, o /7). Thus, the unconditional joint density of X, Xo,..., X,
is

00 n T n
F(@1, 22, ., B0y py 0) = /0 — exp ) == (@i = 1) ¢ Tjusoo) (7)) dG(7),
i=1
(1.1)
where z(;) = min{z1, 72, ..., %0}, I4p)(-) is the indicator function and p €
R, o > 0 are unknown. The distribution of the mixing parameter 7, G(-), is
assumed to be known.

The model (1.1) is called a mixture model of exponential distributions.
It was first proposed by Lindley and Singpurwalla (1986) in assessing the
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reliability of a system of components and was further studied by Nayak
(1987). Petropoulos and Kourouklis (2005) investigated estimation of o
in the model (1.1). They showed that the best affine equivariant (b.a.e.)
estimator of ¢ is inadmissible under squared error loss and Stein’s loss.

For specific forms of G(-) in (1.1), special distributions are derived. In-
deed, two of these are of particular interest in actuarial applications and
survival analysis.

First, when G(+) is an inverse Gaussian IG(7y, A) distribution with density

2 A (z—9)?
o eXP{—W 7} L(0,400)(7); Ay >0,

x
(1.1) becomes

exp{ — — ?—F—)\Z(xz_ﬂ')
i=1
fa(z1, 29, 20y py0) = n/2
1 2 <
o <? + aizzl(:ci —u))
n—1 . n -
(n—1+1)! 1 2

which is called exponential-inverse Gaussian (E-IG) distribution with loca-
tion parameter y and scale parameter 0. The E-IG distribution has been
derived by Bhattacharya and Kumar (1986) in reliability modelling. Also,
bivariate and multivariate versions of this distribution have been studied by
Whitmore and Lee (1991) and Al-Mutairi (1997).

Another useful case is when G(-) is a Gamma G(a, 1) distribution. Then
the joint density of X1, Xo,..., X, in (1.1) is

ngzla;_oz) 1 . nta I[u,+oo)($(1))a
(1 + = Z(afz' - M))

fl($17$27---,ﬂ¢n§ﬂa‘7) =

o 4
=1
(1.3)
which is called multivariate Lomax distribution with location parameter p

and scale parameter o, or Mardia’s multivariate Pareto II distribution, see
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Arnold (1983) and Kotz et al. (2000) for details. Several probabilistic prop-
erties of this distribution are reported, and its usefulness in reliability theory
is indicated in Arnold (1983) and Nayak (1987).

Based on observations Xi, Xs,..., X, in the framework (1.1), our aim
is the estimation of the linear function 6 = u + xo, for given x > 0, from
a decision theoretic point of view. When k = —m,(p), 0 < p < 1, where

m(+) is the moment generating function of the random variable 7 > 0, then
6 is the 100(1 — p)th quantile of the marginal distribution of X;. Note that
for p = 1, the problem reduces to the estimation of the location parameter
i whereas the case p = m,(—E7 1) corresponds to the estimation of the
common mean of the X;’s.

Previous work on quantile estimation concerns the normal distribution
(Zidek, 1971) and the exponential distribution F(u,o). In the latter case
Rukhin and Strawderman (1982) and Rukhin and Zidek (1985) showed the
inadmissibility of the best affine equivariant estimator for 0 < x < 1/n and
k > 14 1/n, whereas Rukhin (1986) was able to establish admissibility
for 1/n < kK < 1+ 1/n. Analogous inadmissibility results were obtained
by Elfessi (1997) based on a doubly censored sample from an exponential
distribution, while Petropoulos and Kourouklis (2001) generalized results in
Rukhin and Strawderman (1982) to a strictly convex loss. Moreover, they
proposed a new minimax estimator for y+ o under quadratic loss. Recently,
Petropoulos and Kourouklis (2004) considered estimation of y + ko in the
multivariate Lomax distribution (1.3). Under quadratic loss and for specified
“small” and “large” values of k, they established that the b.a.e. procedure
is inadmissible by constructing a better estimator.

In the present work and in Section 2, under quadratic loss, we construct
better estimators than the b.a.e. estimator of # = p + ko in the mixture
model (1.1), for extreme values of k, namely 0 < k < ﬁET*Z/ET*I and
k> (1+1/n)Er~2/Er~!. As a special case, for x = 0, it is shown that the
b.a.e. estimator of the location parameter y is inadmissible.

In Sections 3 and 4, we give some examples for specific mixture models,
i.e., the E-IG distribution and the multivariate Lomax distribution. In each
case, we improve upon the b.a.e. estimator of the quantile 8 = u + ko,
for the above mentioned “small” and “large” values of k. In the case of
the multivariate Lomax distribution, for “small” values of k, we reproduce
the improved estimator in Petropoulos and Kourouklis (2004). Interestingly,
however, in the case of “large” &, our approach is setting off a new improved
estimator, which is different from that in Petropoulos and Kourouklis (2004).
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Finally, in the Appendix we give the proofs of the two main theorems
given in Section 2.
2 Mixture of Exponential Distributions

The (minimal) sufficient statistic in the model (1.1) is (X,S), where

X = Xy = min{X1, Xp,...,X,} and § = > (X; — X(1)). Conditionally

i=1
on 7, X and S are independent, with
X 1 S
lr~E (H,—> and 2 T ~ Gamma(n — 1,1). (2.1)
o oc'n o

The problem of estimating # = y + ko under the loss (d — p — ko)?/o? is
invariant under the affine group of transformations (X,S) — (¢X + b,¢S)
and the equivariant estimators are of the form 0 = X + ¢S, where ¢ is a real
constant. A particular member of this class of estimators is the minimum
variance unbiased estimator corresponding to ¢ = (k(Er~!)~'—1/n)/(n—1).
The risk of 0, as a function of ¢, is minimized at

E[(X —p— K',O')S].

co = —

ES?
Upon conditioning on 7 and using (2.1) it can be showed that
Er~! 1\ 1
- — )= 2.2
€0 <H]E7'2 n) n (2:2)

So, the best affine equivariant estimator of 0 is
50 =X+ C()S. (23)

Our aim is to provide Stein(1964)-type estimators which improve upon dy
in (2.3). To this end, we study the more general class of scale equivariant
estimators of the form

d=p(W)S, (2.4)

where W = X/S and ¢(-) is a measurable function. Notice that the b.a.e.
estimator belongs to the above class, corresponding to

¢0(W) =W+ Cp.

For “large” values of k, Theorem 2.1 establishes the inadmissibility of dg
by deriving a Stein(1964)-type estimator of the form (2.4), which is better
than (50.
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THEOREM 2.1. Assume that the following conditions hold.

Err—1  Er—1

(A1) s o < c*r, for some ¢* >0,V re{0,1,2,...} and
T T

fOOO Tne—[(l-l—nw)s—nu}’rdG(,r

f()oo Tne—(l—l—nw)STdG(T)
Let k> (1+1/n)Er 2 /Er ! and

(A2) is decreasing in s.

K ETfl n(n + 2) ETnJrl E7'73
= 1 *
¢1(W) W—i_n—i—lET*?( +nW) + ke I o
Then the risk of the estimator
5 — qmin{di (W), g(W)}s . W>0,
' do = po(W)S , otherwise,

is strictly smaller than that of 0y in (2.3).

The next results establishes the inadmissibility of dy in (2.3) for “small”
values of k.

THEOREM 2.2. Let 0 < Kk < m Er—2/Er—'. Then the risk of the
estimator

5y = max{fb—ﬁmqég(W)}S , W< —1/n,
do = po(W)S , otherwise,

is nowhere larger than that of & in (2.3).

The usefulness of these two theorems is that we give improved estimators
of p+ko in a general class of distributions such as the mixture of exponential
distribution.

3 Exponential-Inverse Gaussian Model

In this section we consider the framework in (1.1), taking the mixing dis-
tribution G(-) to be the inverse Gaussian IG(vy,\). In other words we study
the problem of estimating # = p + ko in the exponential-inverse Gaussian
model. In this case, Er=! = 1/y+1/X and Er=2 = 1/y2 + 3/A2 + 3 /v (see
Seshadri, 1993, p.47) so that the b.a.e. estimator of f in (2.2) is §p = X +¢pS,

where . (A ) .
YA+
_1 SV 3.1
@ ”(HA2+3’Y(>\+’7) n) (3.1)
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For “large” values of k, an improved estimator of 8 is given in the following
result.

THEOREM 3.1. Let

1 >\2+37(>\+’y)]
> (142 |22V

" ( n)[ (A7)
K AY(A+7)
n+1A2+3y(A+7)
i (n+1)! (l)z

n(n+2) 292 = il(n—1i)! \2X
+1 x e : :
n (n—1+1)! (l)z
£ il(n—1—i)! \ 2

o1 (W) =W +

(14+nW)

[§ A(A+7)
A Ay+392(A+y) ’

and ¢po(W) =W + ¢ with ¢y as in (3.1).

Then the risk of the estimator

5 = mln{¢l(W)7 ¢0(W)}S ) W > 0,
Y7 b0 = go(W)S , otherwise,

is strictly smaller than that of dg.

PROOF. This theorem is proven provided that (A1) and (A2) in Theorem
2.1 hold for the E-IG model (see Petropoulos, 2006, for details). a

For “small” values of x, application of Theorem 2.2 yields the following.
THEOREM 3.2. Let

0<k<

1 [A2+37(>\+’y)]
n(n +1) AY(A+7)

and po(W) =W + ¢y with ¢y as in (3.1).
Then the risk of the estimator,
n+2 —
5 - max{nHVV,qﬁg(W)}S , W< —1/n
0o , otherwise,

is nowhere larger than that of 4.

It should be noted here that no results are available in the literature for
the estimation of u + ko for the E-IG model.
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4 Multivariate Lomax Model

In this section, we take the mixing distribution in the model (1.1) to be
Gamma(a,1). So we study the problem of estimating & = p + ko in the

multivariate Lomax model. In this case, Er ! = 1/(a — 1) and Er 2 =

1/[(a — 1)(a — 2)], so that the b.a.e. estimator of 0 is do = X + ¢S, where
1\ 1

- ) P 4.1

w=(ra-2-2)2 (4.1)

Estimation of 6 has been studied by Petropoulos and Kourouklis (2004),
who proposed better estimators than dg mentioned above. Namely, for x >
(14+1/n) /(a — 2), they proved that the risk of the estimator

n+1 n+1
do , otherwise,
(4.2)
is strictly smaller than that of dy, where ¢y as in (4.1), and for 0 < Kk <
1/[n(n + 1)(a — 2)], they showed that the risk of the estimator

51:{ min{W+/<c(1+nW) (“—‘2+M)mw+co}s Cwso

n+2 —

5y = max{n+1W/,¢0(W)}S , W< —1/n, (4.3)
do , otherwise,

is nowhere larger than that of §g.

In Theorem 4.1 a Stein (1964)-type estimator of § = p + ko is produced
which is better than that of dy, for “large” values of .

THEOREM 4.1. Let

k> |14+ — )
n)a—2

K nK n—+a

= —2)(1 9
D1 (W) =W+ ——(a=2)(1 +nW) + ———=(n+2)——2W, and
1 1
do(W) =W + ¢o, where ¢y = - (ﬁ(a —-2)— ﬁ) .

Then the risk of the estimator

5. = § win{d (W), do(W)}S , W >0,
- do = ¢o(W)S , otherwise,

is strictly smaller than that of dg.
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PROOF. As in Theorem 3.1, we need to show that the conditions (A1)
and (A2) in Theorem 2.1 hold for the mixing distribution G(7) = Gamma(a, 1).
(See Petropoulos, 2006, for details.) O

For “small” values of k, we give in Theorem 4.2 a better estimator of
0 than &y, which coincides with d5 in (4.3). The proof is an immediate
consequence of Theorem 2.2.

THEOREM 4.2. Let

1 1
0<h< —————, and
nn+1)a—2

po(W) =W + ¢, where ¢y = % </<c(a —2) — l) ]

Then the risk of the estimator
max{"—ﬁW, ¢0(W)} S . W< —1/n,
04 = n
do = po(W)S , otherwise,
is nowhere larger than that of dg.

It should be mentioned that Theorem 4.1 provides an alternative estima-
tor of @ = p + ko in the model of Lomax distribution, which improves upon
do, and this estimator is different from 07 in (4.2).

Appendix

PROOF OF THEOREM 2.1. The risk of 4 in (2.4) depends on (u, o) only
through p/o. So without loss of generality, one can take o = 1 and write

R(0; 1) = By [Eu{(6(W)S — o — k)2 W = w}]. (A.1)
The conditional expectation E,{(cS — p — k)2 |W = w} is minimized with
respect to c at
E,(S|W = w)
c(pw) = (p+K)Fro = (u+ K Jw). A2
(50) = e+ W) G2 G = (e )G). (A2

The key in Stein’s (1964) technique is to find an upper bound for ¢(u; w), as
a function of p for each w > 0. Using (2.1), we observe, given 7 > 0, that
the (conditional) density of S|W = w is proportional to

Tnsnflen‘rue*(lerU)Ts , §> max {0, ,u/w} . (A3)
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Consider, first, 4 < 0 and fix w > 0. Then, from (A.2) and (A.3), we get

E (SW =w) [ [ snrne(04m)s—nulr gsqc(r)

V) = B (S =) Ty Ty s e i dsdG )

In the above expression, we make a change of variable from 7s to s and using
Lemma 2 in Lehmann (1986, p.85), we conclude that

Er ! 1+ nw

; . A4
P < gy (A4)
Recall that ¢ < 0. Therefore, from (A.2) and (A.4),
Er—! 1+ nw
; -— . A.
c(p;w) < ] (A.5)
Next, let 4 > 0 and fix, again, w > 0. Then,
c(p;w) = pp(p; w) + wip(p; w). (A.6)

Our goal now is to bound each term of the right hand side of (A.6) separately.
First, because of s > pu/w and from (A.2), we notice that

pap (s w) < w. (A.7)
Also, making a change of variable from 7s to s and expanding ™7 in a
Taylor series, we can write,
k' / / s" k lo— 1+nw)sd8 dG( )
(5 w) “( . (AB)
n/”l’ n — nw)s
Z n / / 1 k=2, (I+nw) ds dG( )
k=0

By Lemma A.1 and condition (A1), (A.8) leads us to the conclusion that

14+ nw fooo = YG(T) 1+ nw

n+1 [ 772dG(r) * n+1 1 (p;w) (A.9)

Y(p;w) <

where,

S () oo o<
g x / / sPHlpk=le=(dnw)s ge g (r)
: 0 e

k=0
Pr (s w) = np = :

(np) _
o / / n+1 k— 2 1+nw)sd8 dG( )

=0
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However, > /2% (nu7)¥/k! = e™ and the above expression becomes,
f 71 nu'rf 1+nw)sds dG( )
ny f() =2 enut f‘r gntle—(1+nw)s g dG( )

Y1 (s w) = (A.10)

From conditions (A.6), (A.7), (A.9) and Lemma A.2 below (where con-
dition (A2) has been used), it follows that
Kk Er—! (14 nw) + n(n+2) ,Erntt IET_3
nw e
n+ 1Er—2 n+1 Ern Er—2"

c(pw) <w+ = ¢1(w)
(A.11)

for any g and w > 0.

Furthermore, for x > (1+1/n)Er=2/Er~!, it is easily verified that
p1(w) < ¢o(w) on a set A of positive w-values having positive probabil-
ity for all . Since E,{(cS — u — k)?|W = w} is strictly increasing in ¢
for ¢ > c(p;w), by (A.11), we have E,{(¢1(w)S — pu — )*|W = w} <
E,{(¢o(w)S — p — )?|W = w}, w € A, which in connection with (A.1)
implies that R(d1; 1) < R(dp; p) for all p.

PROOF OF THEOREM 2.2. For nonnegative values of u, d9 coincides
with dyp with probability one. So it suffices to consider y < 0. The proof
of this theorem is analogous to the proof of the Theorem 2.1, that is for
p < 0 and w < 0, we will bound from below c¢(u; w) = (p + k)P (u; w) (see
(A.2)). Recall that ¢(u; w) is the minimizer of the conditional expectation
E,{(cS — p — k)> /W = w} with respect to c¢. Fixing ¢ < 0 and using
(2.1), given 7 > 0, we observe that the (conditional) density of S|W = w is
proportional to

s LenThe (WS g < s < pu/w. (A.12)
Using (A.2), (A.12) and making a change of variable from s to us/w, we get
that
B (SIW=w) w [;°T" [} she Atnw)ys=nulr s 4ai(r)

E, (S2|W =w) p fo Tn fo g1 [(1Hnw) Gs—nul7 o dG(t )
(A.13)

P w) =

Next, using Lemma 2 in Lehmann (1986, p.85), we establish that

[(1+nw)£ Es—nplt Td 1 n 9
8 e S S S
fo o < {0 S + , so that
f[) sntle— [(1+nw)ws—nu}’rd8 f[) sntlds n+1

1 n -+ 9 1
/ e~ [(H—nw) s—np]T Tds < / Sn—l—le—[(l-i-nw) s— nu]TdS (A.14)
0 n 4+ 1 0
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In the numerator of (A.13), we substitute the upper bound of (A.14) and
since p < 0,
n+2
pp (s w) > —— w. (A.15)
n+1
But x > 0 and hence from (A.2) and (A.15), we obtain that

2

c(pyw) = (p+ K)p(p;w) = pp(p;w) > Z—Lw

Now, for w < —1/n, ¢o(w) > ¢o(w) holds for w > %L (kEr=! /Er—2 — 1/n)
whereas, provided that 0 < k < m Er—2 /Er~!, we have

c(p;w) > da(w) > go(w), (A.16)

for w € B = (%t (kEr !/Er 2 —1/n),—1/n). Finally, (A.16) and the
fact that E,{(cS — p — K)}|W = w} is strictly decreasing for ¢ < c(u;w),
ensure that E, {(¢2(w)S —p—r)?[W = w} < E,{(¢o(w)S —p—k)2 W = w},
w € B, which in turn entails R(d2; 1) < R(dg; ). This completes the proof
of the theorem. O

LEMMA A.1. Fora=a(7r) >0 and t > 0,

/ / ~le7tds dG(T)

00 k ldG 7.) t 00 00 o
f T 20G(r) n A1 /0 / st k=25 g dG ().
0 a

PROOF. It is given in Petropoulos (2006). O
n+2 Erntt Er—3
1+nw Erm Er—2°

LEMMA A.2. 91 (p;w) < nw

PROOF. It is given in Petropoulos (2006). O

LEMMA A.3. g(s ZAka ZAkaO 1s decreasing in s, where
k=0

2

9 1 ~1/2
a, = a(s;p) = [X(l + nw)s + 2 Xn,u] , ag = a(s;0)

(n=1+k)! 1

and Ak = Lo TT =11 @F

PROOF. It is given in Petropoulos (2006). O
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