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Estimation of a Quantile in a Mixture Model ofExponential Distributions with Unknown Lo
ation andS
ale ParametersConstantinos PetropoulosUniversity of Patras, Patras, Gree
eAbstra
tEstimation of a quantile in a mixture model of exponential distributions is
onsidered. For quadrati
 loss and spe
i�ed extreme quantiles, better estima-tors than the best aÆne equivariant pro
edure are established. In parti
ular,improved estimators for a quantile of an exponential-inverse Gaussian distri-bution and the multivariate Lomax distribution with unknown lo
ation ands
ale parameters are derived.AMS (2000) subje
t 
lassi�
ation. Primary 62C99, 62F10, 62H12.Keywords and phrases. De
ision theory, Stein's estimator of a s
ale param-eter, quantile estimation, mixture of exponential distributions, exponential-inverse Gaussian distribution, multivariate Lomax distribution.1 Introdu
tionIn this paper, we 
onsider the data set X~ = (X1;X2; : : : ;Xn), n � 2,where, given � > 0, X1;X2; : : : ;Xn are i.i.d. with 
ommon exponential dis-tribution E(�; �=�). Thus, the un
onditional joint density of X1;X2; : : : ;Xnisf(x1; x2; : : : ; xn;�; �) = Z 10 �n�n exp(� �� nXi=1(xi � �)) I[�;+1)(x(1)) dG(�);(1.1)where x(1) = minfx1; x2; : : : ; xng, I(a;b)(�) is the indi
ator fun
tion and � 2R, � > 0 are unknown. The distribution of the mixing parameter � , G(�), isassumed to be known.The model (1.1) is 
alled a mixture model of exponential distributions.It was �rst proposed by Lindley and Singpurwalla (1986) in assessing the



Estimation of a quantile of mixture of exponentials 241reliability of a system of 
omponents and was further studied by Nayak(1987). Petropoulos and Kourouklis (2005) investigated estimation of �in the model (1.1). They showed that the best aÆne equivariant (b.a.e.)estimator of � is inadmissible under squared error loss and Stein's loss.For spe
i�
 forms of G(�) in (1.1), spe
ial distributions are derived. In-deed, two of these are of parti
ular interest in a
tuarial appli
ations andsurvival analysis.First, whenG(�) is an inverse Gaussian IG(
; �) distribution with densityp�p2�x3 exp�� �2
2 (x� 
)2x � I(0;+1)(x); �; 
 > 0;(1.1) be
omesf2(x1; x2; : : : ; xn;�; �) = exp8<:�
 � �vuut 1
2 + 2�� nXi=1(xi � �)9=;�n 1
2 + 2�� nXi=1(xi � �)!n=2
� n�1Xi=1 (n� 1 + i)!i!(n� 1� i)! 242�vuut 1
2 + 2�� nXi=1(xi � �)35�i I[�;+1)(x(1)); (1.2)whi
h is 
alled exponential-inverse Gaussian (E-IG) distribution with lo
a-tion parameter � and s
ale parameter �. The E-IG distribution has beenderived by Bhatta
harya and Kumar (1986) in reliability modelling. Also,bivariate and multivariate versions of this distribution have been studied byWhitmore and Lee (1991) and Al-Mutairi (1997).Another useful 
ase is when G(�) is a Gamma G(a; 1) distribution. Thenthe joint density of X1;X2; : : : ;Xn in (1.1) isf1(x1; x2; : : : ; xn;�; �) = �(n+ a)�(a)�n 1 1 + 1� nXi=1(xi � �)!n+a I[�;+1)(x(1));(1.3)whi
h is 
alled multivariate Lomax distribution with lo
ation parameter �and s
ale parameter �, or Mardia's multivariate Pareto II distribution, see



242 Constantinos PetropoulosArnold (1983) and Kotz et al. (2000) for details. Several probabilisti
 prop-erties of this distribution are reported, and its usefulness in reliability theoryis indi
ated in Arnold (1983) and Nayak (1987).Based on observations X1;X2; : : : ;Xn in the framework (1.1), our aimis the estimation of the linear fun
tion � = � + ��, for given � > 0, froma de
ision theoreti
 point of view. When � = �m� (p), 0 < p 6 1, wherem� (�) is the moment generating fun
tion of the random variable � > 0, then� is the 100(1 � p)th quantile of the marginal distribution of Xi. Note thatfor p = 1, the problem redu
es to the estimation of the lo
ation parameter� whereas the 
ase p = m� (�E��1) 
orresponds to the estimation of the
ommon mean of the Xi's.Previous work on quantile estimation 
on
erns the normal distribution(Zidek, 1971) and the exponential distribution E(�; �). In the latter 
aseRukhin and Strawderman (1982) and Rukhin and Zidek (1985) showed theinadmissibility of the best aÆne equivariant estimator for 0 6 � < 1=n and� > 1 + 1=n, whereas Rukhin (1986) was able to establish admissibilityfor 1=n 6 � 6 1 + 1=n. Analogous inadmissibility results were obtainedby Elfessi (1997) based on a doubly 
ensored sample from an exponentialdistribution, while Petropoulos and Kourouklis (2001) generalized results inRukhin and Strawderman (1982) to a stri
tly 
onvex loss. Moreover, theyproposed a new minimax estimator for �+�� under quadrati
 loss. Re
ently,Petropoulos and Kourouklis (2004) 
onsidered estimation of � + �� in themultivariate Lomax distribution (1.3). Under quadrati
 loss and for spe
i�ed\small" and \large" values of �, they established that the b.a.e. pro
edureis inadmissible by 
onstru
ting a better estimator.In the present work and in Se
tion 2, under quadrati
 loss, we 
onstru
tbetter estimators than the b.a.e. estimator of � = � + �� in the mixturemodel (1.1), for extreme values of �, namely 0 6 � < 1n(n+1)E��2=E��1 and� > (1 + 1=n) E��2=E��1 . As a spe
ial 
ase, for � = 0, it is shown that theb.a.e. estimator of the lo
ation parameter � is inadmissible.In Se
tions 3 and 4, we give some examples for spe
i�
 mixture models,i.e., the E-IG distribution and the multivariate Lomax distribution. In ea
h
ase, we improve upon the b.a.e. estimator of the quantile � = � + ��,for the above mentioned \small" and \large" values of �. In the 
ase ofthe multivariate Lomax distribution, for \small" values of �, we reprodu
ethe improved estimator in Petropoulos and Kourouklis (2004). Interestingly,however, in the 
ase of \large" �, our approa
h is setting o� a new improvedestimator, whi
h is di�erent from that in Petropoulos and Kourouklis (2004).



Estimation of a quantile of mixture of exponentials 243Finally, in the Appendix we give the proofs of the two main theoremsgiven in Se
tion 2.2 Mixture of Exponential DistributionsThe (minimal) suÆ
ient statisti
 in the model (1.1) is (X;S), whereX = X(1) = minfX1;X2; : : : ;Xng and S = nXi=1(Xi � X(1)). Conditionallyon � , X and S are independent, with�X� ���� � � E ���� ; 1n� and �S� ���� � � Gamma(n� 1; 1): (2.1)The problem of estimating � = � + �� under the loss (d � � � ��)2=�2 isinvariant under the aÆne group of transformations (X;S) ! (
X + b; 
S)and the equivariant estimators are of the form Æ = X + 
S, where 
 is a real
onstant. A parti
ular member of this 
lass of estimators is the minimumvarian
e unbiased estimator 
orresponding to 
 = (�(E��1 )�1�1=n)=(n�1).The risk of Æ, as a fun
tion of 
, is minimized at
0 = �E [(X � �� ��)S℄ES2 :Upon 
onditioning on � and using (2.1) it 
an be showed that
0 = ��E��1E��2 � 1n� 1n: (2.2)So, the best aÆne equivariant estimator of � isÆ0 = X + 
0S: (2.3)Our aim is to provide Stein(1964)-type estimators whi
h improve upon Æ0in (2.3). To this end, we study the more general 
lass of s
ale equivariantestimators of the form Æ = �(W )S; (2.4)where W = X=S and �(�) is a measurable fun
tion. Noti
e that the b.a.e.estimator belongs to the above 
lass, 
orresponding to�0(W ) =W + 
0:For \large" values of �, Theorem 2.1 establishes the inadmissibility of Æ0by deriving a Stein(1964)-type estimator of the form (2.4), whi
h is betterthan Æ0.



244 Constantinos PetropoulosTheorem 2.1. Assume that the following 
onditions hold.(A1) E� r�1E� r�2 � E��1E��2 6 
�r, for some 
� > 0, 8 r 2 f0; 1; 2; : : :g and(A2) R10 �ne�[(1+nw)s�n�℄�dG(�)R10 �ne�(1+nw)s�dG(�) is de
reasing in s.Let � > (1 + 1=n) E��2=E��1 and�1(W ) =W + �n+ 1 E��1E��2 (1 + nW ) + �
� n(n+ 2)n+ 1 E�n+1E�n E��3E��2W:Then the risk of the estimatorÆ1 = (minf�1(W ); �0(W )gS , W > 0,Æ0 = �0(W )S , otherwise,is stri
tly smaller than that of Æ0 in (2.3).The next results establishes the inadmissibility of Æ0 in (2.3) for \small"values of �.Theorem 2.2. Let 0 6 � < 1n(n+1) E��2=E��1 . Then the risk of theestimator Æ2 = ( maxnn+2n+1W;�0(W )oS ; W < �1=n;Æ0 = �0(W )S ; otherwise,is nowhere larger than that of Æ0 in (2.3).The usefulness of these two theorems is that we give improved estimatorsof �+�� in a general 
lass of distributions su
h as the mixture of exponentialdistribution. 3 Exponential-Inverse Gaussian ModelIn this se
tion we 
onsider the framework in (1.1), taking the mixing dis-tribution G(�) to be the inverse Gaussian IG(
; �). In other words we studythe problem of estimating � = � + �� in the exponential-inverse Gaussianmodel. In this 
ase, E��1 = 1=
 +1=� and E��2 = 1=
2 +3=�2 +3=
� (seeSeshadri, 1993, p.47) so that the b.a.e. estimator of � in (2.2) is Æ0 = X+
0S,where 
0 = 1n �� �
(�+ 
)�2 + 3
(�+ 
) � 1n� : (3.1)



Estimation of a quantile of mixture of exponentials 245For \large" values of �, an improved estimator of � is given in the followingresult.Theorem 3.1. Let� >�1 + 1n���2 + 3
(�+ 
)�
(�+ 
) � ;�1(W ) =W + �n+ 1 �
(�+ 
)�2 + 3
(� + 
) (1 + nW )+ n(n+2)n+1 �2
2� 
 nXi=0 (n+i)!i!(n�i)!� 
2��in�1Xi=0 (n�1+i)!i!(n�1�i)!� 
2��i� 5� + �(�+
)�2
+3
2(�+
)�W;and �0(W ) =W + 
0 with 
0 as in (3.1).Then the risk of the estimatorÆ1 = � minf�1(W ); �0(W )gS ; W > 0;Æ0 = �0(W )S ; otherwise,is stri
tly smaller than that of Æ0.Proof. This theorem is proven provided that (A1) and (A2) in Theorem2.1 hold for the E-IG model (see Petropoulos, 2006, for details). 2For \small" values of �, appli
ation of Theorem 2.2 yields the following.Theorem 3.2. Let0 6 � < 1n(n+ 1) ��2 + 3
(�+ 
)�
(�+ 
) �and �0(W ) =W + 
0 with 
0 as in (3.1).Then the risk of the estimator,Æ2 = ( maxnn+2n+1W;�0(W )oS ; W < �1=nÆ0 ; otherwise,is nowhere larger than that of Æ0.It should be noted here that no results are available in the literature forthe estimation of �+ �� for the E-IG model.



246 Constantinos Petropoulos4 Multivariate Lomax ModelIn this se
tion, we take the mixing distribution in the model (1.1) to beGamma(a; 1). So we study the problem of estimating � = � + �� in themultivariate Lomax model. In this 
ase, E��1 = 1=(a � 1) and E��2 =1=[(a � 1)(a� 2)℄, so that the b.a.e. estimator of � is Æ0 = X + 
0S, where
0 = ��(a� 2)� 1n� 1n: (4.1)Estimation of � has been studied by Petropoulos and Kourouklis (2004),who proposed better estimators than Æ0 mentioned above. Namely, for � >(1 + 1=n) =(a� 2), they proved that the risk of the estimatorÆ1 = ( minnW + �(1 + nW )� a�2n+1 + n(n+a)n+1 �W;W + 
0oS ; W > 0;Æ0 ; otherwise,(4.2)is stri
tly smaller than that of Æ0, where 
0 as in (4.1), and for 0 6 � <1=[n(n+ 1)(a� 2)℄, they showed that the risk of the estimatorÆ2 = ( maxnn+2n+1W;�0(W )oS ; W < �1=n;Æ0 ; otherwise, (4.3)is nowhere larger than that of Æ0.In Theorem 4.1 a Stein (1964)-type estimator of � = �+ �� is produ
edwhi
h is better than that of Æ0, for \large" values of �.Theorem 4.1. Let� > �1 + 1n� 1a� 2 ;�1(W ) = W + �n+ 1(a� 2)(1 + nW ) + n�n+ 1(n+ 2)n+ aa� 3W; and�0(W ) = W + 
0; where 
0 = 1n ��(a� 2)� 1n� :Then the risk of the estimatorÆ3 = � minf�1(W ); �0(W )gS ; W > 0;Æ0 = �0(W )S ; otherwise,is stri
tly smaller than that of Æ0.



Estimation of a quantile of mixture of exponentials 247Proof. As in Theorem 3.1, we need to show that the 
onditions (A1)and (A2) in Theorem 2.1 hold for the mixing distributionG(�) � Gamma(a; 1).(See Petropoulos, 2006, for details.) 2For \small" values of �, we give in Theorem 4.2 a better estimator of� than Æ0, whi
h 
oin
ides with Æ2 in (4.3). The proof is an immediate
onsequen
e of Theorem 2.2.Theorem 4.2. Let0 6 � < 1n(n+ 1) 1a� 2 ; and�0(W ) =W + 
0; where 
0 = 1n ��(a� 2)� 1n� :Then the risk of the estimatorÆ4 = ( maxnn+2n+1W;�0(W )oS ; W < �1=n;Æ0 = �0(W )S ; otherwise,is nowhere larger than that of Æ0.It should be mentioned that Theorem 4.1 provides an alternative estima-tor of � = �+ �� in the model of Lomax distribution, whi
h improves uponÆ0, and this estimator is di�erent from Æ1 in (4.2).AppendixProof of Theorem 2.1. The risk of Æ in (2.4) depends on (�; �) onlythrough �=�. So without loss of generality, one 
an take � = 1 and writeR(Æ;�) = E� [E�f(�(W )S � �� �)2jW = wg℄: (A.1)The 
onditional expe
tation E�f(
S � � � �)2jW = wg is minimized withrespe
t to 
 at
(�;w) = (�+ �) E� (SjW = w)E�(S2jW = w) = (�+ �) (�;w): (A.2)The key in Stein's (1964) te
hnique is to �nd an upper bound for 
(�;w), asa fun
tion of � for ea
h w > 0. Using (2.1), we observe, given � > 0, thatthe (
onditional) density of SjW = w is proportional to�nsn�1en��e�(1+nw)�s ; s > max f0; �=wg : (A.3)



248 Constantinos PetropoulosConsider, �rst, � 6 0 and �x w > 0. Then, from (A.2) and (A.3), we get (�;w) = E�(SjW = w)E�(S2jW = w) = R10 R10 sn�ne�[(1+nw)s�n�℄�dsdG(�)R10 R10 sn+1�ne�[(1+nw)s�n�℄�dsdG(�) :In the above expression, we make a 
hange of variable from �s to s and usingLemma 2 in Lehmann (1986, p.85), we 
on
lude that (�;w) < E��1E��2 1 + nwn+ 1 : (A.4)Re
all that � 6 0. Therefore, from (A.2) and (A.4),
(�;w) < �E��1E��2 1 + nwn+ 1 : (A.5)Next, let � > 0 and �x, again, w > 0. Then,
(�;w) = � (�;w) + � (�;w): (A.6)Our goal now is to bound ea
h term of the right hand side of (A.6) separately.First, be
ause of s > �=w and from (A.2), we noti
e that� (�;w) < w: (A.7)Also, making a 
hange of variable from �s to s and expanding en�� in aTaylor series, we 
an write, (�;w) = +1Xk=0 (n�)kk! Z 10 Z 1��w sn�k�1e�(1+nw)sds dG(�)+1Xk=0 (n�)kk! Z 10 Z 1��w sn+1�k�2e�(1+nw)sds dG(�) : (A.8)By Lemma A.1 and 
ondition (A1), (A.8) leads us to the 
on
lusion that (�;w) 6 1 + nwn+ 1 R10 ��1dG(�)R10 ��2dG(�) + 1 + nwn+ 1 
� 1(�;w) (A.9)where, 1(�;w) = n� +1Xk=0 (n�)kk! Z 10 Z 1��w sn+1�k�1e�(1+nw)sds dG(�)+1Xk=0 (n�)kk! Z 10 Z 1��w sn+1�k�2e�(1+nw)sds dG(�) :



Estimation of a quantile of mixture of exponentials 249However, P+1k=0 (n��)k=k! = en�� and the above expression be
omes, 1(�;w) = n� R10 ��1 en�� R1��w sn+1e�(1+nw)sds dG(�)R10 ��2 en�� R1��w sn+1e�(1+nw)sds dG(�) : (A.10)From 
onditions (A.6), (A.7), (A.9) and Lemma A.2 below (where 
on-dition (A2) has been used), it follows that
(�;w) < w + �n+ 1 E��1E��2 (1 + nw) + n(n+ 2)n+ 1 �
� E�n+1E�n E��3E��2 w = �1(w)(A.11)for any � and w > 0.Furthermore, for � > (1 + 1=n) E��2=E��1 , it is easily veri�ed that�1(w) < �0(w) on a set A of positive w-values having positive probabil-ity for all �. Sin
e E�f(
S � � � �)2jW = wg is stri
tly in
reasing in 
for 
 > 
(�;w), by (A.11), we have E�f(�1(w)S � � � �)2jW = wg <E�f(�0(w)S � � � �)2jW = wg, w 2 A, whi
h in 
onne
tion with (A.1)implies that R(Æ1 ;�) < R(Æ0 ;�) for all �.Proof of Theorem 2.2. For nonnegative values of �, Æ2 
oin
ideswith Æ0 with probability one. So it suÆ
es to 
onsider � < 0. The proofof this theorem is analogous to the proof of the Theorem 2.1, that is for� < 0 and w < 0, we will bound from below 
(�;w) = (� + �) (�;w) (see(A.2)). Re
all that 
(�;w) is the minimizer of the 
onditional expe
tationE�f(
S � � � �)2jW = wg with respe
t to 
. Fixing � < 0 and using(2.1), given � > 0, we observe that the (
onditional) density of SjW = w isproportional to �nsn�1en��e�(1+nw)�s ; 0 < s < �=w: (A.12)Using (A.2), (A.12) and making a 
hange of variable from s to �s=w, we getthat (�;w) = E� (SjW = w)E� (S2jW = w) = w� R10 �n R 10 sne�[(1+nw) �w s�n�℄�ds dG(�)R10 �n R 10 sn+1e�[(1+nw) �w s�n�℄�ds dG(�) :(A.13)Next, using Lemma 2 in Lehmann (1986, p.85), we establish thatR 10 sne�[(1+nw) �w s�n�℄�dsR 10 sn+1e�[(1+nw) �w s�n�℄�ds < R 10 sndsR 10 sn+1ds = n+ 2n+ 1 ; so thatZ 10 sne�[(1+nw) �w s�n�℄�ds < n+ 2n+ 1 Z 10 sn+1e�[(1+nw) �w s�n�℄�ds: (A.14)



250 Constantinos PetropoulosIn the numerator of (A.13), we substitute the upper bound of (A.14) andsin
e � < 0, � (�;w) > n+ 2n+ 1 w: (A.15)But � > 0 and hen
e from (A.2) and (A.15), we obtain that
(�;w) = (�+ �) (�;w) > � (�;w) > n+ 2n+ 1w:Now, for w < �1=n, �2(w) > �0(w) holds for w > n+1n ��E��1=E��2 � 1=n�whereas, provided that 0 6 � < 1n(n+1) E��2=E��1 , we have
(�;w) > �2(w) > �0(w); (A.16)for w 2 B = �n+1n ��E��1=E��2 � 1=n� ;�1=n�. Finally, (A.16) and thefa
t that E�f(
S � � � �)2jW = wg is stri
tly de
reasing for 
 < 
(�;w),ensure that E�f(�2(w)S����)2jW = wg < E�f(�0(w)S����)2jW = wg,w 2 B, whi
h in turn entails R(Æ2 ;�) < R(Æ0 ;�). This 
ompletes the proofof the theorem. 2Lemma A.1. For a = a(�) > 0 and t > 0,Z 10 Z 1a sn�k�1e�tsds dG(�)6 R10 �k�1dG(�)R10 �k�2dG(�) tn+ 1 Z 10 Z 1a sn+1�k�2e�tsds dG(�):Proof. It is given in Petropoulos (2006). 2Lemma A.2.  1(�;w) < nw n+ 21 + nw E�n+1E�n E��3E��2 :Proof. It is given in Petropoulos (2006). 2Lemma A.3. g(s) = nXk=0Akak�, nXk=0Akak0 is de
reasing in s, wherea� = a(s;�) = � 2�(1 + nw)s+ 1
2 � 2�n���1=2, a0 = a(s; 0)and Ak = (n� 1 + k)!k!(n� 1� k)! 1(2�)k .Proof. It is given in Petropoulos (2006). 2
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