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Abstract
In this paper we consider two nonparametric mixtures of quadratic natural
exponential families with unknown mixing densities. We propose a statistic
to test the equality of these mixing densities when the two natural exponential families are known. The test is based on moment characterizations of
the distributions. The number of moments is retained automatically by a
data driven technique. Some examples and simulations of implementation of
the procedure are provided.
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1 Introduction
Let X1 and X2 be two random variables taking values in some real spaces
X1 and X2 . We assume that there exists two dominating probability measures, μ1 on X1 and μ2 on X2 , such that the densities of X1 and X2 with
respect to μ1 and μ2 are


f1 (x) =
f1 (x|m)π1 (dm) and
f2 (x) =
f2 (x|m)π2 (dm),(1.1)
M1

M2

where f1 (.|m) and f2 (.|m) are two known densities with respect to μ1 and
μ2 , respectively, π1 and π2 are two unknown distributions on some given
sets M1 and M2 . Models (1.1) belong to the class of nonparametric mixture
models. This class can be illustrated by diﬀerent situations as described
in van and de Geer (2003), Groeneboom (1984), & Griﬃn (2010), among
others. The most common situation being the convolution model, when
X = U + V , with U and V two independent and unobservable real-valued
random variables; V having a known density g, and the distribution π of U
being unknown. Then the density f of X is the convolution of g with π; that
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is, f (x) = f (x|m)π(dm), where f (x|m) = g(x − m). In the one-sample
case, the Maximum Likelihood Estimator (MLE) of π have been studied
in van and de Geer (2003), when f (.|m) is known. Recently, Chee and
Wang (2013) (see also Wang, 2007) considered nonparametric estimation
of mixing distributions by minimizing the quadratic distance between the
empirical and the mixture distribution. They obtained the convergence of
their estimator in L2 -norm. Asymptotic properties of MLE could be used for
testing the mixing density in the one-sample case. More generally, classical
powerful tests can be used for testing π = π0 since under this equality the
distribution of X is completely known. This fact is not still true in the
two-sample case that we consider and we propose a method to avoid this
problem of unobserved distributions.
We can illustrate the two-sample situation problem with a real data set,
the Framingham Study on coronary heart disease described by Carroll et al.
(2010). The data consist of measurements of two systolic blood pressures
obtained at two diﬀerent examinations. The two dates of examination coincide with two diﬀerent populations and each measurement is considered as
a convolution of the random systolic blood with an error due to the random
measurement eﬀect. The systolic blood distributions, denoted by π1 and π2
in (1.1), are unknown and the noise densities, f1 (.|m) and f2 (.|m), due to
the measurement are assumed to be known and normally distributed (see
Wang and Wang, 2011). This data set raises two diﬀerent problems. First
the reconstruction of the true systolic distributions, without error measurements. This is done in Wang and Wang (2011) with a deconvolution kernel
method. Second, the comparison of these two systolic distributions which
are not observed directly but contaminated through mixtures. This test of
equality between π1 and π2 is the purpose of this paper.
Another model related to (1.1) is the well known compound model widely
studied in the literature. It can be illustrated in actuarial science when
two insurers observe the aggregate claims amounts of two non-life insurance
portfolios over a given time period given by
X1 =

N1

j=1

U1j

and

X2 =

N2


U2j ,

(1.2)

j=1

where the counting variables N1 , N2 models the number of claims, and
(U1j , U2j ) is a sequence of i.i.d. couples of non-negative random variables
that model severities incurred in the two portfolios (see for instance Asmussen and Albrecher 2010 for a complete review of such models). The distributions of the number of claims have been largely studied in the
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actuarial literature. Binomial negative, Poisson, generalized Poisson, or
Poisson-Goncharov distributions (see for instance Denuit, 1997) canprovide
probability model to describe the number of claims incurred by an insured
motorist, for instance. Another interesting problem is to compare the number of claims on two diﬀerent periods; that is, the two distributions π1 and
π2 of N1 and N2 , respectively. We will illustrate this problem on a real data
set from a French insurance company. The data are anonymously extracted
from observations of aggregate claims amounts during two periods 1999-2001
and 2002-2004.
Remark 1.1. In the discrete case, the most famous inﬁnite mixture is the
Gamma-Poisson mixture yielding to the negative binomial distribution. In
the continuous case, inﬁnite Gaussian mixtures have been extensively used
in Bayesian works (see for instance Griﬃn, 2010). More generally, nonparametric Bayesian approaches put their prior on inﬁnitely complex models. For
instance, inﬁnite Gaussian mixtures can be used to model Protein sequences
(see Dubey et al., 2004). Inﬁnite von Mises-Fisher Mixture is also used to
model treatment in radiation therapy (see Bangert et al., 2010).
In this paper we consider model (1.1) and the following two-sample problem
H0 : π1 = π2 against H1 : π1 = π2 ,

(1.3)

based on iid copies of X1 and X2 .
To construct a test statistic we will restrict our attention to the case
where the densities fi (.|m) (i = 1, 2) belong to the class of Natural Exponential Families with Quadratic Variance Functions (NEF-QVF). This class
of distributions contain six types of distributions: Poisson, normal, gamma,
binomial, negative binomial and hyperbolic, and all their transformations by
aﬃnities and convolutions. It includes then some of the most popular distributions that can be used in (1.1), leading for instance to Poisson-gamma
mixtures, and ﬁnite or inﬁnite Gaussian mixtures. The complete description
of NEF-QVF is given in Morris (1982) and we will give a short review in
Section 2.
The way to construct the test statistic is to use some conditional properties of the densities fi (.|m) which are inherent to the NEF-QVF. Such
properties were used by Lindsay (1989) in the case of discrete ﬁnite support
point mixing distributions. The author obtained an estimator of the number of points of the support. In the framework of mixture of NEF-QVF,
Pommeret (2005) obtained an expression of the distance between a mixture
distribution and its parent distributions. In this paper we use polynomial
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representations of NEF-QVF to get simple expressions of the moments of π1
and π2 that we compare under the null hypothesis. Under the assumption
that all moments characterize π1 and π2 , we construct a smooth goodness of
ﬁt test as proposed in Ghattas et al. (2011) (see Rayner and Best, 2001 for
more references). The number of moments to be compared is selected automatically by a penalized criterion. Schwarz (1978) criterion is considered as
in Inglot et al. (1997) (see also Ledwina, 1994). Akaike criterion (see Akaike,
1974) will be also discussed as in Inglot and Ledwina (2006). Asymptotic
properties of the test are obtained and its comportment is measured through
simulations. The paper is organized a follows: In Section 2, we recall some
basic results on NEF-QVF. In Section 3 we present the construction of the
test. Convergence properties are given in Section 4 and an improvement of
the statistic is proposed in Section 5. The paired case is considered in Section 6. Section 7 is devoted to the simulation study and Section 8 contains
two real data illustrations.
2 Mixture of Natural Exponential Families
2.1. Natural Exponential Family with Quadratic Variance Function. In
this Section we point out some deﬁnition concerning NEF (see
Barndorﬀ-Nielsen 1978 for more details). Let μ be a positive measure on R,
not a mass of Dirac and such that the interior of the domain of its Laplace
transform, denoted by Θμ , is not empty. Write


kμ (θ) = log
exp(θx)μ(dx) ,
for the cumulant function of μ and denote by ψμ the inverse function of the
gradient kμ . The Natural Exponential Family (NEF) generated by μ is the
set
F = {P (m, F ); m ∈ M = kμ (Θμ )},
where each P (m, F ) is a probability with mean m and with density w.r.t. μ
given by
fμ (x|m) = exp{ψμ (m)x − kμ (ψμ (m))}.

(2.1)

Note that the generating measure μ is not necessary a probability measure.
Moreover a NEF F can be generated by all its elements, and if μ = P (m0 , F )
we have fμ (x|m0 ) = 1.
The variance of P (m, F ) is denoted by VF (m) and VF is called the variance function of F . Note that the variance VF (m) coincide with the hessian
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kμ (ψμ (m)). The family F is a NEF with Quadratic Variance Function (QVF)
if its variance function is a second order polynomial, namely
VF (m) = am2 + bm + c.

(2.2)

This class of NEF-QVF is entirely described in Morris (1982) and it contains
six types of distributions families: Poisson (the case a = c = 0, b = 1),
normal (the case a = b = 0), Gamma (the case b = c = 0), binomial (the
case a < 0, b = 1, c = 0), negative binomial (the case a > 0, b = 1, c = 0)
and hyperbolic (the other cases). We have compiled some basic facts in
Annex. In Table 4, the densities fμ (x|m) are those of normal with mean
m and variance σ 2 , Poisson with mean m, Gamma with form parameter λ
and with mean m, and negative binomial with convolution parameter λ and
with mean m, respectively. Each density is considered w.r.t. a generating
measure μ.
Associated orthogonal polynomials are constructed by deriving successively the density of P (m, F ). More precisely for all (m, n) ∈ M × N, we
deﬁne
Qn (x, m0 ) =

∂n
{fμ (x|m)}|m0 ,
∂mn

(2.3)

which is a nth degree polynomial in x. If F is a NEF-QVF, the sequence
(Qn (x, m0 ))n∈N forms a P (m0 , F ) orthogonal basis (see Morris, 1982); that
is,

Qj (x, m0 )Qk (x, m0 )P (m0 , F )(dx) = δjk Qj (., m0 )2 ,
where δjk = 1 if j = k and 0 otherwise. Such classical orthogonal polynomials are described in Table 5 to make the paper self-contained (see
Abramowitz and Stegun, 1965 for notation). Since we will use the mean
parametrization for the negative binomial distribution, we will write Mλ,(m)
instead of Mλ,c for the associated Meixner polynomials
where c = m/(λ+m).

The calculation of the norms Qn (., m)2 = Q2n (x, m)P (m, F )(dx), are
given in Table 6.
2.2. Some Properties of NEF-QVF. Let μ1 and μ2 be two real probability measures with mean m1 and m2 , respectively, generating two NEF-QVF
denoted by F1 and F2 . Let f1 (.|m) and f2 (.|m) be two density in F1 and
F2 satisfying (1.1) and such that M1 ∩ M2 is not empty. For i = 1, 2 we
will denote by Qi = {Qi,j (., mi ); j ∈ N} the set of μi -orthogonal polynomials
deﬁned as in (2.3) and we will write
Pi,j (x, mi ) = Qi,j (x, mi )/Qi,j (., mi )2 .
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If Xi has density fi (.|m) (i = 1, 2), conditioning by m we have the following
property, (see (Morris, 1982) eq. (8.8))
E(Pi,j (Xi , mi )|m) = (m − mi )j /j!.

(2.4)

Finally, considering (1.1) as a mixture of NEF-QVF and writing Yi , i = 1, 2, a
random variable with distribution πi , an integration of the previous equality
(2.4)yields
E((Yi − mi )j ) = j!E(Pi,j (Xi , mi )).

(2.5)

This equality (2.5) is the key of the construction of the test statistic since
it permits to evaluate the non observed moments of π1 and π2 through
polynomial transformations of the observations.
Remark 2.1. It is worth pointing out that such properties can be adapted
to more general models than (1.1). For instance consider the mixture (1.2)
when the U1j are iid Γ(a1 , b1 ) distributed and the U2j are iid Γ(a2 , b2 ) distributed. We obtain


f1 (x|a1 m)π1 (dm) and
f2 (x) =
f2 (x|a2 m)π2 (dm).
f1 (x) =
M1

M2

In this case (2.4) and (2.5) become
E(Pi,j (Xi , mi )|m) = aji (m − mi )j /j!, i = 1, 2
E((Yi − mi )j ) =

a−j
i j!E(Pi,j (Xi , mi )),

i = 1, 2.

(2.6)
(2.7)

This situation is considered in the study of an insurance data set in Section 8.
3 Construction of the Test Statistic
3.1. Statistics Based on the Moments. Consider two iid samples, (X11 ,
· · · , X1n ) and (X21 , · · · , X2s ) from a mixture of NEF-QVF having the form
(1.1). Note that X1 and X2 can be paired, with n = s, assuming that
V(X1 − X2 ) > 0. We ﬁrst restrict our attention to the non-paired case
where the two samples are independent. The paired case will be treated in
Section 6.
We assume that all the moments characterize the probability measures π1
and π2 . This assumption is clearly true if their supports are bounded. If their
supports are unbounded, it can be assumed that the Carleman condition
 (see
Carleman, 1926) is satisﬁed, implying the divergence of the series
ma2n2n ,
where mn is the nth moment and an = −1/n. Another condition should
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be that π1 and π2 belong to exponential families. Then, testing H0 consists
in testing the equalities of all moments of π1 and π2 . From (2.5), when
m1 = m2 = m, it is equivalent to compare both coeﬃcients
E(P1,j (X1 , m)) and E(P2,j (X2 , m)), for j = 1, 2, 3, · · · .
For this reason we will chose
m1 = m2 = m.
Our test statistic is then based on the estimators of their k ﬁrst diﬀerences.
Write
 n
s
1
1
Uk =
P1,j (X1i , m) −
P2,j (X2i , m)
n
s
i=1

i=1

j=1,··· ,k

If we assume that n/(n+s) → a ∈]0; 1[, we have the following convergence
to a centered normal distribution with covariance W :
ns
Uk → N (0, W ),
n+s
where
W

= (1 − a)W1 + aW2 ,

diag(W1 ) = (V(P1,1 (X1 , m)), · · · , V(P1,k (X1 , m))),
diag(W2 ) = (V(P2,1 (X2 , m)), · · · , V(P2,k (X2 , m))).
The test statistic is given by
Tk =

−1
ns
U k Wk U k ,
n+s

(3.1)

where Wk = diag(v1 , · · · , vk ), and vi are convergent estimators of vi =
V(P1,i (X1 , m1 )) + V(P2,i (X2 , m2 )), with a trimming en,s > 0 such that
en,s → 0 when n, s tend to inﬁnity. More precisely we chose vi = wi + en,s ,
where wi is the empirical estimator of vi .
Remark 3.1. The choice m1 = m2 = m lead to a simpliﬁcation in (2.5)
which permits to write
π1 = π2 ⇔ E(P1,j (X1 , m)) = E(P2,j (X2 , m)), for j = 1, 2, 3, · · · .
If m1 = m2 we must combine all moments given by (2.5) which would
necessitate to combine several estimators leading to a loss of eﬃciency.
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3.2. Data Driven Selection. The idea underlying smooth tests is to
model the diﬀerence between π1 and π2 under H1 as a series expansion
along a k-dimensional family of functions. Testing H0 thus reduces to test
the nullity of the coeﬃcients in the expansion. The number k of selected
coeﬃcient turns out to be a nuisance parameter to be optimized. A pioneer
paper about smooth tests is Neyman (1937). Many references to this work
can be found in Hart (1997). The performances of the test rely on the right
choice of k (for discussions, see D’Agostino and Stephens, 1986; Rayner and
Best, 1989). For a long time, many authors have restricted attention to study
k ∈ {1, 2, 3, 4}. However, such choice can be misleading in some situations
(see Inglot et al., 1990). More generally, since the right choice depends on
the type of alternative, which is unknown, a deterministic choice of k is not
satisfactory. A solution to this problem has been ﬁrst proposed by Ledwina
(1994) who studied a data-based method for choosing k between 1 and some
arbitrary ﬁxed K, inspired from Schwarz (1978)’s criterion selection rule.
Afterward, some reﬁnements have been proposed by several authors, among
whose Kallenberg and Ledwina (1995a), Inglot et al. (1997). In these papers, K is allowed to tend to inﬁnity at a given rate as the sample size tends
to inﬁnity. Once the optimal k is chosen, the corresponding test statistic is
performed and used for testing H0 . Beyond Fan (1996) & Janic-Wróblewska
and Ledwina (2000), smooth tests theory as well as data-driven methods for
the selection of k have been adapted to the two-sample testing problem by
Ghosh (2001) & Albers et al. (2001), in the independent case, and Ghattas
et al. (2011) in the paired case.
To select the number k of components in the test statistic we follow Inglot
et al. (1997) considering an increasing sequence of number of components
k(n, s) such that limn,s→∞ k(n, s) = ∞. Our selection rule is based on the
Schwarz (Schwarz, 1978) criterion. Write

Sn,s = min

argmax (Tk − k log(ns/(n + s))) .
1≤k≤k(n,s)

The proposed data driven test statistic is given by
T (n, s) = TSn,s =

−1
ns

USn,s W
USn,s .
Sn,s
n+s

The idea of this data driven criterion is that, asymptotically, Sn,s will detect
the most signiﬁcant diﬀerence among all the moments of π1 and π2 . But
under H0 , since there is no diﬀerence, Sn,s will converge to 1.
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Remark 3.2. In order to make clearer the application of Schwarz’s criterion in our setting, let us notice that the testing problem (1.3) can be
rewritten as H0 : θ = 0 against H1 : θ = 0, where θ = E(P1,i (X1 , m) −
P2,i (X2 , m))i=1,··· ,k . Suppose that the MLE θ of θ equals an empirical mean,
that is θ = Uk , as it is the case for instance when the distribution of
P1,i (X1 , m) − P2,i (X2 , m) belongs to an exponential family. Then, Tk is
the score statistic.
4 Convergence of the Test Statistic
We will need the following two assumptions

(A) k(n, s) = o( en,s log(ns/(n + s))/(αn + βs )),
where αn = maxk≤n (V(P1,k (X1 , m))) and βs = maxk≤s (V(P2,k (X2 , m))).
(B) There exists a ∈]0; 1[ such that n/(n + s) → a, when n and s tend to
inﬁnity.
Remark 4.1. Condition (A) implies that en,s log(ns/(n + s)) → +∞.
But for ﬁnite n and s we can choose a small trimming, much smaller than
1/ log(ns/(n + s)) for instance, as the asymptotic result is up to a factor.
Then in our simulation study, with n and s ∈ {30, 50, 100, 200}, we chose
arbitrarily en,s = 1/(n + s) in order to attempt to stabilize slightly the test
statistics. In the same way, it is clear that the speed of convergence does
not give the exact value of k(n, s) because it is up to a constant factor.
In practice we chose a large value: k(n, s) = 10. Our choice is voluntarily
raised, in order to try to detect high coeﬃcients having diﬀerence.
Finally, the trimming was added essentially to stabilize the test statistic
for small n and s, when taking into account the estimator of the variance Wk
in (3.1). But we can note that some authors as Munk (2011), or Doukhan
et al. (2015), in another univariate context, showed that such data driven
−1

smooth test statistics can be used without the normalization by Wk . However, in this case the empirical levels are unstable for small values of the
sample size.
Proposition 4.1. Let Assumptions (A) and (B) hold. Then, under H0 ,
Sn,s converges to 1 in probability.
Proof. By deﬁnition of Sn,s , using the positivity of T1 , we have


k(n,s)

P(Sn,s ≥ 2) =

k=2



k(n,s)

P(Sn,s = k) ≤

k=2




1/2
P Tk ≥ (k − 1) log ns/(n + s) .
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By Markov inequality, we obtain



1/2
≤
P Tk ≥ (k − 1) log(ns/(n + s))



 1/2

ns/(n + s) E Uk 2

.
(k − 1)en,s log(ns/(n + s))

Using the independence of (X1i , X2i ) and (X1j , X2j ) for i = j we get


 
2
k
n
s

1
1
=
E Uk 2
E
P1,j (X1i ) −
P2,j (X2i )
n
s
j=1

≤

k 

j=1

i=1


αn β s
+
.
n
s

i=1

It follows that
P(Sn,s ≥ 2) ≤

√

(αn + βs )1/2 k(n, s)
,
2
en,s log(ns/(n + s))

which tends to zero.
For the particular case k = 1, it follows from the Central Limit Theorem
that under H0 , T1 tends to a Chi-square distribution with degree one. We
then deduce the following result.
Corollary 4.1. Let Assumptions (A) and (B) hold. Then, under H0 ,
T (n, s) converges in distribution to a Chi-squared random variable with one
degree of freedom.
5 Improving the Test Statistic
The choice of the Schwartz criterion was inﬂuenced by the pioneer work of
Ledwina (1994). But other penalized statistics with smaller penalties, such
as Akaike (see (Akaike, 1974)) or modiﬁed forms of BIC, can be proposed.
Following Inglot and Ledwina (2006), the data driven test statistic should
be either T (n, s) = TSn,s or
T  (n, s) = TAn,s ,
where

(5.1)


An,s = min

argmax (Tk − 2k) ,
1≤k≤k(n,s)

Comparing two mixing densities

143

is based on the Akaike criterion. Hence, for relatively large n and s, the
penalty 2k will be less than the penalty k log(ns/(n + s)) and will permit to
detect alternatives with large diﬀerence in higher order Fourier coeﬃcients.
But this smaller penalty may induce a bias in the test level. Then the idea
is to use TAn,s only when the alternative is very distant from H0 . Otherwise
Inglot and Ledwina (2006) propose to use TSn,s . The decision is based on
the threshold rule, for a ﬁxed c > 0:
In,s (c) = Imax

1≤j≤k(n,s)

 √
√
,


 ns/(n+s)ukj ≤ c log(ns/(n+s))

where I stands for the indicator function, and ukj stands for the jth compo−1/2
which is asymptotically a standard normal vector. The rule
nent of Uk Wk
is based on a classical result for a sequence of independent and identically
dis
tributed N (0, 1) variables Z1 , · · · , Zn for which P(max |Zi | ≥ 2 log(n)) →
0, as n → ∞. Writing t(j, n, s) = j log(ns/(n + s)) In,s (c) + 2j (1 − In,s (c))
(Inglot and Ledwina, 2006) considered the statistic
S̃n,s = min{1 ≤ k ≤ k(n, s) : Tk −t(k, n, s) ≥ Tj −t(j, n, s); j = 1, · · · , k(n, s)},
and its associated test statistic
T  (n, s) = TS̃n,s .

(5.2)

They suggested a value of c = 2.4. We will compare empirically T (n, s) and
T  (n, s) in our numerical studies, with this constant c = 2.4.
6 Adaptation to the Paired Case
We consider the iid paired sample ((X11 , X21 ), · · · , (X1n , X2n )), where
X1i and X2i are dependent, and we write
Zj (X1 , X2 ) = P1,j (X1 , m) − P2,j (X2 , m),
Vk (X1 , X2 ) = (Z1 (X1 , X2 ), · · · , Zk (X1 , X2 )).
Then H0 coincides with E(Zj (X1 , X2 )) = 0, for all j = 1, 2, · · · . The test
statistic is given by
Tk = nUk Wk−1 UkT ,
with
1
Vk (X1,i , X2,i ) and
Uk =
n
n

i=1

Wk = diag(v1 , · · · , vk ),

144

D. Pommeret

where vi are convergent estimators of V(Zi (X1 , X2 )), that we will simply
denote by V(Zi ), with an additional trimming en > 0 such that en → 0.
Write

Sn = min

argmax (Ts − s log(n)) .
1≤s≤k(n)

The proposed data driven test statistic is given by
USTn .
T (n) = TSn = nUSn WS−1
n
We will need the following assumption

(C) k(n) = oP0 ( en log(n)/Mn ), where Mn = maxi=1,··· ,n V(Zi ).
Remark 6.1. Condition (C) can be satisﬁed as soon as all variances
V(Zk ) exist and if we use a trimming such that 1/en = o(log(n)).
Proposition 4.1 can be adapted as follows.
Proposition 6.1. Let Assumptions (C) holds. Then, under H0 , Sn converges to 1 in probability and TSn is asymptotically Chi-squared distributed
with one degree of freedom.
7 Simulations
7.1. Calibrating the Test Statistics. In our simulation study we will consider the case where n = s and for simplicity of notation we write T (n)
instead of T (n, n). First simulations showed that for small sample sizes
the empirical levels are slightly higher than the theoretical one (we ﬁxed
α = 5 %). Since T (n) ≥ T1 , it is clear that under H0 , P(T (n) ≤ x) is overestimated by its asymptotic approximation and using the α-upper percentile
of the limiting distribution leads to underestimate the actual level and power
of the test. Then we will use a sharper approximation for P(T (n) ≤ x), as
proposed in Kallenberg and Ledwina (1995). Denoting by G1 and G2 two
standard independent Gaussian variables, we have under H0
P(T (n) ≤ x)

P(G21 ≤ x) − P(G21 ≤ x, G21 + G22 ≥ x, G22 ≥ log n).

which can be straightforwardly reformulated as


⎧
√
√
if x ≤ log n
⎨2Φ(√x)−12Φ(√log n) − 1
√
2Φ( x)−1 2Φ( log n) − 1 +2Φ(− log n) if x ≥ 2 log n
P(T (n) ≤ x)
⎩
linearize
else,
where Φ is the cumulative distribution function of a standard Gaussian variable.
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7.2. Models and Alternatives. We considered six models, denoted by
M1, ..., M6, and seven alternatives, denoted A1,A2 ..., A7, for simulation.
They are summarized in Table 1.
Notations N (m, σ 2 ) denotes the normal distribution with mean m and
variance σ 2 , χ2d denotes the Chi-squared distribution with d degrees of freedom, Exp(θ) stands for the exponential distribution with mean 1/θ, γ(a, b)
is the gamma distribution with shape parameter a and scale parameter b,
P(m) is the Poisson distribution with mean m, U (a, b) is the continuous
uniform distribution on the interval (a, b).
Model M1 is a normal mixture of normal distributions. The family F1
is the NEF of normal distributions with variance 2, and the family F2 is
the NEF of normal distributions with variance 1. Alternatives A1 and A2
coincide with location and scale deviations.
Model M2 is an exponential mixture of normal distributions. Its alternative A3 consists in a change of the exponential parameter.
Model M3 is an chi-squared mixture of normal distributions. Its alternative A4 consists in a change of the chi-squared freedom.
Model M4 is a compound Poisson model. Alternative A5 is a change of
the Poisson parameter.
Model M5 is composed of a uniform mixture of normal distributions
and a uniform mixture of Poisson distributions. The family F1 is the NEF
of normal distributions with variance 2 and the family F2 is the NEF of

Model
M1
A1
A2
M2
A3
M3
A4
M4
A5
M5
A6
M6
A7

Table 1: Models under the null hypothesis and alternatives
μ1
μ2
π1
π2
N (0, 2)
N (0, 1)
N (0, 1)
N (0, 1)
N (0, 2)
N (0, 1)
N (0, 1)
N (0, 2)
N (0, 2)
N (0, 1)
N (0, 1)
N (1, 1)
N (0, 2)
N (0, 1)
Exp(1)
Exp(1)
N (0, 2)
N (0, 1)
Exp(1)
Exp(1/2)
2
χ21
N (0, 2)
N (0, 1)
χ1
2
N (0, 2)
N (0, 1)
χ1
χ22
N (0, 2)
N (0, 1)
P(1)
P(1)
N (0, 2)
N (0, 1)
P(1)
P(2)
N (1, 2)
P(1)
U (0, 2)
U (0, 2)
N (1, 2)
P(1)
U (0, 2)
χ21
P(1)
P(1)
U (0, 2)
U (0, 2)
P(1)
P(1)
U (0, 2)
χ21
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Poisson distributions. Alternative A6 is a change of mixing distribution
from uniform to chi-squared.
For model M6, under H0 , X1 and X2 have the same distribution. Then
we can compare our test with a two-sample test as the Neyman smooth test
proposed in Ghattas et al. (2011) (see also Janic-Wróblewska and Ledwina,
2000; Wylupek, 2010).
7.3. Empirical Levels. For each n = s ∈ {30, 50, 100, 200}, we investigate the empirical levels of the tests based on T (n) and T  (n) = T  (n, n) deﬁned by (5.2). We also show empirical levels obtained with T  (n) = T  (n, n)
given by (5.1) to better understand the diﬀerence between T (n) and T  (n).
Empirical levels are obtained as the percentage of rejection of the null hypothesis over 1 000 replications of the test statistic under H0 . The orthogonal polynomials are the Hermite ones for model M1-M4, and the Charlier
ones for model M5, and both Hermite and Charlier for model M6. These
polynomials are obtained by standard transformations of those given in
Table 6. For instance if Hn (x) are Hermite polynomials N (0, 1)-orthogonal,
then Hn ((x − m)/σ) are N (m, σ 2 )-orthogonal. The trimming was ﬁxed at
en,s = 1/(n + s) and the maximal number of components was ﬁxed equal
to k(n, s) = 10, for all sample sizes. The empirical levels are displayed in
Table 2. For T  (n) it can be seen that empirical levels are generally greater
that the nominal 5 %. The empirical levels of T (n) seem to be the most
close to 5 %. Naturally, it appears that T  (n) oﬀers a compromise between
T (n) and T  (n), with empirical levels higher than 5 % for some cases, especially for M1 and M4. It is worth noting that for n > 200, empirical levels
associated to T (n) and T  (n) are both close to 5 %. For such sample sizes
it seems to be interesting to use T  (n) which will provide a better power. In
Table 2 we indicated the empirical level for n = 30 without trimming, that
is, when en,s = 0. Its increased relatively slightly the levels.
7.4. Empirical powers. For each n ∈ {30, 50, 100, 200}, we investigate
the empirical levels of the test based on T (n) and T  (n). They are obtained
as the percentage of rejection of the null hypothesis over 1 000 replications of
the test statistic under alternatives. Figures 1–2 show the empirical powers
obtained with T (n) under all alternatives. Figure 1 shows the alternatives
largely detected by the test. Figure 2 shows the alternatives with smaller
empirical powers. The standard smooth two-sample test of Neyman (see for
instance (Ghattas et al., 2011)) is also used for alternative A7. As expected,
it gave similar results than the proposed test based on T (n).
Figures 3–4 show the empirical powers obtained with T  (n) under all alternatives. As expected all empirical powers are greater than those obtained
with the initial statistic T (n). The average gain is around 10 %, sometimes
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Table 2: Empirical levels (in %) for Models M1-M6 with sample sizes n =
s ∈ {30, 50, 100, 200}, with trimming en,n = 1/(2n) (except for the ﬁrst
column where en,n = 0) and k(n, n) = 10
Model Statistic n = 30
n = 30 n = 50 n = 100 n = 200
(with en,s = 0)
M1
T (n)
9.2
8.5
6.3
5.5
5.5
T  (n)
17.1
13.1
15
6.2
15.1
10.4
9.2
6.9
5.9
5.9
T  (n)
M2
T (n)
7.0
6.9
5.9
5
4.9
9.4
7.2
5.4
10.1
10.2
T  (n)
T  (n)
8.9
6.9
5.8
5.6
5.4
M3
T (n)
8.1
8.1
6.1
4.9
4.8
13.1
9.1
13.2
9.1
9.0
T  (n)
11.3
8.3
6.4
5.9
5.3
T  (n)
M4
T (n)
9.0
8.9
7.9
5.9
4.9

17.9
17.2
15.4
11.1
16.0
T (n)
T  (n)
11.4
11.1
8.8
8.5
5.8
M5
T (n)
8.4
8.2
5.4
6.2
5.4

5.3
5.3
5.2
4.8
9.1
T (n)
T  (n)
8.3
8.0
5
6.0
5.7
M6
T (n)
5.5
5.6
4.7
4.4
5.4
6.8
6.3
5.4
4.7
9.0
T  (n)
T  (n)
6.6
5.9
4.8
4.5
5.7
more. In conclusion we could suggest the use of T (n) for moderate sample
size (n < 200) and the use of T  (n) when the empirical level should be
stabilized, that is for n ≥ 200.
8 Real Data Example
8.1. Framingham data. The Framingham data is taken from a study on
coronary heart disease described by Carroll et al. (2010). The data consist
of measurements of systolic blood pressure (SBP) obtained at two diﬀerent
dates. The study concerned n = 1615 males on an 8-year follow-up. At both
dates the SBP was measured twice for each individual and we denote by
X1 (1), X1 (2) the two measurements at the ﬁrst date, and by X2 (1), X2 (2) the
two measurements at the second date. It is known (see for instance (Wang
and Wang, 2011) for a recent study) that these data can be considered as a
convolution and we propose the model
Xi (j) = SBPi + Vij , i, j = 1, 2
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Figure 1: Empirical powers associated to the statistic T (n) for alternatives
A2 (), A3 (), A4 () and A5 () with sample sizes n = 30, 50, 100, 200
where Vij are independent centered normal errors with variance σi2 , and
SBPi stands for the SBP of the individual at examination i. This is clearly
a convolution model and we are interested in testing the equality of the
systolic distributions πi of SBPi at time i = 1, 2, that is H0 : π1 = π2 .
We can use the diﬀerence between Xi (1) and Xi (2) to evaluate the variance of the errors σi2 . Indeed, V(Xi (1) − Xi (2)) = V(Vi1 − Vi2 ) = 2σi2 .
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Figure 2: Empirical powers associated to the statistic T (n) for alternatives
A1 (), A6 (), A7 () and A7 with Neyman test () with sample sizes
n = 30, 50, 100, 200
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Figure 3: Empirical powers associated to the statistic T  (n) for alternatives
A2 (), A3 (), A4 () and A5 () with sample sizes n = 30, 50, 100, 200
Based on the 1615 observations we get σ12 = 55.0 and σ22 = 58.5. To construct our test statistic we consider the two samples: X11 , · · · , X1n and
X21 , · · · , X2n , from Xi = (Xi (1) + Xi (2))/2, i = 1, 2, with n = 1615.
Clearly Xi = SBPi + Ṽi with V ar(Ṽi ) = σi2 /2. The densities of X1 and
X2 have the form (1.1), with f1 (.|m) and f2 (.|m) the normal densities with
variances σ12 /2 = 27.5 and σ22 /2 = 29.25, respectively. To apply our the
test procedure we used Hermite polynomials, orthogonal w.r.t. μ the standard normal distribution, and we ﬁxed k(n) = 10 and e(n) = 1/(2n). We
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Figure 4: Empirical powers associated to the statistic T  (n) for alternatives
A1 (), A6 (), A7 () with sample sizes n = 30, 50, 100, 200
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obtained T  (n) = T (n) = T1 with Sn = 1 and an approximated p-value
equal to 0.034. Then the systolic blood pressures appear to have diﬀerent
distributions π1 and π2 at the two diﬀerent dates. The data driven statistics
Sn detects the degree of the most signiﬁcant diﬀerence between the moments
of π1 and π2 . Here Sn = 1 indicating that the most signiﬁcant diﬀerence
between the systolic blood pressures is due to their ﬁrst moments. Then the
means of π1 and π2 diﬀer signiﬁcatively.
8.2. Claim amounts. Thirty six aggregated claim amounts were recorded
over two periods: 1999-2001 and 2002-2004, by a branch of a French insurance company. The model assumed that claim amounts over 1999-2001 was
gamma distributed with mean 29.91 (hundred euros) and variance 38.30,
that is a Γ(a1 = 23.35, b1 = 0.78). The claim amounts over 2002-2004 was
gamma distributed with mean 31.11 (hundred euros) and variance 42.40,
that is a Γ(a2 = 22.82, b2 = 0.73). The observed aggregated claims over
the two periods have compound distributions as in (1.2), with unknown
distributions π1 and π2 . Writing N1 and N2 the number of claims, we
are interested in comparing their distributions; that is to test H0 : π1 =
π2 . To apply our the test procedure we used two Laguerre polynomials families, orthogonal w.r.t. μ1 ∼ Γ(1/b1 , b1 ) and μ2 ∼ Γ(1/b2 , b2 ), respectively. We ﬁxed k(n) = 10 and e(n) = 1/(2n). Using our test procedure we get T  (n) = T (n) = T1 and we obtained a p-value equal to
0.11. Hence there is no evidence that the two claims numbers distributions
diﬀer.
To illustrate the power of the test for such a model we simulated several
Poisson compound models with the previous gamma margins Γ(a1 , b1 ) and
Γ(a2 , b2 ). Although the distributions π1 and π2 are not necessarily Poisson,
this gives an idea of the test behavior. We chose π1 ∼ P(m1 ) and π2 ∼
P(m2 ), and we ﬁxed m1 = 500, close to the observed mean in the data
set. Table 3 gives the empirical level and empirical powers of the test with
respect to the values of m2 for n = 36, the sample size of the previous
data set. For m1 = m2 = 500 it coincides with the empirical level of the
test.

Table 3: Empirical level (in %) and empirical powers (in %) for a Poissongamma compound model associated with the gamma parameters observed
in the previous data set in insurance, with π1 ∼ P(500) and π2 ∼ P(m2 )
m2
470
480
490
495
498
500
Empirical power or level
100.0
97.8
45.0
13.8
7.4
5.6
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Annex

Table 4: Relations for cumulant functions: μ = generating measure, kμ =
cumulant, ψμ = inverse of kμ , fμ = density w.r.t. μ, F (μ) = NEF generated
by μ
NEF F (μ) μ(dx)
kμ (θ)
ψμ (m)
fμ (x, m)
Normal
Poisson
Gamma
Negative
binomial

exp(−x2 /(2σ 2 ))
√
 2πσ

δn (dx)/n!
λ−1
x /Γ(λ)(dx)




λ
n

θ2 σ 2 /2
m/σ 2
exp(θ)
log(m)
−λ log(−θ) −λ/m


δn (dx) −λ log(1

exp{(2xm − m2 )/(2σ 2 )}
exp{log(m)x − m}
exp{−λx/m
+λ log(λ/m)}

m
log( λ+m
) exp{log(m/(λ + m))x

− exp(θ))

+λ log(1 − m/(λ + m))}

Table 5: Some quadratic NEF, denoted by F , their variance functions, denotes by VF , and their orthogonal polynomials (Hn =Hermite, Lλn =Laguerre,
Cnm =Charlier, with the notation of Abramowitz and Stegun, 1972)
NEF F
VF (m)
Polynomials Qn (x,
Qn (., m)2
√ m)
Normal
σ2
(2σ 2 )−n/2 Hn (x/ 2σ 2 )
n!σ −2n (here m = 0)
Poisson
m
Cnm (x)
n!m−n
2
λ
Gamma
m /λ
Ln (λx/m)
m−2n n!Γ(n + λ)/Γ(λ)
λ,(m)
Mn
(x)
λ−n (m2 /λ + m)−n n!
Negative
m2 /λ + m
binomial
Γ(n + λ)/Γ(λ)
Name
Hermite
Charlier

Table 6: Some classical
Notation First terms
Hn
H0 = 1
H1 (x) = 2x
Cnα
C0α = 1
(α > 0) C1α (x)
= (α − x)/α
Lα0 = 1
Lαn
(α > −1) Lα1 (x)
= −x + α + 1
Mc,β
Mc,β
n
0 =1

orthogonal polynomials
Recurrence relations
2xHn (x) = Hn+1 (x) + 2nHn−1 (x)
α (x) + (n + α)C α (x)
xCnα (x) = −αCn+1
n
α (x)
−nCn−1

−xLαn (x) = (n + 1)Lαn+1 (x)
−(2n + α + 1)Lαn (x)
+(n + α)Lαn−1 (x)
c,β
xMn (x) = Mc,β
Meixner
n+1 (x)
(1 + c)n + βc β,c
Mn (x)
(ﬁrst type) (c = 1) Mc,β
+
1 (x)
1−c
cn(n + β − 1) β,c
(β ∈ R) = x − βc/(1 − c)
+
Mn−1 (x)
1−c
Laguerre
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