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Estimation of Linear Correlation CoeÆ
ient of twoCorrelated Spatial Pro
essesF. Pas
ualWashington State University, Pullman, USAH. ZhangWashington State University, Pullman, USAAbstra
tStandard inferential methods for the 
orrelation 
oeÆ
ient for two normallydistributed variables are based on the assumption of independent sampling.In general, this assumption is not appropriate for spatial data where 
ontigu-ous lo
ations exhibit some signi�
ant level of spatial-
orrelation or auto
or-relation. Past works have demonstrated the dangers, in the form of underes-timated standard errors and in
ated Type I errors, of applying independent-sample inferen
e methods on spatially 
orrelated data. Here, we study thedistribution of maximum likelihood estimators in a bivariate spatial modeland give the �nite sample distribution and asymptoti
 distribution of es-timators. We show that if the estimator appropriately a

ounts for spatial
orrelation, some existing distributional results derived under the assumptionof independen
e are still valid.AMS (2000) subje
t 
lassi�
ation. Primary 62M30, 60G15, 86A32.Keywords and phrases. Cross-
orrelation, exponential 
ovariogram, geo-statisti
s, in�ll asymptoti
s, multivariate 
ovariogram.1 Introdu
tion1.1. Motivation. In many dis
iplines su
h as environmental and agri-
ultural s
ien
es, it is 
ommon pra
ti
e to 
olle
t data on multiple spatialvariables. These data are often spatially 
orrelated and this spatial 
orrela-tion is one of the major resear
h areas in spatial statisti
s. While most worksin spatial statisti
s deal with spatial 
orrelation of one variable, resear
hersare often interested in how one variable 
orrelates with another at the same(linear 
orrelation) or two di�erent spatial lo
ations (spatial 
orrelation).For example, if a state 
ounty experien
es in
lement weather, the neighbor-ing 
ounties are expe
ted to experien
e relatively similar 
onditions. Thus,



308 F. Pas
ual and H. Zhangmeasurements on, say, 
rop yields and rainfall amounts from these 
ountieswill exhibit some signi�
ant degree of positive 
orrelation.In this paper, we study the estimation of the 
orrelation 
oeÆ
ient oftwo variables in the presen
e of spatial 
orrelation. Our data 
onsist of sam-ples of the bivariate Gaussian stationary pro
ess [Y1(s); Y2(s)℄0 measured atlo
ations si; i = 1; � � � ; n. The linear 
orrelation 
oeÆ
ient between the twospatial pro
ess, denoted by r, is the 
orrelation 
oeÆ
ient between Y1(s) andY2(s) at any lo
ation s. Standard inferen
e methods for r have been derivedunder the assumption that [Y1(si); Y2(si)℄0, i = 1; � � � ; n are independentpairs, i.e. , there are no spatial 
orrelations. Clearly, when 
ross-
orrelationsdo exist as in many appli
ations, standard inferential methods may be inap-propriate and 
ould result in in
orre
t and possibly dangerous 
on
lusions.However, our results show that some of these inferential methods may stillhold if a 
ross-
orrelation stru
ture is in
orporated in the model.1.2. Related work. The sample 
orrelation is a natural estimator of rand has been extensively studied. It is de�ned asbr0 = b�12=pb�11b�22; (1.1)whereb�ij = (1=n) nXk=1[Yi(sk)� �Yi℄[Yj(sk)� �Yj ℄; �Yi = (1=n) nXk=1 Yi(sk) (1.2)for i; j = 1; 2.Graybill (1976, Se
tion 3.8 and Chapter 11) dis
ussed the propertiesof br0 for the normal 
ase when data 
onsist of independent pairs. In thisparti
ular 
ase, a useful result has been established by Fisher (1915, 1921)who used a geometri
al argument to derive the �nite sample and asymptoti
distributions of br0. He suggested a hyperboli
 ar
tangent transformation ofbr0 to a
hieve a faster 
onvergen
e to normality. Kendall and Stuart (1979)provided more details and also dis
ussed the joint distribution of all the MLestimators through the geometri
al approa
h.When the pairs are dependent, the properties of the sample 
orrelationalso have re
eived attention from past resear
h work. One of the earliestworks is by Student (1914) who showed how to eliminate additional variabil-ity due to the 
orrelation between positions in spa
e or time. Bivand (1980)provided a review of previous works about the dangers of standard inferen
e
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orrelation 
oeÆ
ient whenmeasurements were a
tually 
orrelated. He 
ondu
ted a Monte Carlo studywith the bivariate normal distribution to show that the standard errors ofestimators were underestimated and that the bias depended on the regu-larity of the latti
e over whi
h data were 
olle
ted. This underestimationresulted in lower a
tual 
overage probabilities for 
on�den
e intervals or,equivalently, in
ated Type I errors in hypothesis tests. The author did notsuggest ways to address these issues. Cli�ord et al. (1989), Dutilleul (1993)and Cli�ord et al. (1993) provided referen
es on more re
ent works on theestimation of the varian
e of the sample 
ovarian
e when data are spatially
orrelated. Cli�ord et al. (1989) dis
ussed a pro
edure for testing the hy-pothesis of no 
orrelation (i.e. H0 : r = 0) between two spatially 
orrelatednormal pro
esses. To des
ribe the 
ross-
orrelation between lo
ations, theydivided the lo
ations into strata so that the 
ovarian
es between the sameproperty measurements were 
onstant within the same stratum. They 
on-
luded that using the usual linear 
orrelation to test asso
iations betweentwo normal pro
esses when spatial 
orrelations are present would lead to un-derestimation of the varian
e of the sample 
ovarian
e and in
ated Type Ierrors. Dutilleul (1993) provided the theoreti
al arguments for the empiri
alobservations of Cli�ord et al. (1989).1.3. Outline. In this arti
le, we fo
us on the estimation of the linear
orrelation r between two measured variables under the existen
e of spatial
orrelations by employing an expli
it model for bivariate spatial variables.We introdu
e this model in Se
tion 2. In Se
tion 3, we 
onsider �tting themodel to data using ML methods and provide expli
it expressions for MLestimation, whi
h lead to an eÆ
ient algorithm. In Se
tion 4, we dis
ussdistributional properties of ML estimators and in parti
ular, that of the MLestimator of r. We then present simulation studies in Se
tion 5 that showhow well the large sample properties work for �nite samples. These studiesalso show that ignoring spatial 
orrelations when they a
tually exist 
an
ause serious problems in inferen
es for r.2 A Statisti
al Model for Bivariate Spatial Pro
essesSuppose that there are two spatial variables of interest, and let the ran-dom variable Yi(s) represent the ith variate at lo
ation s 2 Rd for i = 1; 2.Let Y (s) = [Y1(s); Y2(s)℄0 be a bivariate Gaussian stationary pro
ess so thatE[Yi(s)℄ = �i; Cov[Yi(s); Yj(s+ h)℄ = 
ij(h)



310 F. Pas
ual and H. Zhangfor all s;h 2 Rd and i; j = 1; 2. In geostatisti
al terms, the s
alar 
ij(�) isreferred to as the dire
t 
ovariogram when i = j and the 
ross 
ovariogramwhen i 6= j. The matrix-valued fun
tion C(h) = [
ij(h)℄2i;j=1;2 is 
alled themultivariate 
ovariogram. If C(h) depends only on the Eu
lidean distan
ekhk between s and s+h, then the pro
ess Y (�) is said to be isotropi
. Thedistribution of the bivariate Gaussian pro
ess Y (s) is then fully spe
i�ed bythe means �i and the multivariate 
ovariogram C(h).In order for a matrix-valued fun
tion C(�) to be a valid multivariate
ovariogram, it must satisfy some ne
essary 
onditions. For instan
e, it mustbe positive de�nite in the sense that for any spatial lo
ations s1; s2; :::; snand ve
tors ai 2 R2, i = 1; :::; n,Var " nXi=1 a0iY (si)# = nXi;j=1a0iC(si � sj)aj � 0:It is not a simple task to identify a valid multivariate 
ovariogram thatis relatively easy to estimate and, at the same time, provide an adequatedes
ription of the spatial 
orrelations. Only a handful of multivariate 
ovar-iograms have been proposed and used to analyze multivariate spatial data.The simplest form of a 
ovariogram is the intrinsi
 
orrelation modelgiven by C(h) = �(h)Vwhere V is a (2� 2) positive de�nite matrix and the s
alar �(�) is a 
orrela-tion fun
tion, also known as a 
orrelogram, in Rd. See Wa
kernagel (1998,Chapter 23). Chil�es and Del�ner (1999) also refer to this as the proportional
ovariogram. The 
orrelation fun
tion �(h) usually depends on a parameter , i.e., �(h) = �(h; ). For example, the exponential isotropi
 
orrelationfun
tion takes the form �(h; ) = exp(�jjhjj= );where  > 0. The proportional 
ovariogram assumes that the two dire
t
ovariograms di�er only by a 
onstant multipli
ative fa
tor and hen
e ap-pears to be restri
tive to model bivariate or multivariate spatial pro
esses.Nonetheless, this model has been applied to real problems su

essfully. Forexample, Banerjee and Gelfand (2002) applied this model to an e
ologi
aldataset. They developed a fully Bayesian methodology to obtain spatialasso
iation and predi
tion. However, they did not expli
itly 
onsider esti-mation of the 
orrelation 
oeÆ
ient.
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esses 311The proportional model 
an also be used as building blo
ks for more
omplex models. We refer readers to Wa
kernagel (1998), Chil�es and Del�ner(1999) and Banerjee, Carlin and Gelfand (2004) for more information.In this present work, we assume that the two Gaussian pro
esses havethe bivariate proportional 
ovariogram and are both observed at n lo
ationsgiven by s1; : : : ; sn. Group together variable measurements by de�ningU i = [Yi(s1); :::; Yi(sn)℄0 for i = 1; 2; U = (U 01;U 02)0: (2.1)Let 
 stand for the Krone
ker produ
t. ThenU �MVN(�
 1n; V 
�); (2.2)where � = (�1; �2)0, � = �( ) = [�(si � sj; )℄ni;j=1 is the 
ommon 
or-relation matrix of U i, i = 1; 2, and V = (�ij)2i;j=1 is the 2 � 2 
ovari-an
e matrix of Y (si) for any si. Hereafter, we refer to this model onU as the 
ross-
orrelation model. The model parameter ve
tor is thus� = ( ; �1; �2; �11; �22; �12)0.3 Maximum Likelihood EstimationIn this se
tion, we dis
uss the ML estimation of the 
ross-
orrelationmodel de�ned in the previous se
tion. The log likelihood fun
tion is givenby, apart from an additive 
onstant,logL(�;U ) = �(1=2) log(j�j)� (1=2)(U ��
1n)0��1(U ��
1n); (3.1)where � = V 
�( ). Denote the ML estimator by b� = ( b ; b�1; b�2; b�11; b�22;b�12), whi
h maximizes the likelihood. We �rst give some expli
it fun
tionalrelationship between the ML estimators of di�erent parameters. Let vij bethe (i; j)th element of V �1. Then we 
an write (3.1) aslogL(�;U) = (n=2) log(jV �1j)� (p=2) log(j�j)�(1=2) 2Xi;j=1 vij(U i � �i1n)0[�( )℄�1(U j � �j1n):Sin
e � log jV �1j�vij = tr �V �V �1�vij � = 2dij�ij ;



312 F. Pas
ual and H. Zhangthen � logL�vij = dij �n�ij � (U i � �i1n)0[�( )℄�1(U j � �j1n)	 ; (3.2)where dij = 1 if i 6= j and dij = 1=2 if i = j. Letting (3.2) be equal to 0, wesee that for any �xed  , L as a fun
tion of �i and �ij is maximized atb�i( ) = 10n[�( )℄�1U i10n[�( )℄�11n ;b�ij( ) = (1=n)(U i � b�i( )1n)0[�( )℄�1(U j � b�j( )1n): (3.3)If  is known, the ML estimator of r is thenbr( ) = b�12( )pb�11( )b�22( ) : (3.4)Let b�( ) = [b�1( ); b�2( )℄0 and bV ( ) = [b�ij( )℄2i;j=1. It is 
lear from(3.3) that for any  , the estimate matrix bV is non-negative de�nite. If in(3.3) and (3.4),  is repla
ed by its ML estimator b , then the resultantestimators b�i( b ), b�ij( b ) and br( b ) are the ML estimators of �i, �ij and r,respe
tively. To obtain b , we 
an maximize the pro�le log likelihood for  given by PLL( ) = supV ;� logL(�;U ) (3.5)over  > 0. Clearly, PLL( ) is maximum when �i = b�i( ) and �ij = b�ij( )for i; j = 1; 2, and the 
losed form of PLL( ) is obtained by repla
ing �with bV 
� and � with b� in (3.1). Simple 
al
ulation yieldsPPL( ) = �(n=2) log hbV ( )i � (p=2) log [j�( )j℄ � (n=2):We apply the Newton-Raphson algorithm on PLL( ) to derive the MLestimate b , and then 
al
ulate b�ij and b�i using (3.3). This strategy is aneÆ
ient way of 
omputing ML estimates be
ause optimization is performedover  > 0 instead of the full six-dimensional parameter spa
e.4 Properties of Maximum Likelihood EstimatorsIn this se
tion, we provide �nite-sample properties as well as asymptoti
properties of ML estimators for the 
ross-
orrelation model assuming that
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orrelation matrix �( ) is known. In parti
ular, we establish the asymp-toti
 distribution of the ML estimator of 
orrelation 
oeÆ
ient r. While the
orrelation matrix has to be estimated in pra
ti
e, the assumption that this
orrelation matrix is known avoids some diÆ
ulties in the asymptoti
 theory,namely, possible in
onsisten
y of estimators when the 
orrelation fun
tionis estimated. In the next subse
tion, we add more details on this.4.1. In
onsisten
y of estimators. There are two di�erent asymptoti
frameworks in spatial statisti
s: in�ll asymptoti
 framework where the spa-tial domain is �xed and more data are 
olle
ted by sampling more densely,and in
reasing domain asymptoti
 framework where the minimum distan
ebetween two sampling points is bounded away from 0. Asymptoti
 prop-erties of maximum likelihood estimators are quite di�erent under the twoasymptoti
 frameworks. It is known that all parameters are 
onsistentlyestimable and the ML estimators are asymptoti
ally normal under the in-
reasing domain asymptoti
 framework (Mardia and Marshall, 1984). How-ever, not all parameters in a 
ovarian
e fun
tion are 
onsistently estimableunder the in�ll asymptoti
s (Ying, 1991, Zhang, 2004). For example, Zhang(2004) 
onsidered a stationary Gaussian pro
ess having a Mat�ern 
ovari-ogram and showed that the parameters in the 
ovariogram are not 
onsis-tently estimable. In parti
ular, for the isotropi
 exponential 
ovariogram�2 � exp(�jjhjj= ), where h 2 Rd; d = 1; 2 or 3, whi
h is a spe
ial 
ase ofthe Mat�ern 
lass, neither �2 nor  is 
onsistently estimable under the in�llasymptoti
 framework. The simulation results of Zhang (2004) show thatin�ll asymptoti
s 
an appropriately explain some �nite sample propertiesthat are hard to explain by the in
reasing domain asymptoti
s. Zhang andZimmerman (2005) further 
ompared the two asymptoti
s frameworks.Ying (1991) showed that the ratio �2= is 
onsistently estimable for aunivariate Gaussian pro
ess having an isotropi
 
ovariogram �2 exp(�h= )under the in�ll asymptoti
 framework. In addition, 
onsistent and asymp-toti
ally normally distributed estimators of this ratio 
an be 
onstru
ted by�xing the parameter  at an arbitrary value, and the 
hoi
e of the �xedvalue does not a�e
t the asymptoti
 eÆ
ien
y of the estimator of the ratio.Zhang (2004) showed that this ratio is more important to interpolation thanthe individual parameters �2 and  .On the other hand, for univariate Gaussian pro
ess with a known mean,if the 
orrelation fun
tion is known, there is no di�eren
e between the twoasymptoti
 frameworks and the ML estimator of the varian
e has the sameasymptoti
 normal distribution under both asymptoti
 frameworks (Zhang
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ual and H. Zhangand Zimmerman, 2005). Although analogous in�ll asymptoti
 results are un-available for multivariate spatial pro
ess, it seems to us that in
onsisten
y ofestimators for the varian
es still o

urs for multivariate spatial pro
ess if the
orrelation parameter  is to be estimated. This is be
ause two di�erent val-ues for the parameter ve
tor (�21 ; �22 ;  ) 
an de�ne two equivalent Gaussianmeasures on the bivariate pro
ess, whi
h 
an be proved by extending thete
hniques for s
alar Gaussian pro
esses (e.g., Ibragimov and Rozanov, 1978and Stein, 1999). Considering the potential problem that the estimation of 
an bring about, we assume that the parameter  is known and establishthe asymptoti
 distribution of the ML estimator of r in the following sub-se
tion. We then 
ondu
t simulation study to see how well this asymptoti
distribution applies when  is also estimated by ML methods.4.2. Properties of the maximum likelihood estimators. Assume that theobserved ve
tor of variables U = (U 01;U 02)0 follows the 
ross-
orrelationmodel, i.e. , U � N(�
 1n; V 
�( ));where V = (�ij)2i;j=1, � = (�1; �2)0, and � = [�(�ksi � sjk= )℄ni;j=1 is the
orrelation matrix of U1 or U2 with a known 
orrelation fun
tion �(�) anda known  . Parameters to be estimated are the 
omponents of � and V .We transform ea
h U i into a ve
tor of independent 
omponents. Let Abe a nonsingular matrix from a spe
tral de
omposition A�( )A0 = In, andde�ne Xi = AU i for i = 1; 2 and a = A1n. Then Xi � N(�ia; �iiIn); i =1; 2, and jointly X = (X 01;X 02)0 � N(�
 a; V 
 In): (4.1)The ML estimators in (3.3) 
an be alternatively written asb�i( ) = a0Xikak2 ; b�ij( ) = 1n [Xi � b�i( )a℄0 [Xj � b�j( )a℄ (4.2)for i; j = 1; 2.Hereafter in this se
tion, we suppress  in the estimators. Write b� =(b�1; b�2)0 and bV = (b�ij)2i;j=1. Following the standard pro
edures, we 
anshow that b� � N(�; kakV )n
0 bV 

0V 
 � �2n�1 for any ve
tor 
 2 R2 su
h that 
 6= 0:
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ally independent and 
ompletely suÆ
ient.Next we 
onsider the �nite-sample distribution of the estimators whi
hwill lead to the asymptoti
 distribution of the ML estimator of the 
orrelationr = �12=p�11�22 between Y1(s) and Y2(s). To simplify notation, write�1 = p�11 and �2 = p�22. The ML estimator of r is then br = b�12=(b�1b�2)where b�i is the ML estimator of �i, i = 1; 2. For the dis
ussions below, wereparameterize by using �1; �2 and r in pla
e of �11; �22 and �12, respe
tively.Thus, when �( ) is known, the parameter ve
tor to be estimated is � =(�1; �2; �1; �2; r)0. The ML estimators are obtained from (3.3) or (4.2).Theorem 4.1. Assume that U = (U 01;U 02)0 satis�esU � N(�
 1n; V 
�( ));where V = (�ij)2i;j=1, � = (�1; �2)0, � = [�(�ksi � sjk= )℄ni;j=1 is the
orrelation matrix of U1 or U2, s1; � � � ; sn are n known spatial lo
ations,and �(�) and  are known. Let the ML estimators be given by (3:3) andbr = b�12=(b�1b�2). Then the following holds.1. For any sample size n, the marginal probability density fun
tion of brj�is given byfbr(x) = (1� r)(n�1)=2��(n� 2) (1� x2)(n�4)=2 dn�2d(xr)n�2 �
os�1(�rx)p1� r2x2 � :2. If Z = ar
tanh(br), where ar
tanh(x) = log[(1+x)=(1�x)℄=2, then fora suÆ
iently large n, Zj� has an approximate N [ar
tanh(r); 1=(n�3)℄distribution.Proof. To derive the sampling distribution of b�, we �rst rewrite thejoint probability density fun
tion (pdf) of X in (4.1) in terms of the MLestimators b�1; b�2; b�1; b�2, and br. The joint pdf 
an be written asfX (xj�) = 1(2��1�2p1� r2)n� exp(� kak22(1� r2) "�b�1��1�1 �2 �2r�b�1��1�1 ��b�2��2�2 �+ �b�2��2�2 �2# +n�b�21�21 � 2rbrb�1b�2�1�2 + b�22�22�� : (4.3)
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ual and H. ZhangNext, we follow the geometri
 arguments in Fisher (1915, 1921) andKendall and Stuart (1979, pp 411-413), who derived the joint pdf of b� for theindependent-samples 
ase, whi
h 
orresponds to our model with a = 1n or� = In. For a = 1n, Fisher (1915) made the following geometri
 arguments,whi
h is extendable in a straightforward way to any ve
tor a.If Xi is a point in Rn for i = 1 or 2, then X = (X 01;X 02)0 is a pointin R2n. The geometri
 argument of Fisher uses the fa
t that b�ia is theproje
tion of Xi onto the one-dimensional spa
e spanned by a, for i = 1; 2.Hen
e, b�ia and X i � b�ia are orthogonal ve
tors. It is geometri
ally 
learthat when b�1 and b�1 = kX1 � b�1ak =pn are �xed, the point X1 varies onan (n�2)-dimensional hypersphere with volume proportional to (pnb�1)n�2.Therefore, the probability mass of the set of points where b�1 lies in db�1 andb�1 lies in db�1 is proportional to b�n�21 db�1db�1.Consider Pi =X i� b�ia for i = 1; 2 on the same ve
tor spa
e with originO. The angle � between  !OP1 and  !OP2 satis�es
os(�) = P1 � P2(OP1)(OP2)where \�" denotes inner produ
t and OP is the distan
e between O and P .We have 
os(�) = Pni=1(xi1 � aib�1)(xi2 � aib�2)pnb�1pnb�2 = nb�12pnb�1pnb�2 = br:Now, �x � and �x the proje
tion X2 � b�2a at any point on the sphereof radius pnb�2. Then the (n � 3)-dimensional region for whi
h br falls inthe range dbr is a zone with radius pnb�2 sin(�) = pnb�2p1� br2 and widthpnb�2d� = pnb�2dbr=p1� br2. Thus, this region has volume proportional to[b�2pn(1� br2)℄n�3b�2pndbr=p1� br2 = b�n�22 (1 � br2)(n�4)=2dbr. Thus, we 
anwrite dX1dX2 / (b�1b�2)n�2(1� br2)(n�4)=2db�1db�2db�1db�2dbr:It follows from (4.3) that b� has the following probability density given � =�( )f(b�j�)/ exp(� kak22(1�r2) "�b�1��1�1 �2�2r�b�1��1�1 ��b�2��2�2 �+�b�2��2�2 �2#)�b�n�21 b�n�22 �1�br2�(n�4)=2� exp�n�b�21�21 � 2rbrb�1b�2�1�2 + b�22�22��: (4.4)
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esses 317Therefore, the marginal distribution of b�1 = (b�1; b�2; br)0 given � = �( ) isf1(b�1j�) / b�n�21 b�n�22 �1� br2�(n�4)=2� exp �n�b�21�21 � 2rbrb�1b�2�1�2 + b�22�22�� : (4.5)Note that this joint pdf of b�1 does not depend on the 
orrelation matrix �although the estimator itself depends on �. Hen
e for any known �, thisdistribution of b�1 is the same as that of b�1 when � = In, i.e. , there is nospatial 
orrelation. For the 
ase � = In, Fisher (1915, p. 516) derived themarginal pdf fbr(x) from (4.5) (see also, Kendall and Stuart (1979, p. 415),who expressed the pdf slightly di�erently). The ar
tanh transformation was�rst suggested by Fisher (1915) and then formally addressed in Fisher (1921).2Note that in Theorem 4.1, the variables U ; br; Z all depend on n whi
his suppressed to simplify the notation. Alternative expressions for fbr(x)are given in Kendall and Stuart (1979, pp 416-417). For n > 4, fbr(x) isunimodal and is more skewed for larger values of jrj. The distribution tendsto normality as n ! 1 but at a slow rate. Fisher (1921) observed thatZ = ar
tanh(br) approa
hes normality mu
h more qui
kly than br and hasa varian
e almost independent of r. Generally, for a small r or n > 50,the normal approximation to the distribution of Z is quite 
lose. See alsoKendall and Stuart (1979) or Graybill (1976) for details. Hotelling (1953)studied the transformation Z� = Z � (3Z + br)=(4n) whi
h is even 
loser tonormality than Z with Var(Z�) _=1=(n� 1).5 Simulation Studies on the Estimation of rIn this se
tion, we present the results of simulations that we 
ondu
ted tostudy the estimation of the 
orrelation r. We will 
ompare three estimatorsof r: (a) br( ) de�ned in (3.4), where  is the true value of the parameter;(b) br( b ), where b is the ML estimate of  ; and (
) br0 de�ned by (1.1).We 
onsider measuring two properties at n = 121 equally-spa
ed lo
a-tions s1; s2; : : : ; s121 on the unit square [0; 1℄ � [0; 1℄ and assume that thevariables follow the 
ross-
orrelation model. We also assume an exponential
orrelation fun
tion. In this 
ase, we haveV = � �21 r�1�2r�1�2 �22 � ; � = [exp (�ksi � sjk= )℄ni;j=1 ;



318 F. Pas
ual and H. Zhangand a dataset 
onsisting of n = 121 pairs of observations. Be
ause � dependson the s
alar  , deriving the ML estimates is a univariate sear
h over  > 0as des
ribed in Se
tion 3.Without loss of generality, we assign �1 = �2 = 0 and �x �1 = �2 = 1.Other values for �i's are not ne
essary be
ause res
aling ea
h variable by amultipli
ative 
onstant does not 
hange the estimators de�ned in (3.3). Wethen have 9 
ombinations of r 2 f0; :3; :6g and  2 f:1; :2; :3g to be usedin the simulation study. For similar reasons as stated previously, it is notne
essary to in
lude negative values of r.  = :1 represents weak 
ross-
orrelations between lo
ations, while  = :2; :3 represent stronger 
ross-
orrelations. We use the rmvnorm fun
tion of S-Plus to generate data basedon the 
ross-
orrelation model with the 
hosen set of parameter values.Our simulation study 
onsists of two parts. The �rst part investigatesand 
ompares br( ), the ML estimator of r when  is spe
i�ed 
orre
tly, andbr( b ), the ML estimator of r when  is also estimated. This will provideinsight on how the ML estimation of r is a�e
ted by repla
ing  with the es-timator b . The se
ond part explores the 
onsequen
e of ignoring the spatial
ross-
orrelation when it a
tually exists by 
omparing br( b ) with br0. It alsoinvestigates how well the asymptoti
 approximation by Theorem 4.1 appliesto the �nite-sample 
ases.5.1. Estimation of r when  is known and when  is estimated. Inthis se
tion, we study the di�eren
e between br( ) and br( b ). Consider thesituation when �1 = 1, �2 = 1, r = 0, and  = 0:1. For ea
h of the 1000simulated datasets, we obtain ML estimates and 
ompute br for the two 
ases,respe
tively. A s
atterplot of the 1000 pairs of ar
tanh(br) values is given inFigure 1 (a). The 45Æ line is drawn in the plot to assess the similarity betweenthe pairs of estimates. The points lie very 
lose to this line, and the linear
orrelation of .995 agrees with this observation. We observe similar trendsin the other 8 simulation s
enarios for whi
h the linear 
orrelation betweenbr values ranged between .995 and .997.Figure 1 (b) is a normal probability plot of the 1,000 ar
tanh[br( b )℄ valueswhen �1 = 1, �2 = 1, r = 0, and  = 0:1. The Shapiro-Wilk test for normal-ity yields a test statisti
 of w = 0:9988 and p-value=0.7833. Normality ofar
tanh[br( b )℄ is not reje
ted at the 0.05 level. The test and the linearity ofthe probability plot do not provide enough eviden
e against the normalityof ar
tanh[br( b )℄.
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Figure 1: (a) S
atterplot of 1000 pairs of far
tanh[br( b )℄; ar
tanh[br( )℄g val-ues (b) Normal probability plot of 1000 ar
tanh[br( b )℄ values (see text fordetails).The analogous normal probability plots for the other 8 simulations setsexhibit similar patterns. Table 1 gives the Shapiro-Wilk test statisti
s andp-values (in parentheses) for all of the 9 simulations sets.Table 1. Shapiro-Wilk test statisti
s and P-values fortesting the normality of simulated ar
tanh[r̂(�̂)℄ ValuesShapiro-Wilk Test  for Normality .1 .2 .3.0 .9988 (.7833) .9984 (.4713) .9978 (.1982)r .3 .9989 (.8029) .9979 (.2274) .9978 (.2034).6 .9985 (.5225) .9959 (.0098) .9962 (.0159)All the tests are insigni�
ant at the 0.05 level, ex
ept for the s
enarioswhen r = 0:6 and  = 0:2; 0:3. These suggest that perhaps larger samplessizes are ne
essary in order to a
hieve a better normal approximation. Forexample, for r = 0:6,  = 0:2, and a 14� 14 regular latti
e (75 observationsmore), the test for normality is not signi�
ant with test statisti
 0.9985 andp-value 0.5796.Our simulation results suggest that, if the 
ross-
orrelation model is 
or-re
t, then substituting  with b will not signi�
antly a�e
t br. Also, thenormal probability plots and tests for normality suggest that, for a large
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ual and H. Zhangenough sample, a normal distribution 
an be used to des
ribe the distribu-tion of ar
tanh[br( b )℄ for the situations 
onsidered here.5.2. Estimating r when spatial 
orrelation is modeled or ignored. Ourgoal here is to 
ompare the sampling properties of br0, the sample 
orre-lation 
oeÆ
ient when spatial 
orrelation is ignored, and br( b ) when spa-tial 
orrelation is modeled with  estimated. Let Z0 = ar
tanh(br0) andZ = ar
tanh[br( b )℄ . We study the� varian
e of Z0 and Z: by Theorem 4.1, the varian
e of Z is approxi-mately 1=(n� 3);� 
overage of 
on�den
e intervals for r: The 95% 
on�den
e intervals forr based on Z and Z0 are, respe
tively,�tanh �Z � 1:96=pn� 3� ; tanh �Z + 1:96=pn� 3�� ; (5.1)�tanh �Z0 � 1:96=pn� 3� ; tanh �Z0 + 1:96=pn� 3�� : (5.2)We use the same 9 
ombinations of the parameter values as in the pre-vious se
tion. For ea
h parameter 
ombination, we generated 1000 datasetsea
h from whi
h we 
omputed 95% CIs for r a

ording to (5.1) and (5.2).Results are summarized in the following two subse
tions.5.2.1. Results for br0. We have the following observations.� Varian
e. The ar
tanh transformation method estimates the varian
eof ar
tanh(br0) to be 1=(n�3) = 8:474�10�3 . The sample varian
es ofthe ML estimates for ar
tanh(br0) are given in Table 2. These samplevarian
es range between 0:0135 and 0:0505, and these are from 59%to 496% above the proje
ted varian
e. These suggest that ignoringspatial 
orrelations when they a
tually exist 
ould in
ate estimatorvarian
e even for weak 
ross-
orrelations. Moreover, be
ause the sam-ple varian
e gets larger with  the underestimation of the true varian
eis worse with stronger 
ross-
orrelations.Table 2. Estimated varian
es of ar
tanh(br0)based on 1,000 simulations from the
ross-
orrelation modelSample Varian
e  of ar
tanh(br0) .1 .2 .3.0 .0153 .0313 .0503r .3 .0143 .0318 .0505.6 .0135 .0326 .0474
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Figure 2: Histograms of estimates (a) ar
tanh(br0) and (b) ar
tanh(br( b ))based on 1000 simulated samples (see text for details).Figure 2 (a) is a histogram of the 1,000 estimates ar
tanh(br0) for�1 = 1, �2 = 1, r = 0:3 and  = 0:3. The 
enter line indi
ates thetrue value ar
tanh(0:3). The left and right lines indi
ate points thatare 1.96 standard deviations (i.e., 1:96 � p8:474 � 10�3) away fromthe mean ar
tanh(0:3). If the 
on�den
e interval (5.1) is appropriate,we would expe
t roughly 95% of all ar
tanh(br0) values to lie betweenthese 2 lines. The histogram shows that the fra
tion of ar
tanh(br0) val-ues that fall within these bounds is well below 95% (a
tually 73:2%).This is expe
ted due to the underestimation of the varian
e of br0 asalready pointed out previously. This is also true for the other 9 sets ofsimulations.� Con�den
e Interval Coverage. We 
ompute 95% 
on�den
e intervals forr using (5.1) and determine the per
entages of CIs that in
lude thetrue value of r. Table 3 gives the 
overage per
entages for the 9 sets ofsimulations. These per
entages range between 57:2% and 87:5% withlower per
entages for larger values of  or stronger 
ross-
orrelations.Clearly, CI 
overage probabilities fall signi�
antly below the nominal95% when 
ross-
orrelations are ignored. Furthermore, the CI 
overageis extremely poor when 
ross-
orrelations are stronger.
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ual and H. ZhangTable 3. Coverage per
entages for 95%
onfiden
e intervals for r based on br0Coverage  Per
entages .1 .2 .3.0 84.7 68.6 57.2r .3 87.5 67.9 59.9.6 86.8 68.0 58.65.2.2. Results for br( b ). Consider �tting the 
ross-
orrelation model tothe same simulated datasets in the previous se
tion. We have the followingobservations about br( b ):� Varian
e. Varian
es of ar
tanh[br( b )℄ are given in Table 4, ea
h obtainedbased on 1,000 simulations. The sample varian
es here are quite 
loseto the proje
ted value of 0:0085.Figure 2 (b) is a histogram of the 1000 simulated values of ar
tanh(br)for �1 = 1, �2 = 1, r = 0:3 and  = 0:2. The histogram showsthat 
lose to 95% (a
tually 95:8%) of ar
tanh(br) values are within 1.96standard deviations of the true mean ar
tanh(0:3). The same holdsfor the other 8 sets of simulations.� Con�den
e Interval Coverage. For the 9 simulation sets, Table 5 givesestimates of the per
ent of the time that 95% 
on�den
e intervals basedon the ar
tanh transformation 
overs the true value of r. These per-
entages ranging between 94:2% and 95:8% are 
ertainly 
lose to thenominal 95%.Table 4. Estimated varian
es of ar
tanh[br( b )℄based on 1,000 simulationsSample Varian
e  of ar
tanh(br) .1 .2 .3.0 .0085 .0089 .0082r .3 .0086 .0083 .0086.6 .0084 .0080 .0082Table 5. A
tual 
overage per
entages for 95%
onfiden
e intervals for r using (16)Coverage  Per
entages .1 .2 .3.0 95.3 94.3 95.2r .3 94.2 95.8 95.2.6 94.8 95.3 95.7
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lear that ignoring 
ross-
orrelations results in an a
tual varian
e for ar
tanh(br0), and subsequentlyfor br0, that is mu
h larger than what is proje
ted by inferential methodsbased on the assumption that samples or spatial lo
ations are independent.Also, be
ause the varian
e of br0 is larger than expe
ted, 
on�den
e interval
overage of the true value of r 
ould be poor parti
ularly in situations ofstrong 
ross-
orrelations. A remedy for this problem is to �t a model thatdes
ribes the 
ross-
orrelations stru
ture. Our simulations show that doingso results in a

urate proje
tions of the varian
e of ar
tanh(br) and 
on�den
einterval 
overage per
entages 
lose to nominal.6 Dis
ussion and Areas for Further Resear
hPrevious works have shown that when 
ross-
orrelations exist but is ig-nored, inferen
e methods for the sample 
orrelation underestimate standarderrors. This in turn results in lower than nominal 
overage probabilities by
on�den
e intervals and, equivalently, larger than nominal Type I errors forhypothesis tests. Our investigations suggest a remedy for 
orre
ting theseproblems by 
onsidering a statisti
al model whi
h expli
itly models 
ross-
orrelations.We established the asymptoti
 distribution of ar
tanh(br) under the as-sumption that the 
orrelation parameter  is known. However, our numeri
alresults show that br does not 
hange signi�
antly when  is also estimated.Existing in�ll asymptoti
 results lead us to believe that this insensitivity maybe justi�ed by asymptoti
 results and 
an be a problem for further resear
h.To relate this to existing asymptoti
 results, let us assume that the means �iare known to be 0 so that b�i in (3.3) disappears. In this 
ase, for any �xedvalue e , by Theorem 3.1 in Zhang (2004), b�ii( e )= e is a 
onsistent estimatorof �ii= . If one 
an show that b�12( e )= e 
onsistently estimates �12= , thenbr( e ) is a 
onsistent estimator of r. When the observational domain is one-dimensional, more in-depth asymptoti
 results exist and further 
onsolidatethe above belief. Ying (1991) has shown that if e is �xed or is the MLestimator, then b�ii( e )= e has the same asymptoti
 normal distribution asb�ii( )= . Hen
e, if analogous result 
an be established for b�12( e )= e , thenit is likely that the asymptoti
 distribution of br( e ) does not depend on e .Bivand (1980) noted that the bias in estimating the standard errors var-ied with the latti
e type. Re
ent advan
es in geostatisti
s show that havingsome lo
ations 
loser to ea
h other improves the eÆ
ien
y of estimators
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ual and H. Zhang(Stein, 1999). More simulation studies 
ould be done to study how the sam-pling design a�e
ts the estimation of r. A more rigorous approa
h is to de-rive sampling designs that optimize spe
i�
 design 
riteria (e.g., D-optimal,minimum asymptoti
 varian
e of predi
tor or estimator, et
.).There are few models for multivariate 
ovariogram whi
h are less re-stri
tive than the proportional 
ovariogram model (PCM). For example, the
ovariogram of a linear 
oregionalization model is the sum of several PCMs.It is an interesting and hard problem to study the estimation of r for thosemodels.A
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