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tInformation 
riteria are 
ommonly used for sele
ting 
ompeting statisti
almodels. They do not favour the model whi
h gives the best �t to the dataand little interpretive value, but simpler models with good �t. Thus, model
omplexity is an important fa
tor in information 
riteria for model sele
tion.Existing results often equate the model 
omplexity to the dimension of theparameter spa
e. Although this notion is well founded in regular parametri
models, it la
ks some desirable properties when applied to irregular statisti
almodels. We re�ne the notion of model 
omplexity in the 
ontext of 
hangepoint problems, and modify the existing information 
riteria. The modi�ed
riterion is found 
onsistent in sele
ting the 
orre
t model and has simplelimiting behaviour. The resulting estimator �̂ of the lo
ation of the 
hangepoint a
hieves the best 
onvergen
e rate Op(1), and its limiting distributionis obtained. Simulation results indi
ate that the modi�ed 
riterion has betterpower in dete
ting 
hanges 
ompared to other methods.AMS (2000) subje
t 
lassi�
ation. Primary 62H15; se
ondary 62H10.Keywords and phrases. Consisten
y, irregular parametri
 model, limitingdistribution, lo
ation of 
hange, model 
omplexity, regular parametri
 model,
onvergen
e rate. 1 Introdu
tionOut of several 
ompeting statisti
al models, we do not always use the onewith the best �t to the data. Su
h models may simply interpolate the data



Change point problem 253and have little interpretive value. Information 
riteria, su
h as the Akaikeinformation 
riterion and the S
hwarz information 
riterion, are designed tosele
t models with simple stru
ture and good interpretive value, see Akaike(1973) and S
hwarz (1978). The model 
omplexity is often measured interms of the dimensionality of the parameter spa
e.Consider the problem of making inferen
e on whether a pro
ess has un-dergone some 
hanges. In the 
ontext of model sele
tion, we want to 
hoosebetween a model with a single set of parameters, or a model with two sets ofparameters plus the lo
ation of 
hange. The Akaike and the S
hwarz infor-mation 
riteria 
an be readily adopted to this kind of 
hange point problems.There have been many fruitful resear
h done in this respe
t su
h as Hirotsu,Kuriki and Hayter (1992) and Chen and Gupta (1997), to name a few.Compared to usual model sele
tion problems, the 
hange point problem
ontains a spe
ial parameter: the lo
ation of the 
hange. When it approa
hesthe beginning or the end of the pro
ess, one of the two sets of the parameterbe
omes 
ompletely redundant. Hen
e, the model is un-ne
essarily 
om-plex. This observation motivates the notion that the model 
omplexity alsodepends on the lo
ation of the 
hange point. Consequently, we proposeto generalize the Akaike and S
hwarz information 
riteria by making themodel 
omplexity also a fun
tion of the lo
ation of the 
hange point. Thenew method is shown to have a simple limiting behaviour, and favourablepower properties in many situations via simulation.The 
hange point problem has been extensively dis
ussed in the litera-ture in re
ent years. The study of the 
hange point problem dates ba
k toPage (1954, 1955 and 1957) whi
h tested the existen
e of a 
hange point.Parametri
 approa
hes to this problem have been studied by a number ofresear
hers, see Cherno� and Za
ks (1964), Hinkley (1970), Hinkley et. al.(1980), Siegmund (1986) and Worsley (1979, 1986). Nonparametri
 testsand estimations have also been proposed (Brodsky and Darkhovsky, 1993;Lombard, 1987; Gombay and Hu�skov�a, 1998). Extensive dis
ussions on thelarge sample behaviour of likelihood ratio test statisti
s 
an be found inGombay and Horv�ath (1996) and Cs�org�o and Horv�ath (1997). The detail
an be found in some survey literatures su
h as Bhatta
harya (1994), Bas-seville and Nikiforov (1993), Za
ks (1983), and Lai (1985). The present studydeviates from other studies by re�ning the traditional measure of the model
omplexity, and by determining the limiting distribution of the resulting teststatisti
 under very general parametri
 model settings.



254 J. Chen, A.K. Gupta and J. PanIn Se
tion 2, we de�ne and motivate the new information 
riterion indetail. In Se
tion 3, we give the 
onditions under whi
h the resulting teststatisti
 has 
hi-square limiting distribution and the estimator �̂ of 
hangepoint attains the best 
onvergen
e rate. An appli
ation example and somesimulation results are given in Se
tion 4. The new method is 
ompared tothree existing methods and found to have good �nite sample properties. Theproofs are given in the Appendix.2 Main ResultsLet X1;X2; : : : ;Xn be a sequen
e of independent random variables. Itis suspe
ted that Xi has density fun
tion f(x; �1) when i � k and densityf(x; �2) for i > k. We assume that f(x; �1) and f(x; �2) belong to the sameparametri
 distribution family ff(x; �) : � 2 Rdg. The problem is to testwhether this 
hange has indeed o

urred, and if so, to �nd the lo
ation ofthe 
hange k. The null hypothesis is H0 : �1 = �2, and the alternative isH1 : �1 6= �2 and 1 � k < n:Equivalently, we are asked to 
hoose a model from H0 or a model fromH1 for the data.For regular parametri
 (not 
hange point) models with log likelihoodfun
tion `n(�), Akaike and S
hwarz information 
riteria are de�ned asAIC = �2`n(�̂) + 2dim(�̂);SIC = �2`n(�̂) + dim(�̂) log(n);where �̂ is the maximum point of `n(�). The best model a

ording to these
riteria is the one whi
h minimizes AIC or SIC. The S
hwarz information
riterion is asymptoti
ally optimal a

ording to 
ertain Bayes formulation.The log likelihood fun
tion for the 
hange point problem has the form`n(�1; �2; k) = kXi=1 log f(Xi; �1) + nXi=k+1 log f(Xi; �2): (2.1)The S
hwarz information 
riterion for the 
hange point problem be
omesSIC(k) = �2`n(�̂1k; �̂2k; k) + [2dim(�̂1k) + 1℄ log(n);and similarly for Akaike information 
riterion, where �̂1k, �̂2k maximize`n(�1; �2; k) for given k. See, for example, Chen and Gupta (1997). When



Change point problem 255the model 
omplexity is the fo
us, we may also write it asSIC(k) = �2`n(�̂1k; �̂2k; k) + 
omplexity(�̂1k; �̂2k; k) log(n):We suggest that the notion of 
omplexity(�̂1k; �̂2k; k) = 2dim(�̂1k) + 1 needsre-examination in the 
ontext of 
hange point problem. When k takes valuesin the middle of 1 and n, both �1 and �2 are e�e
tive parameters. When k isnear 1 or n, either �1 or �2 be
omes redundant. Hen
e, k is an in
reasinglyundesirable parameter as k getting 
lose to 1 or n. We hen
e propose amodi�ed information 
riterion with
omplexity(�̂1k; �̂2k; k) = 2dim(�̂1k) +�2kn � 1�2 + 
onstant: (2.2)For 1 � k < n, letMIC(k) = �2`n(�̂1k; �̂2k; k) + "2dim(�̂1k) +�2kn � 1�2# log(n): (2.3)Under the null model, we de�neMIC(n) = �2`n(�̂; �̂; n) + dim(�̂) log(n); (2.4)where �̂ maximizes `n(�; �; n). If MIC(n) > min1�k<nMIC(k), we sele
tthe model with a 
hange point and estimate the 
hange point by �̂ su
h thatMIC(�̂) = min1�k<nMIC(k):Clearly, this pro
edure 
an be repeated when a se
ond 
hange point is sus-pe
ted.The size of model 
omplexity 
an be motivated as follows. If the 
hangepoint is at k, the varian
e of �̂1k would be proportional to k�1 and thevarian
e of �̂2k would be proportional to (n� k)�1. Thus, the total varian
eis 1k + 1n� k = n�1 "14 ��kn � 12�2#�1 :The spe
i�
 form in (2.2) re
e
ts this important fa
t. Thus, if a 
hange atan early stage is suspe
ted, relatively stronger eviden
e is needed to justifythe 
hange. Hen
e, we should pla
e larger penalty when k is near 1 or n.This notion is shared by many resear
hers. The method in In
l�an and Tiao(1994) s
ales down the statisti
 heavier when the suspe
ted 
hange point



256 J. Chen, A.K. Gupta and J. Panis near 1 or n. The U-statisti
 method in Gombay and Horv�ath (1995) iss
aled down by multiplying the fa
tor k(n� k).To assess the error rates of the method, we 
an simulate the �nite sampledistribution, or �nd the asymptoti
 distribution of the related statisti
. ForS
hwarz information 
riterion, the related statisti
 is found to have type Iextreme value distribution asymptoti
ally (Chen and Gupta, 1997; Cs�org�oand Horv�ath, 1997). We show that the MIC statisti
 has 
hi-square limitingdistribution for any regular distribution family, the estimator �̂ a
hieves thebest 
onvergen
e rate Op(1) and has a limiting distribution expressed via arandom walk.Our asymptoti
 results under the alternative model are obtained underthe assumption that the lo
ation of the 
hange point, k, evolves with n asn ! 1. Thus, fXin : 1 � i � n; n � 2g form a triangle array. The
lassi
al results on almost sure 
onvergen
e for independent and identi
allydistributed (iid) random variables 
annot be dire
tly applied. However, the
on
lusions on weak 
onvergen
e will not be a�e
ted as the related probabil-ity statements are not a�e
ted by how one sequen
e is related to the other.Pre
autions will be taken on this issue but details will be omitted.Let Sn =MIC(n)� min1�k<nMIC(k) + dim(�) log n (2.5)where MIC(k) and MIC(n) are de�ned in (2.3) and (2.4). Note that thisstandardization removes the 
onstant term dim(�) log n in the di�eren
e ofMIC(k) and MIC(n).Theorem 1. Under Wald 
onditions W1-W7 and the regularity 
ondi-tions R1-R3, to be spe
i�ed in Se
tion 3, as n!1,Sn ! �2d (2.6)in distribution under H0, where d is the dimension of � and Sn is de�ned in(2.5).In addition, if there has been a 
hange at � su
h that as n ! 1, �=nhas a limit in (0, 1), then Sn !1 (2.7)in probability.Theorem 1 implies that the new information 
riterion is 
onsistent in thesense that when there is indeed a �xed amount of 
hange in � at � su
h that



Change point problem 257�=n has a limit in (0, 1), the model with a 
hange point will be sele
ted withprobability approa
hing 1.Our next result 
laims that the estimator �̂ a
hieves the best 
onvergen
erate and obtains its limiting distribution.Theorem 2. Assume that the Wald 
onditions W1-W7 and the regu-larity 
onditions R1-R3 are satis�ed by the parametri
 distribution familyff(x; �); � 2 �g. As n goes to in�nity, the 
hange point satis�es � = [n�℄with 0 < � < 1. Then, the 
hange point estimator�̂ � � = Op(1):Theorem 2 shows that the estimator �̂ of the 
hange point attains thebest 
onvergen
e rate.We further show that the asymptoti
 distribution of the estimator �̂
an be 
hara
terized by the minimizer of a random walk. Let fYi; i =�1;�2; : : :g be a sequen
e of iid random variables with 
ommon densityfun
tion f(x; �10). Similarly, let fYi; i = 1; 2; : : :g be iid random variableswith the 
ommon density fun
tion f(x; �20), and the two sequen
es are in-dependent. Let Y0 be a number su
h that f(Y0; �10) = f(Y0; �20).De�ne Wk = kXj=0 sgn(k)[log f(Yj; �20)� log f(Yj; �10)℄for k = 0;�1;�2; : : :.Theorem 3. Assume the Wald 
onditions W1-W7, and the regularity
onditions R1-R3. Assume that there exists a 
hange point at � = [n�℄where 0 < � < 1. As n!1, we have�̂ � � ! �in distribution, where � = argmin�1<k<1fWkg; and (�10; �20) are the truevalue of (�1; �2) under the alternative.We spell out the 
onditions in the next Se
tion and give a few exampleswhen these 
onditions are satis�ed. The proofs of Theorems 1, 2 and 3 willbe given in the Appendix.



258 J. Chen, A.K. Gupta and J. Pan3 Conditions and ExamplesThe �rst 
ru
ial step in proving Theorem 1 is to establish the 
onsisten
yof �̂1k, �̂2k and �̂ for estimating the single true value �0 under the null hy-pothesis H0. Our approa
h is similar to that of Wald (1949). Consequently,the following 
onditions look similar to the 
onditions there.W1. The distribution of X1 is either dis
rete for all � or is absolutely 
on-tinuous for all �.W2. For suÆ
iently small � and for suÆ
iently large r, the expe
ted valuesE[log f(X; �; �)℄2 <1 and E[log'(X; r)℄2 <1 for all �, wheref(x; �; �) = supk�0��k�� f(x; �0); '(x; r) = supk�0��0k>r f(x; �0):W3. The density fun
tion f(x; �) is 
ontinuous in � for every x.W4. If �1 6= �2, then F (x; �1) 6= F (x; �2) for at least one x, where F (x; �)is the 
umulative distribution fun
tion 
orresponding to the densityfun
tion f(x; �).W5. limk�k!1 f(x; �) = 0 for all x.W6. The parameter spa
e � is a 
losed subset of the d-dimensional Carte-sian spa
e.W7. f(x; �; �) is a measurable fun
tion of x for any �xed � and �.The notation E will be understood as expe
tation under the true distri-bution whi
h has parameter value �0 unless otherwise spe
i�ed.Lemma 4. Under Wald 
onditions W1-W7 and the null model,�̂1k; �̂2k ! �0 (3.1)in probability uniformly for all k su
h that min(k; n� k)=pn!1 as n!1. Under Wald 
onditions W1-W7 and the alternative model with the
hange point at � = [n�℄ for some 0 < � < 1,(�̂1k; �̂2k)! (�10; �20) (3.2)in probability uniformly for all k su
h that jk � � j < n(log n)�1 as n!1.



Change point problem 259Lemma 4 allows us to fo
us on a small neighbourhood of �0 or a smallneighbourhood of (�10; �20) under appropriate model assumptions. The pre-
ise asymptoti
 behaviour of Sn is determined by the properties of the like-lihood when � is 
lose to �0. This is where the regularity 
onditions areneeded. The following 
onditions 
an be 
ompared to those given in Ser
ing(1980).R1. For ea
h � 2 �, the derivatives� log f(x; �)�� ; �2 log f(x; �)��2 ; �3 log f(x; �)��3exist for all x.R2. For ea
h �0 2 �, there exist fun
tions g(x) and H(x) (possibly de-pending on �0) su
h that for � in a neighbourhood N(�0) the relations�����f(x; �)�� ���� � g(x) ; �����2f(x; �)��2 ���� � g(x) ;�����2 log f(x; �)��2 ����2 � H(x) ; �����3 log f(x; �)��3 ���� � H(x)hold for all x, andZ g(x)dx <1; E�[H(X)℄ <1 for � 2 N(�0):R3. For ea
h � 2 �,0 < E�(�� log f(X; �)�� �2) <1; E� (����� log f(X; �)�� ����3) <1:Some of the Wald 
onditions are implied by regularity 
onditions. For
larity, we do not 
ombine the two sets of 
onditions into a 
on
ise setof 
onditions. When � is a ve
tor, the above 
onditions are true for all
omponentsLet an be a sequen
e of positive numbers and An be a sequen
e of randomvariables, n = 1; 2; : : :. If P (An � �an) ! 1, for ea
h � > 0, we say thatAn � op(an). This 
onvention will be used throughout the paper.



260 J. Chen, A.K. Gupta and J. PanLemma 5. Under the null hypothesis and assuming the Wald 
onditionsW1-W7 and the regularity 
onditions R1-R3, we havemax1�k<n"sup�1;�2 `n(�1; �2; k)� `n(�0; �0; n)# � Op(log logn):Lemma 5 indi
ates that random 
u
tuation in MIC(k) is less than thepenalty (2k=n � 1)2 log n under the null model. Hen
e, the minimum ofMIC(k) is attained in the middle of 1 and n in probability under the nullmodel. Lemmas 4 and 5 together imply that the MIC value is mainlydetermined by the likelihood fun
tion when � and k are 
lose to �0 and n=2.Lemma 6. Under the null hypothesis and assuming Wald 
onditions W1-W7 and the regularity 
onditions R1-R3, t̂� = �̂ =n ! 1=2 in probability asn!1.The 
onditions required for these Theorems are not restri
tive. In thefollowing we use two examples to illustrate.Example 1. Assumef(x; �) = �xx! e��; � 2 (0;1)and x = 0; 1; 2; : : :. To prove that the Poisson model satis�es 
onditions W2,it is suÆ
ient to show that E[X log(X)I(X > 1)℄2 <1: This is obvious byusing Sterling's Formula.Example 2. Assume that for all x � 0, f(x; �) = �e��x with � =(0;1). Note that E[log f(X; �; �)℄2 < 1 for small �. On the other hand,for all r > 0, '(x; r) = supk���0k>r f(x; �) � x�1: Hen
e, E[log'(X; r)℄2 �E[logX℄2 <1:Some models do not satisfy these 
onditions dire
tly. The most interest-ing 
ase is the normal model with unknown mean and varian
e. Its likelihoodfun
tion is unbounded at k = 1, �2 = 0 and � = X1. This obs
ure phe-nomenon qui
kly disappears by requiring 2 � k � n � 2. Other methodssu
h as S
hwarz information 
riterion also require 2 � k � n� 2.It 
an be shown that all other 
onditions are satis�ed by models in Ex-amples 1 and 2. Most 
ommonly used models satisfy the 
onditions of The-orems.
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Figure 1: Yearly Data for Argentina Rainfall4 Appli
ation and Simulation Study4.1. Example. Argentina rainfall data. In this se
tion, we apply bothour MIC and SIC 
riteria to a real data set, the Argentina rainfall data,whi
h has been investigated by many resear
hers.Argentina rainfall data set is a 
lassi
al example where the 
hange pointanalysis is used. The data set was provided by Eng Cesar Lamelas, ameteorologist in the Agri
ultural Experimental Station Obispo Colombres,Tu
um�an and 
ontained yearly rainfall re
ords 
olle
ted from 1884 to 1996,with 113 observations in all. Lamelas believed that there was a 
hange in themean of the annual rain, 
aused by the 
onstru
tion of a dam in Tu
um�anbetween 1952 and 1962. Wu, Woodroofe and Mentz (2001) studied the datausing the isotoni
 regression method and pointed out that there is an ap-parent in
rease in the mean. The rainfall data plot of fYtg, t = 1; : : : ; 113,is shown in Figure 1.A

ording to the auto
orrelation and histogram plots in time series (seeFigure 2) and the Normal Q-Q plot (see Figure 3), although there appears tobe some auto
orrelation in the sequen
e, it is not large enough to be of big
on
ern. At this stage, we ignore the possibility of the auto
orrelation. Thenormality seems to be reasonable. We use both the MIC and SIC based on
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orrelation Plot and Histogram for Argentina Rainfall Data
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Change point problem 263the normal model to analyse the rainfall data, and examine the possibility of
hanges in mean and varian
e in the sequen
e. That is, we test the followinghypothesis based on fYtg series:H0 : �1 = �2 = � and �21 = �22 = �2 (�; �2 unknown)against the alternativeH1 : �1 6= �2 or �21 6= �22 and 1 < � < n:Our analysis shows that min2<k<112MIC(k) = MIC(71), Sn = 17:97 andthe p-value is 1:3 � 10�4. Hen
e � = 71 is suggested as a signi�
ant 
hangepoint in mean and varian
e for the Yt series, whi
h 
orresponds to 1954. Notsurprisingly, our 
on
lusion �ts very well with the fa
t that there was a dam
onstru
ted in Tu
um�an between 1952 and 1962.If the S
hwarz 
riterion is used, then we have min2<k<112 SIC(k) =SIC(71), Tn = SIC(n) � mink SIC(k) + (d + 1) log n = 18:32 and the p-value is 3:6� 10�2. Hen
e, two methods give similar 
on
lusions.For referen
e, we 
omputed the means and the standard deviations forthe whole data set, the �rst subset (before the suggested 
hange point 1954)and the se
ond subset (after 1954) as follows: �̂ = 81:33; �̂1 = 76:50 and�̂2 = 89:50; �̂ = 17:59; �̂1 = 15:46 and �̂2 = 17:96. From these values,we �nd that there is a substantial di�eren
e between �̂1 and �̂2, but notso apparent 
hange in standard deviation. Hen
e the 
hange point 1954suggested by both the MIC and SIC methods is mainly due to the 
hangein the mean pre
ipitation.4.2. Simulation study.4.2.1. The power 
omparison between MIC and other methods. In thisse
tion, we use simulations to investigate �nite sample properties of severalmethods. In addition to the modi�ed information 
riterion, we also 
onsiderthe S
hwartz information 
riterion, the U-statisti
 method by Gombay andHorv�ath (1995) and the method given by In
l�an and Tiao (1994). The U-statisti
 method 
omputes the values of the U-statisti
 based on the �rst kobservations, and based on the rest n� k observations. If there is a 
hangeat k, the di�eren
e between these values will be sto
hasti
ally larger thanthe di�eren
e when there is no 
hange. They 
hoose to standardize the dif-feren
e by k(n � k). The method in In
l�an and Tiao (1994) 
omputes theratio of the sum of squares of the �rst k observations to the sum of squares



264 J. Chen, A.K. Gupta and J. PanTable 1. Comparison between SIC and MICn=100 n=200normal model: 
hange in the mean (
 = 0:5)k 0 25 50 75 0 50 100 150MIC 14.7 58.3 78.8 58.4 10.2 79.1 94.4 78.0SIC 4.94 37.2 49.1 36.4 3.06 61.0 75.7 59.7SIC� 56.3 67.1 56.4 76.8 87.8 76.2U� 59.7 78.3 60.0 80.5 94.3 79.5normal model: 
hange in the varian
e (
 = 2)k 0 25 50 75 0 50 100 150MIC 13.6 53.3 75.3 54.3 9.2 74.9 94.3 77.0SIC 5.70 31.8 45.7 37.4 4.58 51.5 72.9 60.1SIC� 46.9 61.0 50.9 67.9 84.3 73.5U� 21.1 50.5 49.1 28.1 70.9 66.6T� 24.6 65.5 54.1 33.9 86.2 77.2Exponential model, 
hange in the mean (
 = p2)k 0 25 50 75 0 50 100 150MIC 14.1 36.9 53.3 35.7 10.2 48.7 71.4 49.5SIC 6.46 18.7 24.8 18.9 3.72 26.5 37.8 28.9SIC� 33.9 40.8 34.6 43.4 56.3 45.2U� 20.8 36.0 32.1 21.8 46.2 38.3T� 22.7 44.2 38.8 29.9 62.5 51.1of all observations. If the varian
e of the �rst k observations is di�erentfrom the varian
e of the remaining observations, this ratio is likely to deviatefrom k=n signi�
antly. The test statisti
 is de�ned as the maximum absolutedi�eren
e between the ratio and k=n.We 
onsidered three models in our simulation: normal distribution witha 
hange in the mean, normal distribution with a 
hange in the varian
e, andexponential distribution with a 
hange in the s
ale. For the U-statisti
, we
hoose kernel fun
tion h(x) = x for the �rst model, and h(x; y) = (x�y)2 forthe se
ond and the third models. Sin
e the sample mean and the varian
eare 
omplete and suÆ
ient statisti
s in the �rst two models respe
tively, the
hoi
es of the kernel fun
tion are very sensible.The sample sizes are 
hosen to be n = 100 and 200. Under alternativemodel, we pla
ed the 
hange at 25%, 50% and 75% points. The amountof 
hange in normal mean was a di�eren
e of 0.5, in normal varian
e was afa
tor of 2, and in exponential mean was a fa
tor of p2. The simulation wasrepeated 5000 times for all 
ombinations of sample size, lo
ation of 
hangeand the model. In Table 1, we report the null reje
tion rates (in per
entage)
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hwarz and Modi�ed information 
riteria in the rows of SIC andMIC. Be
ause two 
riteria have rather di�erent null reje
tion rates, dire
tpower 
omparison is not possible. In the row 
alled SIC�, we 
al
ulatedthe powers of the S
hwarz information 
riterion after its null reje
tion rateswere made the same as the 
orrespondingMIC (by in
reasing/de
reasing its
riti
al values). The row 
alled U�, T� are obtained from two other methodssimilarly.We 
an draw several 
on
lusions from the simulation results. First, bothinformation 
riteria are 
onsistent. When the sample size in
reases fromn = 100 to n = 200, the probabilities of type I errors de
rease and thepowers in
rease. Se
ond, after the probabilities of type I errors have beenlined up, the powers of the modi�ed information 
riterion are higher thanthe 
orresponding S
hwarz information 
riterion in all 
ases, higher than U�and T� in most 
ases. There is only one 
ase when the power of the MIC ismore than 2% lower than another method. Third, the MIC is most powerfulwhen the 
hange point is in the middle of the sequen
e. The di�eren
es of2% or more are 
onsidered signi�
ant with 5000 repetitions.4.2.2. The 
omparison of �̂ and its limiting distribution. The limitingdistributions of the estimators of the lo
ation of the 
hange point based onthe MIC and SIC methods are the same. To investigate their �nite sampleproperties, we simulated the limiting distribution given in Theorem 3, andthe distributions of �̂ � � under the MIC and SIC 
riteria. We 
onsideredfour models. The �rst three models are the same as the models in the lastsubse
tion. The additional model is a normal model with 
hanges in bothmean and varian
e with mean di�eren
e 0:5 and varian
e ratio 2. To savespa
e, we only report results when sample sizes are 100 and 1000, and pla
edthe 
hange at � = n=4 and n=2 in the simulation.We 
ondu
ted simulation with 5000 repetitions for ea
h 
ombination andobtained the rates of �, �̂MIC � � and �̂SIC � � belong to spe
i�ed intervals.The results are presented in Tables 2 and 3. It is seen that the limitingdistribution (that of �) is a good approximation for both �̂ when n is in therange of 1000.When n is as small as 100, Pfj�̂MIC � � j � Æg � Pfj�̂SIC � � j � Ægin all 
ases. The di�eren
e narrows when n in
reases. At n = 1000, twoestimators are almost the same.



266 J. Chen, A.K. Gupta and J. PanTable 2. Comparison of the distributions �̂ � � and � for � = n=2(P� = Pfj�j � Æg, PM = Pfj�̂MIC � � j � Æg and PS = Pfj�̂SIC � � j � Æg)Models Prob Æ = 5 Æ = 10 Æ = 20 Æ = 30 Æ = 40n = 100Model 1 P� 0.4698 0.6488 0.8288 0.9048 0.9426PM 0.5156 0.7016 0.8692 0.9416 0.9796PS 0.4100 0.5632 0.7250 0.8154 0.8952Model 2 P� 0.4562 0.6248 0.7922 0.8820 0.9344PM 0.4846 0.6670 0.8502 0.9308 0.9712PS 0.3644 0.5036 0.6688 0.7780 0.8672Model 3 P� 0.3066 0.4590 0.6432 0.7538 0.8298PM 0.3852 0.5682 0.7856 0.8888 0.9502PS 0.2486 0.3704 0.5360 0.6582 0.7864Model 4 P� 0.5820 0.7632 0.9096 0.9636 0.9856PM 0.5406 0.7040 0.8356 0.8924 0.9218PS 0.4470 0.5806 0.7006 0.7676 0.8196n = 1000Model 1 P� 0.4804 0.6492 0.8152 0.8966 0.9384PM 0.4580 0.6498 0.8150 0.8896 0.9322PS 0.4562 0.6472 0.8122 0.8876 0.9304Model 2 P� 0.4456 0.6216 0.8002 0.8878 0.9332PM 0.4524 0.6190 0.7926 0.8750 0.9228PS 0.4510 0.6172 0.7910 0.8732 0.9212Model 3 P� 0.3062 0.4584 0.6288 0.7324 0.8000PM 0.2972 0.4478 0.6180 0.7190 0.7920PS 0.2912 0.4376 0.6034 0.7024 0.7738Model 4 P� 0.6000 0.7706 0.9058 0.9578 0.9782PM 0.5882 0.7660 0.8978 0.9528 0.9744PS 0.5878 0.7652 0.8970 0.9518 0.9736Table 3. Comparison of the distributions �̂ � � and � for � = n=4(P� = Pfj�j � Æg, PM = Pfj�̂MIC � � j � Æg and PS = Pfj�̂SIC � � j � Æg)n = 100Models Prob Æ = 5 Æ = 10 Æ = 20 Æ = 30 Æ = 40Model 1 P� 0.4698 0.6488 0.8288 0.9048 0.9426PM 0.4048 0.5614 0.7422 0.8516 0.9114PS 0.3812 0.5284 0.7068 0.8072 0.8402Model 2 P� 0.4562 0.6248 0.7922 0.8820 0.9344PM 0.3724 0.5334 0.7234 0.8358 0.9028PS 0.3552 0.5050 0.6884 0.7940 0.8304Model 3 P� 0.3066 0.4590 0.6432 0.7538 0.8298PM 0.2642 0.3992 0.5980 0.7570 0.8564PS 0.2336 0.3566 0.5428 0.6902 0.7406Model 4 P� 0.5820 0.7632 0.9096 0.9636 0.9856PM 0.4332 0.5674 0.7262 0.8454 0.8842PS 0.3754 0.5002 0.6488 0.7988 0.8204



Change point problem 267Table 3. Comparison of the distributions �̂ � � and � for � = n=4 (
ontd.)n = 1000Models Prob Æ = 5 Æ = 10 Æ = 20 Æ = 30 Æ = 40Model 1 P� 0.4804 0.6492 0.8152 0.8966 0.9384PM 0.4644 0.6456 0.8082 0.8826 0.9226PS 0.4652 0.6498 0.8124 0.8870 0.9274Model 2 P� 0.4456 0.6216 0.8002 0.8878 0.9332PM 0.4394 0.5978 0.7742 0.8596 0.9052PS 0.4420 0.6048 0.7832 0.8686 0.9136Model 3 P� 0.3062 0.4584 0.6288 0.7324 0.8000PM 0.2760 0.4142 0.5778 0.6804 0.7516PS 0.2796 0.4194 0.5886 0.6918 0.7596Model 4 P� 0.6000 0.7706 0.9058 0.9578 0.9782PM 0.5982 0.7602 0.9020 0.9546 0.9768PS 0.5966 0.7584 0.9028 0.9548 0.9764Appendix: ProofsWe split the proofs of Lemmas 4 and 5 into several steps.Lemma 7. Let f(x; �; �) and '(x; r) be the fun
tions de�ned in W2 su
hthat 0 < � < k� � �0k and E log[f�(X; �; �)℄ < 1: Then, for some � > 0small enough (may depend on � 6= �0),maxk " kXi=1 log f(Xi; �; �)� kXi=1 log f(Xi; �0)# � Op(log log n):Similarly, for some r > 0 large enough,maxk " kXi=1 log'(Xi; r)� kXi=1 log f(Xi; �0)# � Op(log log n):Proof. From the regularity 
onditions,lim�!0+E[log f(X; �; �)� log f(X; �0)℄ = E[log f(X; �)� log f(X; �0)℄= �K(�; �0) < 0;where K is the Kullba
k Leibler Information. Hen
e, we 
an �nd � smallenough su
h that EYi < 0 forYi = log f(Xi; �; �)� log f(Xi; �0):



268 J. Chen, A.K. Gupta and J. PanBy the L�evy-Skorohod inequality (Shoka
k and Wellner, 1986, pp. 844),we have for any " > 0 and 0 < 
 < 1,P (maxk kXi=1 [log f(Xi; �; �)� kXi=1 log f(Xi; �0)℄ � " log logn)� P [Pni=1 Yi � 
" log log n℄min1�i�n P hPnj=i+1 Yj � (1� 
)" log logni : (A.1)By Chebyshev's inequality and noting EY1 < 0,P " nXi=1 Yi � 
" log logn#= P " 1pn nXi=1(Yi �EYi) � �pnEY1 + 
"pn log logn#! 0;and, for all i, P hPnj=i+1 Yj � (1� 
)" log logni! 1: Hen
e, the probabilityin (A.1) goes to 0. The result for '(x; r) 
an be proved in the same way. 2Lemma 8. Let N(�0) be an open neighbourhood of �0 and de�neA = f� : k� � �0k � r; � 62 N(�0)g:Then, maxk sup�2A " kXi=1 log f(Xi; �)� kXi=1 log f(Xi; �0)# � Op(log log n):Proof. Note that A is a bounded, 
losed subset of Rd, and hen
e it is
ompa
t. By �nite 
overage theorem, we 
an �nd f�j : j = 1; : : : ; Ng andtheir 
orresponding f�j ; j = 1; : : : ; Ng su
h that SNj=1f� : k� � �jk < �jg �A: Thus, max1�k<n sup�2A " kXi=1 log f(Xi; �)� kXi=1 log f(Xi; �0)#� max1�k<n max1�j�N " kXi=1 log f(Xi; �j ; �j)� kXi=1 log f(Xi; �0)#� Op(log logn) (A.2)



Change point problem 269by Lemma 7 and the �niteness of N . 2To �nish the job, we further 
onsider � in N(�0).Lemma 9. For N(�0) small enough,maxk sup�2N(�0) " kXi=1 log f(Xi; �)� kXi=1 log f(Xi; �0)# � Op(log log n):Proof. Without loss of generality, we will pro
eed with the proof as if �is one-dimensional. Let Cn = (log logn)1=2 and 
onsider the maximum overthe range of k � Cn. The quantity is less thanmaxk�Cn kXi=1 [log f(Xi; �0; �0)� log f(Xi; �0)℄for some small �0 > 0 when N(�0) is small enough. Further, for all k in thisrange,kXi=1 [log f(Xi; �0; �0)� log f(Xi; �0)℄ =kXi=1f[log f(Xi; �0; �0)� log f(Xi; �0)℄�E[log f(Xi; �0; �0)� log f(Xi; �0)℄g+ kE jlog f(Xi; �0; �0)� log f(Xi; �0)j :The maximum of the �rst term is Op(Cn) by Kolmogorov's maximal inequal-ity for martingales. The se
ond term is uniformly smaller than Cn times theexpe
tation.For k > Cn, we will use Taylor's expansion and the usual law of largenumbers. De�ne g(x; �0) = sup�2N(�0) �2 log f(x; �)��2 :Under regularity 
onditions, E[g(X; �0)℄ 
onverges toE[�2 log f(X; �)=��2℄j�=�0 ;whi
h is negative (of Fisher information) as N(�0) shrinks to �0. Hen
e,E[g(X; �0)℄ < 0 for suÆ
iently small N(�0). Let t = pk(� � �0). Then we



270 J. Chen, A.K. Gupta and J. Panget, for some � between � and �0,kXi=1 [log f(Xi; �)� log f(Xi; �0)℄= kXi=1 � log f(Xi; �0)�� (� � �0) + 12 kXi=1 �2 log f(Xi; �)��2 (� � �0)2� 1pk kXi=1 � log f(Xi; �0)�� � t+ 12k kXi=1 g(Xi; �0) � t2: (A.3)From Kolmogorov's maximum inequality for reverse martingales under R2(Sen and Singer, 1993, pp. 81),maxk>Cn �����1k kXi=1 g(Xi; �0)�Eg(X; �0)����� = op(1):Re
all that E[g(X; �0)℄ < 0. Thus, the quadrati
 fun
tion of t in (A.3) isbounded by a 
onstant multiple ofmaxk>Cn8<:" 1pk kXi=1 � log f(Xi; �0)�� #2 = �����1k kXi=1 g(Xi; �0)�����9=; : (A.4)Note that � log f(Xi;�0)�� has mean zero, and 
ondition R3 implies that it has�nite third moment. By Theorem 1 in Darling and Erd�os (1956) on themaximum of normalized sums of independent random variables under �nitethird moment, we 
an easily getmaxk>Cn 1pk kXi=1 � log f(Xi; �0)�� = Op((log logn)1=2):Hen
e, (A.4) has order Op(log logn). The proof is similar for d � 2. This
ompletes the proof of Lemma 9. 2Proofs of Lemmas 4 and 5. Note thatmaxk [`n(�1; �2; k)� `n(�0; �0; n)℄= maxk (" kXi=1 log f(Xi; �1)� kXi=1 log f(Xi; �0)#+ " nXi=k+1 log f(Xi; �2)� nXi=k+1 log f(Xi; �0)#) : (A.5)



Change point problem 271From Lemmas 7, 8 and 9, 
on
lude that the �rst term in (A.5) is less thanop(log log n) when �1 is 
lose to �0, i.e., in N(�0); far away from �0, i.e.,k� � �0k > r; or in between (� 2 A). The same 
on
lusion holds for these
ond term, by a similar argument. This proves Lemma 5.Now we prove the �rst part of Lemma 4. Similar to the proof in Wald(1949), we need only to show that when (~�1; ~�2) is not in an open neighbour-hood of (�0; �0), sup[`n(�1; �2; k)� `n(�0; �0; n)℄ < 0 (A.6)in probability uniformly for all k su
h that min(k; n � k)=pn ! 1, wherethe sup is taken over a very small neighbourhood of (~�1; ~�2). After this, weuse the 
ompa
tness to 
on
lude that (�̂1k; �̂2k) has diminishing probabilityto be outside of any open neighbourhood of (�0; �0).Let the range of sup in (A.6) be de�ned by (�1 � ~�1)2 + (�2 � ~�2)2 < �2.Let Yi = log f(Xi; ~�1; �)� log f(X; �0) and Zi = log f(Xi; ~�2; �)� log f(X; �0)and � be small enough su
h that EY1 +EZ1 < 0; EY1 � 0 and EZ1 � 0.By Kolomgorov's maximal inequality again,sup[`n(�1; �2; k)� `n(�0; �0; n)℄ � 2 kXi=1(Yi �EYi) + 2 nXi=k+1(Zi �EZi)+ 2kEY1 + 2(n� k)EZ1� 2min(k; n� k)(EY1 +EZ1) +Op(n1=2):Sin
e EY1 + EZ1 < 0 and min(k; n � k)=pn ! 1, we have shown (A.6).The proof of the se
ond part of Lemma 4 is similar. Thus we 
omplete theproof of Lemma 4. 2Before we start proving Lemma 6, de�neMIC(�1; �2; k) = �2ln(�1; �2; k) + "2 dim(�1) +�2kn � 1�2# log n:Obviously,MIC(k) =MIC(�̂1k; �̂2k; k)�MIC(�1; �2; k), for any �1; �2 2 �.Proof of Lemma 6. For any � > 0, de�ne � = fk : jk=n � 1=2j < �g.Sin
e the penalty term on the lo
ation of 
hange point in MIC disappears if



272 J. Chen, A.K. Gupta and J. Pan� = n=2 and ln(�0; �0; n=2) = ln(�0; �0; n), it is seen thatPf�̂ =2 �g �P �mink=2�MIC(k) �MIC(�0; �0; n=2)�=P �2maxk=2� [ln(�̂1k; �̂2k; k)� (2kn � 1)2 log n℄ � 2ln(�0; �0; n=2)��P �maxk=2� [ln(�̂1k; �̂2k; k)� ln(�0; �0; n)℄ � C�2 logn�!0by noting thatmaxk=2� [ln(�̂1k; �̂2k; k)� ln(�0; �0; n)℄ � Op(log logn):This proves Lemma 6. 2Proof of Theorem 1. We �rst prove the result when d = 1.Lemma 6 implies that the range of k=n 
an be restri
ted to an arbitrarilysmall neighbourhood of value 12 . If k is in su
h a neighbourhood, we havemin(k; n�k)=pn!1. Lemma 4 then enables us to 
onsider only �1; �2 and� in an arbitrarily small neighbourhood of true value �0. Mathemati
ally, itmeans that for any " > 0, Æ > 0,Sn = 2 maxj kn� 12 j<"(" supj�1��0j<Æ kXi=1 log f(Xi; �1) + supj�2��0j<Æ nXi=k+1 log f(Xi; �2)� supj���0j<Æ nXi=1 log f(Xi; �)#� 12 �2kn � 1�2 logn)+ op(1)� 2 maxj kn� 12 j<"(" supj�1��0j<Æ kXi=1 log f(Xi; �1) + supj�2��0j<Æ nXi=k+1 log f(Xi; �2)� supj���0j<Æ nXi=1 log f(Xi; �)#)+ op(1): (A.7)Let ~�1k; ~�2k and ~� be the maximum points ofkXi=1 log f(Xi; �); nXi=k+1 log f(X; �) and nXi=1 log f(Xi; �)



Change point problem 273in the range (�0 � Æ; �0 + Æ) respe
tively. Whenever � equals one of ~�1k, ~�2kor ~�, there exists � su
h that j� � �0j < Æ andX log f(Xi; �) = X log f(Xi; �0) +X � log f(Xi; �0)�� (� � �0)+12X �2 log f(Xi; �0)��2 (� � �0)2+16X �3 log f(Xi; �)��3 (� � �0)3; (A.8)where the range of summation is from i = 1 to k when � = ~�1k; from i = k+1to n when � = ~�2k; or from i = 1 to n when � = ~�. The regularity 
onditionR2 on the third derivative implies thatX �3 log f(Xi; �)��3 (~� � �0)3 = Op(n(~� � �0)3):This term is negligible 
ompared toX �2 log f(Xi; �0)��2 (~� � �0)2;whi
h is of order n(~� � �0)2 in ea
h 
ase, as Æ is arbitrarily small.Thus, by ignoring the high order terms in (A.8) and substituting it into(A.7), we obtainSn � maxj kn� 12 j<"" supj�1��0j<ÆPn(1; k; �1) + supj�2��0j<Æ Pn(k + 1; n; �2)� supj���0j<ÆPn(1; n; �)#+ op(1); (A.9)wherePn(k1; k2; �) = 2 k2Xi=k1 � log f(Xi; �0)�� (� � �0) + k2Xi=k1 �2 log f(Xi; �0)��2 (� � �0)2:By Kolmogorov's maximum inequality for reverse martingales,maxj kn� 12 j<" 1k kXi=1 �2 log f(Xi; �0)��2 = E ��2 log f(Xi; �0)��2 �+ op(1)= �E �� log f(Xi; �0)�� �2 + op(1)= �I(�0) + op(1); (A.10)



274 J. Chen, A.K. Gupta and J. Panwhere I(�0) is the Fisher information. Using the property of the quadrati
fun
tion, we havesupj���0j<Æ Pn(1; k; �) = I�1(�0)" 1pk kXi=1 � log f(Xi; �0)�� #2 + op(1):Similarly for the other two terms in (A.9). Let Yi = � log f(Xi;�0)�� and Wk =Pki=1 Yk. ThenSn � maxj kn� 12 j<" I�1(�0) hfk�12 Wkg2 + f(n� k)�12 (Wn �Wk)g2 � fn�12 Wng2i+ op(1)= maxj kn� 12 j<" I�1(�0)[ntk(1� tk)℄�1(Wk � tkWn)2 + op(1)� maxjt� 12 j<" I�1(�0)T 2n(t) + op(1); (A.11)where tk = k=n, andTn(t) = � [nt℄n �1� [nt℄n ���1=2 n�1=2�W[nt℄ + (nt� [nt℄)Y[nt℄+1 � [nt℄n Wn� :Without loss of generality, we also assume I(�0) = 1. By Donsker's theorem(Cs�org�o and R�ev�esz, 1981, pp. 13), as n!1, for t 2 �12 � �; 12 + ��, Tn(t)![t(1�t)℄�1=2B0(t) in distribution as a random 
ontinuous fun
tion, and B0(t)is a Brownian bridge. As a 
onsequen
e, as n!1, we havesupjt� 12 j��T 2n(t)! supjt� 12 j��[t(1� t)℄�1B20(t)in distribution.Consequently, from (A.11) we have shown thatSn � supjt� 12 j<"T 2n(t) + op(1)! supjt� 12 j<"[t(1 � t)℄�1B20(t): (A.12)As "! 0, the P. L�evy modulus of 
ontinuity of the Wiener pro
ess implies,supjt� 12 j�� ����B0(t)�B0�12�����! 0
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e " > 0 
an be 
hosen arbitrarily small, and�12 �1� 12���1B20 �12� � �21;(A.12) implies limn!1PfSn � sg � Pf�21 � sgfor all s > 0. It is straightforward to show that Sn �MIC(n)�MIC(n=2)+d log(n)! �21: Thus, limn!1PfSn � sg � Pf�21 � sg:Hen
e, Sn ! �21 in distribution as n!1.Consider the situation when � has dimension d � 2. The 
urrent proofis valid up to (A.8). All we need after this point is to introdu
e ve
tornotation. The subsequent order 
omparison remains the same as the Fisherinformation is positive de�nite by the regularity 
onditions. This strategyalso works for (A.11). Note that Yk is now a ve
tor. We 
an Reparametrizethe model so that the Fisher information is an identity matrix under thenull hypothesis, and 
onsequently the 
omponents of Yk are un-
orrelated.We remark here that the test statisti
 remains un
hanged as the likelihoodmethod is invariant under re-parameterization. The term I�1(�0)T 2n(t) in(A.11) be
omes T 2n1(t) + T 2n2(t) + � � �+ T 2nd(t).Note that the �nite dimensional distributions of Tn1(t); Tn2(t); � � � ; Tnd(t)
onverge to those of independent Brownian motions B1(t); B2(t); : : : ; Bd(t).By Condition R3 and the inequality in Chow and Tei
her (1978, pp. 357),it is easy to verify thatdXj=1EjTnj(s)� Tnj(t)j3 � Cjs� tj3=2for some 
onstant C. Thus,Tn1(t); Tn2(t); � � � ; Tnd(t)is tight. In 
on
lusion, the multidimensional pro
essTn1(t); Tn2(t); � � � ; Tnd(t)with 
ontinuous sample path (after some harmless smoothing) 
onverges toB1(t); B2(t); : : : ; Bd(t) in distribution a

ording to Revuz and Yor (1999, pp.
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e, we have Sn ! �2d in distribution as n ! 1. This provesthe 
on
lusion of Theorem 1 for the null hypothesis.To prove the 
on
lusion of Theorem 1 under the alternative hypothesis,note that Sn � MIC(n)�MIC(�) + dim(�) log n� 2[`n(�10; �20; �)� `n(�̂; �̂; n)℄ +O(log n);where � is the 
hange point and �10 and �20 being the true values of theparameters. Hen
e j�10 � �20j > 0. It is well known (Ser
ing, 1980) that2 sup� �Xi=1 logff(Xi; �)=f(Xi; �10)g ! �2d (A.13)in distribution when � !1. Also, by Wald (1949),inf�:j���10j�Æ �Xi=1 logff(Xi; �10)=f(Xi; �)g � C1� + op(�) (A.14)for any Æ > 0 with some positive 
onstant C1. Similarly, for the sum from� + 1 to n.Let Æ = j�10 � �20j=3. Divide the parameter spa
e into three regions:A1 = f� : j�� �10j � Æg, A2 = f� : j�� �20j � Æg, and A3 be the 
omplementof A1 [A2. We haveinf�2Aj [`n(�10; �20; �)� `n(�; �; n)℄ � C2minf�; n� �gfor j = 1; 2; 3 with some positive 
onstant C2. For example, when j = 1,(A.14) implies that the part of `n is larger than C1� , and (A.13) implies theother part is of order 1. Hen
e, when both � and n � � go to in�nity at arate faster than log n, MIC(n)�MIC(�)+dim(�) log n go to in�nity. This
ompletes the proof. 2Remark 1. Even though fXin; 1 � i � �; n � 2g under the alternativemodel be
omes a triangle array with two sets of iid random variables, 
las-si
al weak 
onvergen
e results for a single sequen
e of iid random variablessu
h as in Ser
ing (1980) and Wald (1949) 
an be applied to ea
h set for thereasons dis
ussed earlier.



Change point problem 277Proof of Theorem 2. The proof will be done in two steps.Step 1. We �rst show that �̂ � � = Op[n(logn)�1℄, or equivalentlyPrf�̂ =2 A(n)g ! 1; as n!1;for A(n) = fk : 0 < k < n; jk � � j > n(log n)�1g.For this purpose, it suÆ
es to show that,PfMIC(k) > MIC(�); for all k 2 A(n)g ! 1:Sin
e MIC(�) �MIC(�10; �20; �), it will be an easy 
onsequen
e ofMIC(�̂1k; �̂2k; k)�MIC(�10; �20; �) � Cn(logn)�1+ op[n(log n)�1℄ (A.15)for some 
onstant C > 0 uniformly for k 2 A(n). Hen
e, we prove (A.15)instead.Consider the 
ase k < � � n(logn)�1. We haveMIC(�̂1k; �̂2k; k) �MIC(�10; �20; �)= 2 kXi=1 [log f(Xi; �10)�log f(Xi; �̂1k)℄ + 2 �Xi=k+1[log f(Xi; �10)�log f(Xi; �̂2k)℄+ 2 nXi=�+1[log f(Xi; �20)� log f(Xi; �̂2k)℄ + "�2kn �1�2 ��2�n �1�2# log n:Let us 
all the above four terms as Rj, j = 1; 2; 3 and R0. Thus, thedi�eren
e in (A.15) is divided into four parts: the di�eren
e in penalty, R0;the di�eren
es in the log-likelihoods for observations between 1 and k, R1;between k and � , R2; and between � and n, R3. Obviously R0 = O(log n).Sin
e Xj , j = 1; : : : ; k are iid observations, R1 = Op(1) under regularity
onditions as it is no larger than the ordinary likelihood ratio statisti
.Both R2 and R3 are sums of at least n(log n)�1 terms. They share thesame parameter estimator �̂2k whi
h 
annot be 
lose to both �10 and �20 as�10 6= �20. Hen
e, there exists � > 0, su
h that either j�10 � �̂2kj � � orj�20 � �̂2kj � �. If it is the former, then as n!1, by Wald(1949),R2 � Cn(logn)�1 + op[n(logn)�1℄while R3 � Op(1). If it is the latter, we simply swit
h R2 and R3 in theabove. That is, (A.15) is proved when k < � �n(logn)�1. The proof for the
ase of k > � + n(log n)�1 is the same. Hen
e, we have 
ompleted step 1.



278 J. Chen, A.K. Gupta and J. PanStep 2. We show �̂ � � = Op(1).A

ording to Step 1, the 
onvergen
e rate of �̂ is at least Op[n(logn)�1℄.We need only to tighten this rate to obtain the result of the theorem. Forthis purpose, it suÆ
es to showMIC(�̂1k; �̂2k; k) > MIC(�10; �20; �)with probability tending to 1 uniformly for � �n(logn)�1 � k � � �M , andfor � +M � k � � + n(log n)�1. We only give the proof for the �rst 
ase.We use the same strategy as in Step 1. Due to the narrower range of kunder 
onsideration, we have R0 = O(1) in the 
urrent 
ase. Sin
e Xj , j =1; : : : ; k are iid observations, R1 = Op(1) under regularity 
onditions as it isno larger than the ordinary likelihood ratio statisti
. Similarly, R3 = Op(1).The fo
us is now on R2. We intend to show that R2 > CM+M �op(1) forsome 
onstant C > 0 uniformly in the range of 
onsideration. If so, we 
ould
hoose large enoughM and 
laim that the probability of MIC(�̂1k; �̂2k; k) >MIC(�10; �20; �) in the range of 
onsideration is larger than 1 � � for anypre-given � > 0.By Lemma 4 sin
e jk � � j < n(log n)�1, �̂2k ! �20 6= �10: Thus, wemay assume that it falls outside a small neighbourhood of �10. A

ording toWald(1949), this implies, as � � k �M ,R2 = �Xi=k+1[log f(Xi; �10)� log f(Xi; �̂2k)℄ � CMfor some C > 0 in probability as M ! 1. Consequently, the theorem isproved. 2Proof of Theorem 3. It suÆ
es to show that for any given M > 0,MIC(� + k)�MIC(�)!Wk (A.16)in probability uniformly for all k su
h that jkj �M .



Change point problem 279Keep in mind that M is �nite, for �M � k � 0,MIC(� + k)�MIC(�)= 2 �Xi=1 log f(Xi; �̂1� ) + 2 nXi=�+1 log f(Xi; �̂2� )� 2 �+kXi=1 log f(Xi; �̂1(�+k))�2 nXi=�+k+1 log f(Xi; �̂2(�+k)) + "�2(� + k)n � 1�2 ��2�n � 1�2# logn= 2 �Xi=�+k+1[log f(Xi; �̂1� )� log f(Xi; �̂2(�+k))℄+2 �+kXi=1 [log f(Xi; �̂1� )� log f(Xi; �̂1(�+k))℄+2 nXi=�+1[log f(Xi; �̂2� )� log f(Xi; �̂2(�+k))℄ + op(1): (A.17)By Lemma 4, �̂1� ! �10; �̂2(�+k) ! �20 uniformly for all k su
h that jkj �M .Hen
e, the �rst term�Xi=�+k+1[log f(Xi; �̂1� )� log f(Xi; �̂2(�+k))℄ =Wk + op(1):For the se
ond term, we have,2 �+kXi=1 [log f(Xi; �̂1� )� log f(Xi; �̂1(�+k))℄= 2 �Xi=1 [log f(Xi; �̂1� )� log f(Xi; �10)℄�2 �Xi=�+k+1[log f(Xi; �̂1� )� log f(Xi; �10)℄�2 �+kXi=1 [log f(Xi; �̂1(�+k))� log f(Xi; �10)℄=̂ P1 � Pk2 � Pk3:



280 J. Chen, A.K. Gupta and J. PanSin
e it has at most M terms and �̂1� ! �10, Pk2 = op(1) uniformly for�M � k � 0. For other two terms, we have expansionsP1 = 1I(�10) " 1p� �Xi=1 � log f(Xi; �10)�� #2 + op(1)and Pk3 = 1I(�10) " 1p� + k �+kXi=1 � log f(Xi; �10)�� #2 + op(1);for all �M � k � 0. The di�eren
e between P1 and Pk3 is seen to be op(1)and so is the se
ond term in (A.17).The last term in (A.17) is op(1) for the same reason. Thus, the limitingdistribution of �̂ is solely determined by the �rst term of (A.17) whi
h givesthe result of the theorem. 2A
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